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INTRODUCTION 


AN ACCOUNT of the over-all plan of Prof. Smirnov’s five-volume 
course on higher mathematics has been given in the Introduction to 
Vol. I of the present English edition. 

This fourth volume of the set is devoted to subjects which lie at 
the very heart of classical mathematical physics and which supply 
the motivation of much recent work of great interest in functional 
analysis and in the theory of partial differential equations. The more 
elementary parts of the theory of the differential equations of mathe- 
matical physics have already been treated at the end of Vol. II. 
The present volume begins with full accounts of the theory of inte- 
gral equations and of the calculus of variations which together play 
an important role in the discussion of the boundary value prob- 
lems of mathematical physics. This is followed by a long chapter on 
the fundamental theory of partial differential equations and of sys- 
tems of equations in which characteristics play a central role. Finally 
the boundary value problems of mathematical physics are treated in 
a complete and lucid way. 

Although this volume is primarily intended for the use of mathema- 
ticians whose main interest is in the application of mathematics 
to the analysis and elucidation of physical problems, it contains 
many topics an acquaintance with which can only serve to deepen 
the understanding of anyone embarking on the study of functional 
analysis and other branches of analysis and it is to be hoped that 
it will find its way into their hands. 

I. N. SNEDDON 
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PREFACE TO THE SECOND EDITION 


Every chapter except the one on the calculus of variations has been 
entirely revised in the present edition of Volume IV. Part of the 
material has been transferred to the new edition of Volume II, and 
a great deal of new material has been introduced. 

T must sincerely thank S. M. Lozinskii for reading the chapter on 
integral equations in manuscript and making numerous valuable 
suggestions, which I utilized in the final revision. I often discussed the 
last two chapters with O. A. Ladyzhenskaya and Kh. L. Smolitskii, 
who gave me valuable assistance. Certain sections of these chapters 
were written by these authors at my request, as indicated in the text. 

O. A. Ladyzhenskaya read Chapter III in manuscript and Kh. L. 
Smolitskii Chapter IV. They made a number of helpful suggestions as 
regards the final proofs. I thank them most sincerely. 


V. SMIRNOV 


PREFACE TO THE THIRD EDITION 


THE present edition of Volume IV does not differ essentially from 
the previous one. The most substantial change is in the treatment 
of integral equations with kernels depending on a difference, over a 
semi-infinite interval. The new treatment based on the theory of 
boundary value problems for analytic functions, is due to Yu. I. 
Cherskii. Apart from this, minor modifications have been introduced 
into the text in various places. 
I wish to express my sincere thanks to Yu. I. Cherskii. 


V. SMIRNOV 
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CHAPTER I 


INTEGRAL EQUATIONS 


1. Examples of the formation of integral equations. Any equation 
containing the required function under the integral sign is an integral 
equation. Suppose we want to find the solution of the differential 
equation y’ = f(x, y), satisfying the initial condition y(x ) = Yo. 
We saw previously [I], 51] that the problem amounts to solving the 
integral equation: 


yle) =f flay) dx + yo. 


In the same way, the problem of integrating the second order dif- 
ferential equation y” = f(x, y) with the initial conditions y(x) = Yo; 
y(x) = yo leads to the integral equation: 


ylz) = f de $ fle y(z)]dz + yo + yole — 2o) - 


We can rewrite this as follows by transforming the double integral 
into a single integral [II, 15]: 
x 


y(x) = Í (£ — 2) fiz, y(2)] dz + Yo + yo(x — x) - 


ža 
The general solution of y” = f(x, y) is obtained from the integral 


equation 
x 


y(x) = f (æ — z) fiz, y(2)] dz + c, + caz, (1) 


6 
where c, and c, are arbitrary constants and the lower limit of integra- 
tion has been taken equal to zero. We now consider a boundary value 
problem for our second order differential equation; we seek the 
solution satisfying the boundary conditions y(0) =a; y(l) =b. 
On substituting first x= 0 then x =l in equation (1), we obtain 
two equations for the arbitrary constants; these give us 


I 
c =d; g= (l — 2) fiz, y(z)] dz. 


1 
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By substituting the values obtained in (1), we reduce our boundary 
value problem to the integral equation: 


x I 


ylz) = F(x) + fœ — z flz,y(e)lde--F[(l—2flzy@)ldz, (2) 
where i i 
F(x) =a 4 È y, 


We can rewrite (2) as follows: 


yle) = Fe) — [2252 eye) de — f =?) fz, yle)lde. (3) 


We introduce the function of two variables: 


ILZA. for 2<2 
K(x, 2) = 4 
en U=2) forg<z a 
I ; 


Equation (3) can be written as follows with the aid of this function: 


l 
ylz) = F(x) — J K(x, 2) flz, y(2)]dz. (5) 
We apply the results obtained to the linear equation 


y” + p(z) y = (2) « (6) 
We can say that the problem of finding the solution of this equation 
with the boundary conditions 


y(0) =a; y0) =b (7) 
is equivalent to finding the function y(x) satisfying the linear integral 
equation 

l 
y(x) = F(z) + J K(x, 2) p(z) y(z) dz, (8) 


where 
1 
F(x) = F(x) — 4 K(x, 2) w(z) dz 


is a known function of the independent variable v. 

Notice that the upper limit of integration is variable in equa- 
tion (1), whereas in (8) both limits are constant. Notice also that, 
both in (1) and in (8), the required function appears outside as well 
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as under the integral sign. As we saw previously [II, 50], this is of great 
importance in enabling us to apply the method of successive approxi- 
mations to the solution of the equation. 

We multiply the coefficient p(x) in (6) by a parameter å and consider 
the homogeneous equation 


y” + Ap(z)y = 0 (9) 
with the homogeneous boundary conditions 
y(0)=0; y(l)=0. (10) 


This homogeneous boundary value problem leads us to a homogeneous 
integral equation containing the parameter å: 


l 
y(x) = 2 Í K(x, 2) pz) y(2) dz. (11) 
0 


One of the main problems that will confront us later is this: for 
what values of the parameter A has our problem solutions that 
do not vanish identically? We have already met this question when 
applying Fourier’s method to boundary value problems of mathemati- 
cal physics. We notice further some characteristic properties of the 
function K(x, z), which is known as the kernel of the integral equation. 
The kernel is continuous in the square ką, defined by the inequalities 
0<2a<land 0 <z < l On the diagonal of the square where x = z 
the first derivative of the kernel possesses a discontinuity: 


K, (2, 2) [deseo — K(x, 2) PER =—l. 


Furthermore, outside the diagonal the kernel, considered as a function 
of x, is the solution of the homogeneous equation y” = 0 satisfying 
the boundary conditions (10). We observe finally the symmetrical 
nature of the kernel, expressed by the equation: 


K(z, x) = K(x, 2). (12) 
All these properties of the kernel follow immediately from (4). 
The kernel K(x, z) has a simple physical meaning. We recall that, 
when a concentrated force acts at a point x = z of a string fixed at 
both ends, the condition must hold at the point of application [II, 163]: 
Pol (Ux) x=2+0 25 (Ux)x-2-0] =—P, 


where P is the magnitude of the force. The function 


ula) = T K(a, 2) 
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may easily be seen to give the statical shape of the bent string due 
to this concentrated force. It may be mentioned here that the equation 
of vibration of the string in the statical case amounts simply to the 
equation uxx = 0. All these ideas concerning the reduction of a 
boundary value problem to an integral equation, discussed here for 
an elementary case, will be analysed in detail in Chapter IV. 

We shall further mention a characteristic method of reducing the 
boundary value problems of mathematical physics to integral equations. 
We defined earlier the potential of a spherical layer by the expression: 


uM) = | {24> ds, 
S 


where 0(M’) is a function given on the surface of the sphere S, ds 
is an elementary area of the sphere, and d is the distance from a 
variable point M of space to a variable point M’ of the sphere. Let 
n be the normal direction at a point Jf, of the sphere. Let (3u( M ,)/Ən)i 
and (du(J,)/dn), denote respectively the limits of the derivative 
du(M)/an as the variable point M of space approaches the point M, 
from inside and outside the sphere. We previously [III,, 138] deduced 
the following expressions: 


(Se) = — | fer) “5° ds + 270(M,) , 
> (13) 


ce ), =e i fear) “3° ds — 2n0(Mo) , 
S 


where d is the distance from the point M, to the variable point M’ 
of the sphere and w is the angle formed by the radius vector M’M, 
with the direction n. 

We shall see in the next chapter that these expressions are not 
only valid for a sphere. We now pose the interior Neumann problem 
for the sphere, i.e. we take it that the function is required which is 
harmonic inside the sphere and whose normal derivative has assigned 
boundary values on the surface of the sphere: 


ðu 
| = f(Mo) . (14) 


We shall seek u as the potential of a spherical layer. This potential is 
a harmonic function inside the sphere and we only have to choose 
the density o( M’) of the potential such that the boundary condition 
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(14) is satisfied. On taking into account the first of expressions (13) 
and condition (14), we obtain the following integral equation for the 
required density: 


2zo(Mo) = f(My) + | fem eas. 
sS 


Notice that here the functions f(M) and o(JZ) must be defined 
on the surface of the sphere, and that the integration is over the spheri- 
cal surface and not over an interval of the x axis, as above. 


2. The classification of integral equations. For the present, we 
shall only consider linear integral equations in which the required 
function has to be determined on the x axis. We write the integral 
equation: 


y(x) = J K(x, z) y(z) dz + f(x), (15) 


where y(x) is the required function and f(x), K(x, z) are given functions. 
As already mentioned, the function K(x, z) is known as the kernel of 
the integral equation. 

The equation written is called a Volterra equation of the second 
kind. The analogous equation with constant limits: 


b 
ylz) = | K(x, 2) yle) dz + f(x) (16) 


is called a Fredholm equation of the second kind. If the required function 
only appears under the integral sign, we obtain a Volterra or Fredholm 
equation of the first kind. These have the form: 


x b 
J K(x, z) y(z) dz = f(z); K(x, 2) y(z)dz= f(z). (17) 


The Abel equation that we discussed earlier in [II, 79] offers an 
example of a Volterra equation of the first kind: 
h 
1 f uly)dy 
h a SS e, 

wh) ¥2g J Vh—y 
An example may be quoted of a Fredholm equation of the first 
kind. Let u(x) be the statical bending of a string in the presence of 
a continuously distributed load p(z) per unit length. We shall con- 
sider the continuously distributed load as the sum of concentrated 
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loads p(z)dz. From the remarks of the previous section, each such 
concentrated load leads to statical bending of the form 


1 
op, K(x, 2) p(z) dz, 


where K(x, z) is given by (4). Integration gives us the statical bending 
for the continuously distributed load: 


u(x) = ay) Ke. z) p(z) dz. 


This is a Fredholm integral equation of the first kind if the bending 
u(x) is given and the corresponding load p(z) is required. 

It may be observed that the Volterra equation is a particular case 
of the Fredholm equation. For we can perform the integration with 
respect to z from z = a to z = b in the Volterra equation, provided 
we first additionally define the kernel by the condition K(x, 2) = 0 
for z > @. 

We shall be almost exclusively concerned below with equations of 
the second kind, and in the main, with Fredholm equations of the 
second kind, these being most commonly encountered in boundary value 
problems of mathematical physics. The theory of integral equations 
is much simpler for those of the second kind than for those of the 
first kind. As we have already remarked, the presence of the required 
function outside the integral sign leads naturally to the possibility 
of using the method of successive approximations. 

The theory of integral equations has many analogies with linear 
algebra, which we dealt with in Vol. III. We recall that a linear 
transformation in n-dimensional space is of the form [II], 25]: 


YH Ay Uy H- -F Ain Un (i =1,..., n), 


and is characterized by the matrix formed from the transformation 
coefficients aip. This transformation has been written in the alter- 
native form 

y= Au, 


where u(t, ..., Un) is the original vector, y(y,, .--, Yn) is the trans- 
formed vector, and A is the matrix with coefficients a;i. In the case 
of integral equations we have functions usually defined in some 
interval [a,b] instead of vectors in n-dimensional space. We have 
the kernel K(x, z) instead of the matrix with coefficients aj, and a 
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process of integration instead of summation, so that the linear trans- 
formation is now expressed by 


y(x) = f K(x, z) u(z) dz, (18) 


where u(z) is the original function and y(x) the transformed function. 
We also recall that the eigenvalues of a matrix A were defined 
as those values of the parameter À for which the equation 


Ax =iha 


has non-zero solutions v. The values of the parameter A for which 
the homogeneous integral equation 


b 
ule) = 2 | K(x, 2) y(2) dz (19) 


has solutions not identically zero will be referred to in future as 
the eigenvalues of the kernel K(x, z) or of the corresponding trans- 
formation. It must be noted that, as regards the parameter A, there 
is not a complete analogy with the algebraic case. For a complete 
analogy, we should have to write instead of (19): 


b 
f K(x, 2) y(2) dz = y(a) . 


a 
We shall nevertheless adhere to (19) in the theory of integral equations. 

Notice that the identity transformation, where u(x) corresponds 
to u(x), i.e. where y(x) is the same as u(x), is not expressible in the 
integral form (18). 

We naturally have to make some assumptions regarding the kernel 
K(x, z), as also regarding the functions f(x) and y(x), when discussing 
the theory of integral equations. 

As already mentioned, we shall be concerned for the present with 
integral equations in the one-dimensional case. Methods of passing 
to the multi-dimensional case will be indicated below. 

Finally, it may be mentioned that the given and required functions 
will occasionally: be assumed complex: 


K(a, 2) = K(x, 2) + K(x, z) i; 
f(x) = F(x) + f(x) i; 
y(x) = y(x) + y(x) i, 


where K,(2, 2), fs(£), Ys(x) (¢ = 1, 2) are real functions. The independent 
variable will always be assumed real. 
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We recall the properties of systems of orthogonal functions in the 
next section and add certain remarks, necessary for the discussion 
of integral equations. 

We shall often be concerned below with closed finite intervals of 
the type a < x < b, ie. intervals in which the ends are included; 
these are always denoted by the symbol [a, b]. 


3. Orthogonal systems of functions. The real functions 


p(x), Pa(@), +++ (20) 


which we shall assume continuous in the interval [a,b], are said to 
form an orthogonal and normalized (orthonormal) system in the interval if 


0 for p#q 


1 for p=q. P1) 


Sepa) x) Pq(X) dz = | 
Let f(x) be any real function, continuous in the interval [a,b]. 


The numbers 
b 


ck = § fla) ey (x) dæ (22) 


a 


are known as the Fourier coefficients of the function f(x) with respect 
to system (20) [cf. II, 156]. We have by definition of cx: 


b n b n 
Jo) ~ Z opda) de= f fde- Ek, (23) 


which expresses as a difference the mean square error obtained on re- 
placing the function f(x) by the segment s,(x) of its Fourier series. The 
convergence of the infinite series with terms Ch follows from (23), to- 
gether with the Bessel inequality: 


œ% b 
= È< 1 [f(a)]2 da. (24) 


System (20) is said to be closed if the sign of equality holds in (24) 
for any continuous function f(x), i.e. if the closure equation holds 
for any continuous function: 


b œ 
JUO de= Z. (25) 


This equation expresses the fact that, when f(x) is replaced by the 
segment s(x) of its Fourier series, the mean square error tends to 
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zero as n tends to infinity. We also recall that the value of the 
integral 


SVO- Sacon(a)]eae, 


where the a, are arbitrary real numbers, is a minimum if the a, are 
taken equal to the Fourier coefficients c of f(x) [II, 148]. 

We have so far assumed continuity of the functions g(x) and f(z). 
All that has been said above remains valid in more general cases. 
We can suppose, for instance, that the functions are bounded and 
possess a finite number of discontinuities. It is clear, of course, that 
all the integrals written above have a meaning in this case. 

Suppose that the functions g(x) are continuous, whilst f(z) is 
continuous in [a,b] except for a point x=d, in the neighbourhood 
of which f(x) is unbounded, whilst 


| f(a) |< 


where C and a are constants and 0 <a < 1/2. In this case [f(x)} 
is integrable [II, 82], and the proof of inequality (24) is fully preserved, 
all the integrals having a meaning. The most natural method of 
extending the theory of orthogonal functions requires a different 
concept of integral. This is discussed in Vol. V. 

We shall always assume functions to be continuous unless the 
contrary is stated. ; 

We prove an elementary lemma. If the function w(x) is continuous 
and non-negative in the interval [a, b] and 


Cc 


Tedy’ (26) 


b 
f w(x) dz =0, (27) 


w(x) is identically zero in [a,b]. Suppose the statement false and 
that w(c) > 0 at some point x = c of the interval. Given a sufficiently 
small e, w(x) will be positive in the interval [c — e, c + e]; let m > 0 
be its least value in this interval. Since w(x) is non-negative, we have: 


b c+e cts 
| w(x) dx > f w(x) dr > f mdz = 2em , 
a C— eE c—é 
which contradicts condition (27). 
We saw in [II], 31] that, given m linearly independent vectors, 
the same number of mutually orthogonal normalized vectors can 
always be found such that the original vectors are linearly expressible 
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in terms of the new and vice versa. This entire process can be translated 
word for word to the case of functions. Let the functions, 


p(x), ba Ym) 
be real continuous in [a, b], and linearly independent, i.e. the identity 
a, pala) +- - -+ Om P(e) = 0 


with constant coefficients a, can only hold when all the coefficients 
are zero. We form new functions, orthogonal and normalized in [a, b]: 


P1(Z), - - -3 Pm(Z) 5 
such that g(x) is expressible linearly in terms of y,(z), ..., y(x), and 
conversely each y;(x) is expressible linearly in terms of 9,(2), . . ., px(2). 


We introduce for brevity a notation similar to our previous algebraic 
notation, and write (f, F) for the integral of the product f(x) F(x) 
over the interval [a, b]: 


b 
(f, F) = J f(x) F(x) da. 


The orthogonalization of functions y;(z), i.e. the construction of 
the p(x), proceeds as follows: 


= y(x) 
p.le) Ver Y) 
xl) = palz) — (Was Pr) Pal); F2(x) = cae 
As(%) = palz) — (Ps P2) P2(%) — (V3: P1) P1(1); aas ma 
Xml E) = Prl2) — (Vm Pm—1) Pm—a(%) — + +» (Pr P1) Pa(2); 


en Xm(2) 


vt) = š 
Pml ) V (Xm Xm) 


The functions ¢,(x) differ from the functions g(x) only by numerical fac- 
tors, which appear in the 4,(x)for the purpose of normalizing them, i.e. 
so that the integral of the square of y(x) over [a,b] is unity. The 
above-mentioned linear relationship between y(x) and p(x) follows 
at once from the equations written. We observe further that none 
of the (£) can vanish identically, so that (7x, yx) # 0, since if we 
had say y(x) = 0, this would lead us to a linear relationship between 
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q(x) and y(x): 
Pelz) — (Pa P1) Piz) =0, 

which amounts to a linear relationship between y,(z) and y(x), 
which in turn contradicts our assumption of the linear independence 
of the y(x). It follows at once from the lemma that (4, 4.) Æ 0, 
since otherwise we should have to have yą = 0. Hence all the expres- 
sions defining the functions p(x) have a meaning, and we can verify 
successively the orthogonality of the functions y(x) to the system 
G(X), » +, Qk (£) already constructed. For instance: 


(Zo P1) = (Ya, P1) — (Par P1) (Pr Pr) = Po Pr) — (Po Pi) = O- 


We have, since p(x) and p(x) are orthogonal and normalized: 


(X3: P1) = (Ps P1) — (Ya: P2) (Po P1) — (Ya, P1) (Pr Pr) = 
= (Ps P1) — (Ya Pı) = 0, 


and similarly (73, pa) = 0 and so on. 
Some further properties of orthonormal systems may be mentioned. 
Let system (20) be closed and let all the Fourier coefficients of a 
given continuous function f(x) be zero, or in other words, the con- 
tinuous function f(x) is orthogonal to all the functions g(x): 


b 
Jfe)ede)de=0 (k=1,2,...). 


The closure equation gives us: 
b 
f Pdr =0, 
a 


and hence, by the lemma, f(x) vanishes identically. 
We return to the general case and let 


PAT Px(Z) (28) 


be the Fourier series of a function f(x). We cannot assert that 
series (28) converges, whilst if it does converge, we cannot say that 
its sum is equal to f(x). Suppose it happens that series (28) converges 
uniformly in the interval [a,b]. We form the difference 


fale) = fle) — È certo), 
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which is a continuous function, inasmuch as we have assumed f(x) 
continuous. We multiply both sides of the equation by g,(z) and 
integrate, term-by-term integration being possible in view of the 
uniform convergence of the series; we obtain, since functions (20) 
are orthogonal and normalized: 


b b 


J hE) pla) de = f f(a) ppl) de — cp. 


The difference on the right is zero since the c, are the Fourier coeffici- 
ents of f(x), and consequently, if the Fourier series (28) of f(x) converges 
uniformly, the difference f (x) between the function and its Fourier 
series has Fourier coefficients that all vanish. If, moreover, system 
(20) is closed, the following proposition can be stated, from what has 
been said above: if system (20) is closed and the Fourier series of the 
continuous function f(x) converges uniformly in the interval [a,b], its 
sum ts equal to f(x). 

We also note the elementary fact that orthogonal functions are 
always linearly independent. For suppose we had the relationship: 


a pil) +... + Ay Pp(X) = 0. 


Multiplication of both sides by g(x) (k = 1, 2, ..., m) followed by 
integration gives us a, = 0 by the orthogonality and normality of 
functions (20), i.e. all the coefficients a, must in fact vanish. 

All the above arguments can be generalized directly for the case 
of complex functions of the real variable æ, i.e. functions of the 
form: 

Pil) = Qx(®) + olx) i (k=1,2,...). 
This matter has already been discussed [III,, 49]. The fact that the 
functions in this case are orthogonal and normalized is expressed by 
the equations 
b 0 for p#q 


f pplz) p(x) dr = 


21 
Š 1 for p =q, (21,) 


where @ denotes as usual the complex conjugate of a. The Fourier 
coefficients of any complex continuous function are given by 


b 
k = J f(x) edz) da. (22,) 


In the complex case, we always have to write the square of the 
modulus instead of the square of the magnitude itself. We have 
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instead of (23), for instance: 


b 


n b n 
S| fa) — È erpa) pde = f |flw)Pdx— Sex|, (23) 


a 


whilst Bessel’s inequality becomes: 


œ b 
= ler]? < d | F(a) |2 dæ. (24,) 


The process of orthogonalization proceeds as above except that the 
symbol (f, F) is defined by 


b 
= f(x) F(x) 


The definition of closure remains as above, as do all the proofs of 
our propositions. 

The proof of (23,) is the same as for (23). If we remove the brackets 
in the integral 


b 


n n 
Site -> Cx plx) |? dz = f [f(x) -2a rx) | (f(a) -2 Cr Py(x)] dx 
and use (21,) and (22,), we get (23,). 
Notice that, if w(x) is a continuous complex function, not iden- 
tically zero: 


(w, w) = f w(x) w(x) dx = f| a(x) |2dae>0. 


The ordinary properties of integrals (taking a constant factor outside, 
integration of sums, etc.) obviously apply to the integrals of complex 
functions. 

We recall that the limit u,(x) + p(x) i —> u(x) + v(x) i, that is, 
| [u(x) + v(x) i} — [wn(x) + v,(x) i] |— 0, is equivalent to the sepa- 
rate limits u,(x) > u(x) and v,(x) > v(x) [IIL, 1]. A similar remark 
naturally applies to uniform convergence. Furthermore, passing 
to the limit is possible under the integral sign for a uniformly 
convergent sequence [I, 145]. The other theorems of the integral 
calculus remain in force, as for instance, the theorem concerning 
parametrically dependent integrals, and that concerning integration 
under the integral sign. We always obtain the corresponding theorem 
for real functions by separating into real and imaginary parts. 
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We also observe that Buniakowski’s inequality [III,, 29] is equally 
applicable to complex functions. 
For we have [II], 4]: 


b b 
|J hE hla) de] < J Ihla) ihle) las. 


whence we obtain, on applying Buniakowski’s inequality to the real 
and imaginary parts: 


b 


| S hE) hlæ) dæ]? < (J Ala) | |fal@) | dæ)? < 


b b 
< fihla) Pde J Ifa) Fae. 


In all the above arguments we have been concerned with functions 
of a single independent variable within the interval [a, b]. We can 
repeat all our arguments word for word for functions defined in 
some finite domain of a plane, in three-dimensional or n-dimensional 
space, or on a surface. The integrals naturally have to be over the 
corresponding domains. 

Let P be a variable point of a finite closed domain B on a plane, 
in space or on a surface, i.e. a domain which includes all its boun- 
dary points. The (generally complex) functions ¢,(P) form an ortho- 
normal system if 


{ p (P) pP] dop = 


B 


0 for pq 
1 for p=q, 


where only one integral sign has been written, though the integral 
must be reckoned double, triple, or over a surface. We have used 
dwp to denote an element of the corresponding integral, taken with. 
respect to the variable point P. In the case of a double integral in 
Cartesian coordinates, we have for instance dwp = dx dy. The Fourier 
coefficients of a function f(P) are: 


cm f AP) Pj doy 


and Bessel’s inequality takes the form: 


Sjel < fP) dop. 
k=1 B 
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If f(P) has a discontinuity at a point Q, we have to assume, instead 


of condition (26), 
Cc 


et 


If(P)|< 


? 


where 7 is the distance PQ and a < n/2, where n = 2 for a double 
integral or an integral over a surface and n = 3 for a triple integral. 


4. Fredholm equations of the second kind. Our discussion of the 
theory of integral equations and of Fredholm equations of the second 
kind starts with the one-dimensional case: 


b 
pls) = 19) + J Els, t) p) at. (29) 
Our basic assumptions are as follows. The kernel K(s, t) is taken 
to be a continuous complex function of two variables (s, t) in a square 
k, defined by the inequalities a < s < b, a < t < b, whilst the given 
function f(s) is a continuous complex function in the interval [a, b]. 
We seek a solution likewise among continuous functions. The kernel 
K(s,t) is naturally assumed not identically zero in the square k,; 
if this were the case, equation (29) would reduce to ¢(s) = f(s). 
Given the continuity of the kernel, the integral 


b 
o(s) = | K(s, t) u(t) dt (30) 
a 
yields a continuous function v(s) for any choice of continuous function 
u(t), i.e. the above equation transforms a continuous function u(t) 
to a likewise continuous function v(s). But furthermore, if u(t) is 
assumed bounded (| u(t) | < C) with a finite number of discontinuities, 
integral (30) still has a meaning, and we can write: 


b 
v(s -+ h) — v(s) = J [K(s + h, t) — K(s, t)) u(t) de, (31) 
whence 
b 
lo(s + h) — (s)| <C f| | K(s-+h,t) — K(s,t)| dt. 
By virtue of the continuity of the kernel the right-hand side tends 


to zero as h — 0, so that |v(s + h) — v(s) | —> 0 also, i.e. v(s) is a 
continuous function. Integral (30) therefore transforms bounded 
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functions with a finite number of discontinuities, as well as continuous 
functions, to continuous functions. 
We obtain by applying Buniakowskii’s inequality [3] to (31): 


b b 
Jols + h) — o(s) |? < | |E(s +h,t) — K(s,t)[2 dt f |utt)2dt, (32) 


whence it is clear that, provided that the integral 


b 
f | u(t) (2 de 


has a meaning, v(s) will still be a continuous function, even though 
u(t) becomes unbounded in the neighbourhood of a point (e.g. u(t) 
satisfies condition (26)). 

Let us return to equation (29) and recall our assumption of 
the continuity of the kernel K(s, t) and of the function f(s). We can 
assert, by what has been said above, and by taking, for example, 
g(s) as bounded with a finite number of discontinuities, that both 
terms on the right-hand side will be continuous; in other words, ¢(s) 
in this case must in fact be continuous. It is therefore natural that 
we should look only for continuous solutions of equation (29). 

If, for instance,we were to assume that K(s, t) is continuous, but that 
f(s) is bounded with a finite number of discontinuities, then the solutions 
g(s) would naturally also have to be sought among bounded functions 
with a finite number of discontinuities. We shall assume that f(s) 
is continuous. The case frequently occurring in mathematical physics, 
when the kernel is discontinuous, will be discussed later, and mean- 
time we shall assume that K(s, t) and f(s) are continuous as indicated 
above, the solutions ¢(s) being sought in the class of continuous 
functions. 

We shall consider instead of equation (29) the equation with a 
numerical parameter: 


b 
p(s) = f(s) +4 J K(s,t) g(t) de. (33) 

a 
Equation (29) is obtained from (33) with A=1. We shall suppose that 
A can take complex as well as real values. We put A= A, + 4,7. 
We have to seek a complex function g(s) as a solution: ¢(s)= g(s) + 
+ p(s) i. If, for example, the kernel K(s,é) and f(s) are real, 
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on substituting in (33) and separating real and imaginary parts, 
we obtain the following system of equations for p,(s) and ¢,(s): 


b b 
pr(8) = fls) + A, J Els, t) g(t) dt — dy f K(s, t) palt) dt, 


v 


4 fK (3,1) gull) At + h $ KD P,O) dt. 
a 
We shall use equation (33) directly instead of this system in the 
further development of the theory. We write the corresponding 
homogeneous equation: 


b 
= 2 Í K(s,t) p(t) dt. (34) 


It has the obvious solution ¢(s) = 0, which we call the zero solution. 
As we mentioned in [2], the values A =A, for which equation (34) 
has a non-zero solution are called the eigenvalues of the kernel K(s, t) 
or of the corresponding integral equation, whilst every non-zero solution 
of the equation 


(8) = Ay | K(s, t) p(t) dt, (35) 


is called an eigenfunction corresponding to the eigenvalue A= Ay. 
The number 4, =0 obviously cannot be an eigenvalue, since it 
follows in this case from (35) that (s) = 0. 

By virtue of the linearity and homogeneity of equation (35), if 
p(s), pals), ---, Pm(s) are eigenfunctions corresponding to the same 
eigenvalue A= åo, any linear combination of them with constant 
complex coefficients 


p(s) = c1 Py($) + Cy Pa(8) +. - -+ Cm PmlS) (36) 


also satisfies equation (35), and hence is also an eigenfunction, 
provided that formula (36) is not identically zero. If p(s), y2(s), ..-, 
Pm(S) are linearly independent, this can only be the case if all the 
coefficients cp vanish. As we shall show later, for any eigenvalue 
À =A, there exists a finite number of linearly independent eigen- 
functions p(s), p(s), ---, p(s) such that formula (36) gives all the 
solutions of equation (35), provided that all possible values are assig- 
ned to the coefficients cp. 

These complete sets of eigenfunctions corresponding to an eigen- 
value A = A, can be formed in a different way. Suppose that we have 
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constructed two such sets, the first consisting of k functions and the 
second of l functions: 


f(s), gs), ---, PP(8); pes), PRs), --, PPS). 


On observing that every function p(s s) (p=1,2,...,k) is a 
solution of equation (34) and hence must be linearly expressible in 
terms of functions of the second set, whilst every function ges ) 
(q = 1, 2, , 1) must similarly be linearly expressible in terms of 
functions o thé first set, we can easily conclude [III,, 10] that k = J, 
i.e. the total set of eigenfunctions always consists of the same number 
of functions. This number k is called the rank of the eigenvalue Aq. 
Obviously, different eigenvalues can have different ranks. 

Suppose that the kernel K(s,¢) and the eigenvalue å, are real, 
and let p(s) = @,(s) + @,(s) 7 be a corresponding eigenfunction; we 
obtain by substituting in (85) and separating real and imaginary 


parts: 
b 


b 
Ay J K(s,t)œ(t)dt; @,(8) = Ay J K(s, t) w,(t) dt, 


a 
ie. o,(s) and @,(t) separately satisfy equation (35), whilst 
p(s) = @,(s) + @,(s) i is a linear combination of them. Thus, with a 
real kernel and real eigenvalues, the eigenfunctions can be assumed real. 


5. Method of successive approximations and the resolvent. We shall 
apply the method of successive approximations to the solution of 
equation (33): 


b 
8) = f(s) +4 | Kls, t) p(t) dt. (33) 


We shall do this by seeking the solution as a series expanded in 
positive integral powers of A: 


(8) = Pol) + Gils) A + Pel8) A? +. (37) 

If this series is uniformly convergent with respect to s in the interval 

[a, b], on substituting it for (s) in (33), we can integrate term by 

term in the resulting equation; we then equate coefficients of like 

powers of A on both sides of the equation and obtain formulae for suc- 
cessively determining the ¢,(s): 


b 
s) = f(s); p(s) = | K(s, t) polt) dt; 
b 


pals) = J K(s,t) p(t) dt 


(38) 
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and in general 


b 
= { K(s,t)o,r(t)dt (n=1,2,...), (39) 


all the functions defined by these formulae being continuous [4]. 
We now show that series (37) is absolutely and uniformly convergent 
with respect to s if the modulus of A is sufficiently small. It will 
follow from this that the sum of the series for these values of å is a 
continuous function and represents a solution of equation (33). 

In the interval [a,b] and in the square k, where functions f(s) 
and K(s, t) are continuous, we have 


[f(s)|<m; | K(s,t)|<M 


where m and M are positive numbers, viz. the greatest values of 
| f(s) | and | K(s, ¢) |. We obtain successively the following upper 
bounds for the spnoeicns Qn(8): 


| Po(s)|<m; | p(s) | < {| K(e,0| ) | | Pol) | dé < < mit f at= mM(b— a), 


| pa(8)| < < J [Kiet t) | | p(t) | dt < mM2(b — a) ) far= mM?(b — a)?, 


and in general 
| Pn(s)| <m{M(b —a)}", 


so that the general term of series (37) is subject to the inequality: 
| Pn(s) A" | < m|| (6 —a)}". 


It is clear from this that series (37) is absolutely and uniformly con- 
vergent with respect to s under the condition 


1 


M(b—a) ’ (40) 


|A|< 
and that its sum is a continuous solution of equation (33). 
We can write the solution obtained in another form by introducing 
the so-called iterated kernels, which are given successively by the 
formulae: 


b 
K,(s,t) = K(s,t); K,(s,t) = J K,_4(8,t;) K(t, t)dt,. (41) 
a 
By virtue of the continuity of the fundamental kernel K(s, t), each 


of the iterated kernels is a continuous function in the square k, 
(II, 80]. The iterated kernel K,(s, t) is expressible in terms of the 
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fundamental kernel K(s, t) with the aid of (n — 1) quadratures: 


b 
K,(s, t) = Í K(s, t,) E(t, t) dt,, 


b. b b 
K,(s, t) = J Ra's. t,) K(t,, t) dt, = f J K(8, ty) K (ty, t) dtz] K(é,, t) dt 
i.e. 
b b 
als, t) = Í f K(s,t,) E(t, t,) K(t,, t) dt, dé, , 
a a 
and in general 


b b b 
n(S> t) j= f J hie | K(8, ta) Elta tn—2) - - - Kltp t) X 


a 
x K(t,, t) dt, dt, ... dt, . (42) 
The order of the quadratures is a matter of indifference [II, 98]. 
By using these remarks, we easily obtain the formula: 


b 
K p98, t) = J K,,(8,t) K,(t, t) dt. (43) 


It is sufficient to carry out the (p — 1) quadratures for forming 
K,(s, t) and the (g — 1) quadratures for forming K,(t,t). There 
remains one quadrature with respect to t. 
On using formula (42) and the inequality | K(s, t)| < M, we get 
the inequality 
| K,,(8, t) | < Mf"(b — a)" (44) 
in the square k,, from which it follows that the series 


R(s,t; 2) = K (8, t) + K,(s,t) A+ Kols, t) 22 +... 


= È Knaals t) an (45) 


is absolutely and uniformly convergent in the square kọ with con- 
dition (40). We have written its sum as R(s, t; A). 

We now express the function ¢,(s) directly in terms of the func- 
tion /(s): 


b 
p(s) = (s, t) f(t) dt; 
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and in general, 


b 
= { K,(s,t) f(t) dt. 


We obtain by substituting in (37): 


o b 
pls) = fis) +4 > J K „41(8, t) A" f(t) dt 


On taking into account the uniform convergence of series (45) in 
the square k, and all the more its uniform convergence with respect 
to the single variable ¢ in the interval [a, b] with any fixed s of this 
interval, we can interchange the summation and integration, and 
obtain, on using the notation of (45): 


b 
p(s) = f(s) +A J R(s, t; A) f(t) dt. (46) 


This is all proved under condition (40). 

Function (45), which is independent of the function f(s), is called 
the resolvent of the kernel K(s, t) or of equation (33). It may easily 
be verified that the resolvent, considered as a function of its first or 
second argument, satisfies the following two integral equations: 


b 
R(s, t; A) = K(s,t) +å f Ks, t,) R(t,, t; 4) dé, , | 


(47) 
b 
R(s, t; A) = K(s,t) +4 § K(t,, t) B(s, ty; a) de, . | 


To verify say the second equation, we multiply both sides of formula 
(45) by K(t, x) and integrate with respect to £: 


b œ b 
fR R(8, t; à) K(t, x) dt = 2a J K „+1(8, t) K(t, x) de, 


or, by (41): 


b 
f Rs, t; A) K(t, 2) dt = È Kyra, x) Aa”. 
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We multiply both sides by A: 


b co 
å Í R(s, t; å) K(t, x) dt = > K,4,(8, 2) a, 

a n=0 

or, on replacing the variable of summation n by (n — 1) and starting 
the summation at n = 1: 


b ra 
A f Ris, t; A) K(t, x) dt = > K,4,(8, £) a”. 
n=l 


a 


By (45), we can rewrite this equation as 


b 
A Í R(s, t; A) K(t, x) dt = R(s, x; 4) — K (s, £) , 
a 
which in fact yields the second of equations (47), except for a different 
notation for the variables. The first of the integral equations (47) for 
the resolvent may be verified in the same way. 

It may be mentioned that the convergence of the method of succes- 
sive approximations can be proved for values of / satisfying the 
inequality: 

1 


Jå] < [re 
| f fixenpaa 
aa r 


> 


which is in general less restrictive than inequality (40). We shall 
not make use of this fact below. 


6. Existence and uniqueness theorem. We have so far only defined 
the resolvent for values of 4 satisfying condition (40). We shall see 
later that the resolvent exists throughout the plane of the complex 
variable A, except for certain isolated values, and that it satisfies 
equations (47) throughout the å plane. It is therefore important to 
take equations (47) as our starting-point when proving an exis- 
tence and uniqueness theorem for the solution of equation (33): 

THEOREM. If there exists for a certain 2 a continuous function R(s, t; A) 
in the square k, satisfying equations (47), equation (33) has a unique 
solution for this A, and the solution is given by equation (46). 

The proof falls into two parts. We show first that, given (47), 
every solution of (33) must be expressible by (46). This gives us the 
uniqueness. We then verify that (46) actually yields the solution 
of (33). 
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Let p(s) be a solution of equation (33). We multiply both sides 
of (33) by A R(x, s; 4) and integrate with respect to s: 
b b 
A f R(z, 8; A) g(s) ds = A f R(x, 8; A) f(s) ds + 
a 


b b 
-+ 4 S [f aR(x, 8; A) K(s, t) ds] p(t) dt 


On taking the second of equations (47) into account, we can write: 


b 
1 § R(x, s; t) K(s, t) ds = R(æ, t; 4) — K(x, t), 


a 


and the previous formula can be rewritten as 
b b 
A f R(x, 8; A) p(s) ds =A f R(x, s; A) f(s) ds + 


b b 
+1 f R(x, t; 4) g(t) dt — å f K(x, t) p(t) de. 


On cancelling like terms on the right and left-hand sides in this 
formula, and substituting, by virtue of (33): 


b 
2 | K(a, t) p(t) dt = p(z) — fle), 


we obtain formula (46). 

We now show that the function g(s) defined by (46) in fact satisfies 
equation (33) when equations (47) hold. 

On substituting expression (46) in (33) and taking all the terms 
to the left-hand side, we obtain: 


b 


f(s) + 4 R(s, t; A) f(t) dt — 


a 
b 


b 
— f(s) —4 J Kls, t) [F +4 f RU, ti; 4) flt) dt] dt = 0 


or 


b b b 
— Í K(s,t) ft) dt — å f f K(s, t) R(t, t,; 4) f(t,) dt dt, =0, 
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which can be rewritten as 
b b 
f [B(s, t; 4) — K(s,t) — å J K(s, t) Rt, t; A) dé,] f(t) dt = 0, 
a a 


and this last equation in fact holds, since the square bracket is 
identically zero by virtue of the first of equations (47). The theorem 
is thus fully proved. 

On observing that we have constructed the resolvent satisfying 
equations (47) for the values of 2 satisfying condition (40), we can 
assert that equation (33) has a unique solution for the A satisfying 
condition (40), and that this solution is given by formula (46). This 
could also be proved directly. 


7. Fredholm’s determinant. We next form an entire function D(A) 
such that, when series (45) is multiplied by it, we obtain another entire 
function of 4. This means that the resolvent is the quotient of two 
entire functions, the denominator of the quotient being equal to 
D(a), ie. the quotient of two power series in 4, convergent for all 
complex values of 4. In other words, the resolvent proves to be a 
rational or meromorphic function of 4 throughout the complex 4 
plane. We obtain D(A) by replacing the integral in equation (33) by a 
finite sum. Strictly speaking, this replacement is impermissible, but 
none of the working that follows is meant to have the force of a proof 
and merely serves as a guide so that we can guess the form of D(A), 


We divide the interval [a, bJ into n equal parts, the length of each of which 
will be ô = (b — a)/n. We introduce the following notation for the points of 
division and for the values of the functions appearing in (33) at these points: 


b—a 
n 


s=ati > hfe; v= (8); Kpg = K (8p. $4) 


(4,p,¢g=1,...,n). 


On replacing the integral in (33) by the corresponding Riemann sum, we 
obtain the approximate equation: 


p(s) = f(s) +å Ž K(8, 54) %qS. 


We replace the independent variable s in this equation by sp. We thus obtain 
a system of n equations of the first degree in the unknowns Q4, ..., Øn: 


n 
P= tpt & Epot? (p=1,... n). 
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We obtain the following determinant in the denominator on solving this system 
by Cramer’s theorem [IL, 8]: 


1— åK ð Sass: Sad aR SS 
Dj(t) =| Rat ITAR ai  — AKan 3), 
PIRES  —ìÀKmòð, -. a 


We apply to this determinant the expansion formula for a determinant of 
the form (see [ITI,, 5]): 


Oy, +2, Qip E Ain 
Qg» Qg +2, wee, Qen f 
any Gn» sees Ang FZ 


where, in this last, x = 1 and a, = rE ô. We thus obtain 


u D -e K 
=1—-7 Pw “Spi ps| ga... 
D,(A) 1 2, Kp, 6 +3 aa Tp 2 Kp, py Kp. ps 6 + + 


Kppy Kpipy +++» Kpype 


+= yS ; Kpipy Kpspy -+> Kpypn| 6". (48) 
* Pis -es Pa= e.. eooo sso . . 
Kpnpy Kpnpy -+ EKpnpa 


We introduce the following notation for convenience in future working: 


K(z1,Y1) K(£1 Y2), +++. K (1, Yn) 


K a yy vey vn) om K(ty Ys) K (ta Ys) +++) K(@y Yn) |. (49) 
Ys Yor -s Yn 


K(ttp Yı) K(£m Y2) eee, K(eqs Yn) 
(n=1, 2, 8,...) 


We consider the successive terms on the right-hand side of (48). The sum 
n n 
2 Kpp ô= Pp» K(ap xj) 6 
represents the Riemann sum for the integral 
b 
J Etoh) dh, 


and tends to this integral as n — oo, Similarly, the sum 


n 
Kp, Py Kan | 62 
Pu Py=1 Pa pi? Kppa 
represents the Riemann sum for the integral 


b b 
[f K(t, ti) K(t, te) 
K (te, ty), K (tas te) 


dt, dt, 


and so on. 
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Formula (48) thus leads us naturally in the limit to the following 
power series in A: 


9, n 
Da) =14+ X (14d, (50) 
-n=1 n: 
where 
b b b 
E E 
=f f- fx di,dt,...dt,, (51) 
N a | ee 
a a a 
and 
t , t ’ , tn 
x} 2 | 
ti tz, , tn 


is given by (49). 

We have arrived at series (50) by means of imprecise arguments. 
On returning to the strict theory, two facts need to be proved: 
firstly, that series (50) is convergent throughout the complex 4 
plane, i.e. is an entire function of 4, and secondly, that we obtain 
an entire function of A on multiplying series (45) by series (50). 

Let us write an inequality for the coefficient dp. A determinant of 
order n stands under the integral sign in (51), each element of which 
K(t;, tx) has a modulus not exceeding the positive number M. On apply- 
ing Hadamard’s theorem [III,, 16] and the usual upper bound for an 
iterated integral, we obtain: 


id, | < n? (M(b—a)}". 


The terms of series (50) therefore have moduli not exceeding the 
positive numbers 
Ja |” 
n! 
We show, by using d’Alembert’s test [I,121] that these positive 
numbers form a convergent series. We find on taking the ratio of 
two consecutive numbers: 


n? [M(b —a)}". (52) 


n+l 


tel 


agi [| 4| M(b — a) ( “| 
n+1 z Vn+1 n 


On indefinite increase of n the expression (1+ 1/n)"” tends to 
ye [I, 38], whilst all the ratios written tend to zero, whence follows 
the convergence for any A of the series formed by the terms (52). 
Function (50) is therefore an entire function of 4. 
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The function D(A) was obtained from Cramer’s denominator by passing 
to the limit. It is natural to suppose that D(A) is the denominator of the 
resolvent R(s, t; A), i.e. that, on multiplying series (45) by D(A), 
we get an entire function of A. As a result of the multiplication we 
get a series, the terms of which are no longer numbers, as in D(A), 
but functions of (s,t). We introduce the special notation for this 
series: 


D(s,t;2) = K(s,t) + S(—1y" F a,(s,t). (53) 
n=1 ! 


Both the power series (45) and (50) are convergent in the circle (40). 
Hence series (53), obtained by multiplying them together, is also 
convergent in this circle. Power series, when absolutely convergent, 
can be multiplied. together term by term, and we could obtain the 
expressions for the coefficients d,(s,t) by means of simple cross- 
multiplication of the series indicated; but, for the sake of convenience 
in future working, we shall adopt a different procedure. We obtain 
on multiplying both sides of the first of equations (47) by D(A): 


b 
D(s, t; 4) = K(s,t) D(a) + å f K(s,t,) D(t, t; 2) dt,. (54) 


On substituting series (50) and (53) for D(A) and D(s, t; A) in this 
formula, and comparing coefficients of like powers of 4, we arrive 
at the formula: 


b 
d (s, t) = K(s,t)d, —n f K(s,t,)d,—,(t,t) dt, (2 =1,2,3,...), (55) 


which enables us to evaluate the coefficients d,(s,t) successively; 
here, we have to take d,(s, t) = K(s, t). We observe that series (53) 
is always absolutely and uniformly convergent with respect to (s, t) 
under condition (40), since the terms of the cross-multiplied series (45) 
and (50) are less than the positive terms of a convergent numerical 
series. This makes it possible for us to integrate term by term in 
the right-hand side of formula (54). On putting n = 1 in (55), we 
have: 


b b 
di(s, t) = K(s, t) | Kt, t,) dt, — f K(s,t,) K (t, t) dt, = 
b a a 


E i a t), K(s, t) 
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i.e. having regard to the notation (49): 


b 
s, t, 
an= fal dt, . 
oy 


a 


With n = 2, formula (55) gives: 


b b b b 
bis ty ty, t, 
do, = Ke, | fei pana- f f Kony K( Alay ay. 
aa ss a a ’ 


After elementary transformations, we obtain a formula similar to the 
previous one: 
b b 
da(s, t fferr dt, dt 
2(8, t) = t, t,, ta) 2°?" 
a a 


Let us show that, for any positive integer n: 


b b b 
` Sta boy neuat 
dals, t) = | Pa fal i t ay dy. dy. (56) 
a a a 


We proved above that this formula holds with n = 1. We write 
dz(s, t) for the right-hand side of (56). We have, from what has been 
said: d*(s, t) = d,(s, t). We now show that dj(s, t) satisfies the same 
relationship as d,(s, t) 


b 
d*(s,t) = K(s,t) dp — n f K(s,t,) d*_,(t,, t) dt, . (55,) 


By (55) and (55,), da(s, t) and d7(s, t) (n = 2, 3, ...) are successively 
determined uniquely, so that it will follow from df(s, t) = d,(s, t) 
that d*(s, t) = d,(s, t) for any n. The proof of (56) therefore reduces 
to the proof of (55,), where da(s, t) is the right-hand side of (56). 

We notice first of all that, if we transpose two of the x; or two of 
the y; in the symbol on the left-hand side of (49), the value of the 
determinant on the right-hand side only changes sign, because the 
operation amounts to interchanging two rows or columns of this 
determinant. On expanding the determinant of (56) by elements of 
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the first row and taking into account the remark just made, we 
can write: 


8, ty, a 
rae >t, 
ts ? ? 
K(s Ta S K(s, ga , eG 
Peta ; 
(AE E | ee AOE 
K(s,t z| ne — K(s,t xf iia ‘| 
(s, ta) A ES 7S (8, tn) te ass teat 


On integrating both sides of this relationship with respect to all the 
t; and changing the notation for the variables of integration on the 
right-hand side, and at the same time using the remarks made above, 
we obtain: 


d*(s,t) = 


b b b 
AE E 
= K(s,t) dn -af f.. Ea h lat at dt, ..- dtn, 
E 
a a a 


which in fact leads us to relationship (55,). Formula (56) is therefore 
proved. On applying Hadamard’s theorem to the determinant in (56), 
we get the following inequality: 

n+l 


[d,(s,t)|<(2 +1) ? MG —a)", 


and we can prove from this, precisely as for (50), that series (53) 
gives an entire function of å and that, for any A, it is absolutely and 
uniformly convergent with respect to (s, t) in the square ky. 

On taking into account that we have, under condition (40): 


R(s, t; 2) D(A) = Dis, t; a), 
we can write for these values of å: 


D(s, t; A) 


(57) 

The right-hand side of this formula gives an analytic continuation 
of the function R(s, t; 4) throughout the complex å plane and shows 
that the resolvent is a rational function of 4. We notice that the 
denominator in (57), which is usually termed the Fredholm determinant 
(or denominator), does not depend on the variables (s, t). 
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We shall mention some consequences of the formulae written above. 
It follows at once from (51) and (56) that 


b 
dayı = Í d,(s, 8) ds. (58) 


We observe further that a simple successive evaluation of the 
coefficients d, and d,(s,t) is possible. On putting n = 0 in formula 
(58) and taking into account that di(s, t) = K(s, t), we get d, from 
this formula. On next considering (55) with n = 1, we obtain d,(s, t) 
from it, on recalling that dọ = 1. Next, (58) with n = 1 gives us d,, 
after which (55) with n = 2 gives us d,(s, t) and so on. If we put 
t = s in (53) and integrate both sides with respect to s, we get by (58): 


b bed qn 
f Dis, s; 2) ds = d, + Z (~> 1)" dass, 


n=! 


i.e. by (50), 
6 
D'(a) = — f D(s, s; a) ds. (59) 


We observe that it follows from (56) that d,(s,¢) are continuous 
functions in the square ky, and in view of the uniform convergence 
mentioned above of series (53) in this square, the function D(s, t; A) 
is also continuous for any A in kọ. 

The entire functions D(A) and D(s, t; å) can be expanded throughout 
the 4 plane in non-negative integral powers of (A — åo), where 2, is 
any fixed complex number. For instance, 


a : & Of D(s, t; åa) (å — 2)“ 


where 


Ə D(s, t; å) ~ qn-k 
Pia ik tad ld — 1)” ———— d,(s,t) (0!= 1). 
ME a py als) (OLD 
It follows at once from the inequalities for the d,(s, t) that the latter 
series is uniformly convergent in k, for any 2, and we can assert that 
the coefficients of the expansion of D(s, t; 2) in powers of (A — Aj) 
are also continuous functions in ky. 


8. Fredholm’s equation for any A. Let us consider equation (54). 
It was obtained from the first of equations (47) by multiplying by 
D(A). But equations (47) were obtained subject to condition (40), 
i.e. we can say that both sides of equation (54) coincide, given con- 
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dition (40). But, by the fundamental principle of analytic contin- 
uation, if two entire functions coincide in a circular domain on 
the plane of the complex variable 4, they coincide throughout the 
complex plane [{IIT,, 18]. On dividing both sides of (54) by D(A), 
we see that the resolvent satisfies the first of equations (47) for 
any values of 4 which do not cause D(A) to vanish. In this latter 
case the ratio (57) becomes meaningless. Similarly, we can show by 
applying analytic continuation that the resolvent also satisfies the 
second of equations (47) for the 2 indicated. Thus, if 4 differs from 
a root of D(A), we have a continuous solution of both equations (47) 
and we obtain, on using the existence and uniqueness theorem of [6]: 

THEOREM 1. If the value of à is not a zero of D(A), given any f(s), 
equation (33) has a unique solution which is given by formula (46), 
while R(s, t; 4) is given by formula (57). 

We now take a value A = A, which is a zero of D(A). It may happen 
that it is also a zero of the function D(s, t; 4) for any (s, t). We now 
show that the multiplicity of this zero in the numerator of expression 
(57) must be less than its multiplicity in the denominator, whence it 
will follow that every zero of D(A) is a pole of the resolvent. 

THEOREM 2. Every zero A, of the function D(A) is a pole of the resolvent. 

Let A, be a zero of D(A) of multiplicity k, i.e. 


D(A) = (å — Ag)* Dol) [Do(4o) Æ 0]. 
Let it also be a zero of D(s, t; 4) of multiplicity l, i.e. 
D(s, t; A) = (A — Ay)’ Dols, t; A), 


where D,(s,¢; 4) is a series arranged in positive integral powers of 
(A—A,), the absolute term of which is non-zero for certain values of s, t. 
We recall that the derivative D’(å) has a zero å = å, of multiplicity 
(k — 1). We obtain by applying formula (59): 


b 
D'(a) = — (å — 2%)! § Dols, 8; 4) ds. 


The left-hand side has a zero 4 = A, of multiplicity (k — 1), whilst 
the right-hand side has a factor (A — 2,)', in addition to which it 
may happen that a further positive integral power of (A — A,) appears 
after integration with respect to s. This argument leads us to the 
inequality 1 < k — 1, ie. if A = å, is in fact a zero of the numerator 
of expression (57), the multiplicity of this zero is never less than k, 
so that the fraction as a whole has the pole A= 1,. We observe that the 
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absolute term in the expansion of D,(s, t; 4) in powers of (A — å.) is a 
function of (s, t). It may vanish for certain particular values of s 
and ¢, but is not identically equal to zero, since if this were so 4 = A, 
would be a zero of D(s, t; 4) of multiplicity greater than l. We can 
formulate the theorem just proved more strictly as: there exist values 
of s and t for which à = A, is a pole of the resolvent. 

We have shown that every zero A, of the function D(A) is a pole 
of the resolvent. Let 2, be a pole of multiplicity r. In the neigh- 
bourhood of 4 = 4, we have an expansion of the form: 


; _ alst) arl: t) a_,(8, t) 
Ro, 5 2) = r 4 ae tet E 


+X a(s, t) A — Ao)! 


where the coefficient a_,(s,t) is not identically zero in kọ. 

It follows from what was said at the end of [7], that a,(s, t) are 
continuous functions in the square ky. 

On substituting this last expansion in the first of equations (47), 
multiplying both sides by (A — åo)” and then putting 2 = Ay, we get: 


b 
a_,(s, t) = Ag J K(s, t) a(t t) dt, . 


It thus turns out that the coefficient a_,(s, t), considered as a function 
of s, is a solution of the homogeneous equation 


b 
p(s) = dy J K(s, t) p(t) dt (60) 


for any value of the variable t. Since the function a_,(s,¢) is not 
identically zero, we arrive at the following theorem: 

THEOREM 3. If 2, is a zero of D(A), homogeneous equation (60) has 
solutions which are not identically zero. 

Thus every zero of D(A) is an eigenvalue of the integral equation; 
ie. the homogeneous equation 


b 
p(s) = 4 J K(s, t) g(t) de (61) 
now has non-zero solutions. Whereas if 4 is not a zero of D(A), by 


Theorem 1, equation (33) has a unique solution for any f(s) and, 
in particular, homogeneous equation (61) has now only a zero solution. 
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In other words, if 4 is a zero of D(A), this is an eigenvalue, whilst 
if 2 is not a zero of D(A), A is not an eigenvalue. 

We therefore obtain: 

THEOREM 4. The eigenvalues of the integral equation are the zeros 
of D(A). 

The entire function D(A) can only have a finite number of zeros 
in any bounded domain of the plane of complex variable 4, i.e. 

THEOREM 5. Only a finite number of eigenvalues can exist in any 
bounded domain of the A plane. 

We shall mention a further formula which is useful in applications. 
Suppose that the term f(s) of equation (33) can be written in the form 


b 
= § K(s, t) w(t) dt, (62) 


where w(t) is a function of t. 
Taking 2 to differ from an eigenvalue, we obtain by (46) the 
solution of equation (33) in the form 


b 
p(s) = Í K(s, t) w(t) wat+af f R(s, t; A) K(t, t,) o(t,) dt de, . 


But the second of equations (47) gives us 
b 
AS R(s,t; 2) K(t,t,) dt = Ris, t,; 4) — K(s, t,); 
a 


on substituting this in the previous formula, we finally obtain the 
following simple expression for the solution of (33): 


b 
= § R(s,t; A) w(t) de, (63) 


if the term f(s) of the equation is given by (62). 


9. Adjoint integral equation. For further development of the theory, 
we shall consider in addition to equation (33) another integral equa- 
tion which differs from (33) in that the integration is performed 
with respect to the first variable of the kernel. The term outside the 
integral of this equation will be written as g(s), and the required 
solution as y(s): 


b 
(8) = g(s) +4 J K(t, s) y(t) dt. (64) 
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This equation is called the adjoint of equation (33). 


We also write down the corresponding homogeneous equation: 


b 
y(s) =2 | K(t,s)p(t)dt. (65) 
a 
Using the previous notation for the arguments of the kernel, we 
must define the kernel of this equation as follows: 
K)(s, t) = K(t,s). 


Symbol (49) for the kernel K,(s, t) is obtained from the same sym- 
bol for K(s, t) by replacing x; by y; and vice versa, i.e. 


Vis Xy, oe gf Yasana 


0 
Yrs Yor -Y Ly, By, aang E 


n 

Formulae (51) then show that the coefficients d, for kernel K,(s, t) 
are the same as for kernel K(s, t), whilst it follows from (56) that 
the coefficients d,(s,t) for kernel K,(s,t) are obtained from the 
analogous coefficients for K(s, t) by a simple interchange of arguments 
s and t. We thus see that the numerator and denominator in formula 
(57) are given, in the case of the adjoint equation (64), in terms of 
the analogous quantities for equation (33) by the formulae 


Day(s, t; 4) = D(t, s; 2); D(A) = D(A), 


i.e. the numerator is obtained by interchange of the arguments s and 
t, whilst the Fredholm determinant for the adjoint equation (64) is 
the same as for equation (33). Hence it follows, inter alia, that the 
adjoint equation has the same eigenvalues as the original equation. 

Obviously, all the theorems stated in [9] are valid for the adjoint 
equation. We can assert in addition, on the basis of what has been 
said above, that: 

THEOREM 6. Homogeneous equation (60) and its adjoint (65) have 
only zero or else have non-zero solutions simultaneously. 


10. The case of an eigenvalue. Theorem 1 gives the complete 
answer regarding the solution of equation (33) in the case when 4 
is not an eigenvalue. We are concerned in the present section with 
the problem when å is an eigenvalue. 

Let 4 be an eigenvalue, and let non-homogeneous equation (33) 
have a solution ¢(s). We multiply both sides of (33) by a solution 
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y(s) of the adjoint homogeneous equation (65) and integrate with. 
respect to s: 


b 
f p(s) p(s) ds = irc (s) ds + fps xen y(s) ds] p(t) dé 


We obtain by using (65): 


b 
Jose de= f fo) pods + f 9) 9 t) dt, 
whence 


b 
J f(s) y(s)ds = 0, (66) 


i.e. the necessary condition for solubility of equation (33) is that. 
f(s) satisfy condition (66), where (s) is any solution of equation (65), 
which certainly has non-zero solutions because A is an eigenvalue 
by hypothesis. If 2 is not an eigenvalue, equation (33) has, by Theorem 
1, solutions for any f(s). This gives us 

THEOREM 7. There are two possibilities: either integral equation (33) 
is soluble for any f(s) and homogeneous equation (35) has only a zero 
solution, or homogeneous equation (35) has solutions different from zero 
and equation (33) is not soluble for every f(s). 

With the first possibility, the non-homogeneous equation has a 
unique solution. This follows from Theorem 1, as also from the follow- 
ing simple arguments: if the non-homogeneous equation were to 
have two different solutions, their difference would be a non-zero 
solution of the homogeneous equation. 

Note. If non-homogeneous equation (33) is known to have one 
and only one solution for a certain 4 and certain f(s), 2 is not an eigen- 
value. For, if A were an eigenvalue, by adding to the solution of the 
non-homogeneous equation any non-zero solution of the correspond- 
ing homogeneous equation, we should obtain a new solution of the 
non-homogeneous equation. 

We shall see further that condition (66) is sufficient as well as 
necessary for the solubility of equation (33). As a preliminary we 
must discuss the question of the rank of the eigenvalue [4]. 

Let à be an eigenvalue and let 


g(s), p(8), o ma PmlS) (67) 
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be any linearly independent eigenfunctions, i.e. solutions of (61) 
different from zero: 


b 
2) = f K(s, t) pjt) dt ((=1, 2,...,m). (68) 


If å or the kernel is not real, functions (67) must also be assumed 
complex. We recall that à = 0 cannot be an eigenvalue [4]. Since 
any linear combination with constant coefficients of eigenfunctions 
(67) is also an eigenfunction, we can apply a process of orthogonaliza- 
tion to functions (67). We can thus assume that functions (67) are 
mutually orthogonal and normalized, i.e. 


b b 
J Pols) pds =0 (pa); flps)ds=1. (69) 
On passing to the conjugates, we can rewrite (68) as 


a 


- { zea t) ) p(t) dt 


Hence it follows that the left-hand side of this equation is the Fourier 
coefficient of K(s, t), regarded as a function of the argument t, with 
respect to the orthonormal system (67) consisting of a finite num- 
ber of functions. We can write, Pya Bessel’s inequality [3]: 


| p(s) |? 
po Aei a < fixera. 


j=l 
We remark that | a | = | a | for any complex a. On integrating both 
sides of this inequality with respect to s and taking (69) into account 
we obtain 
n b b 
Sqr < S| E69 pat]ds, 
j=l a a 
or 
b b 
mF < 2 
7 < f [f 1E.) Pae]ds, 
a a 
whence 


b b 
m< [Ale S [S| Ks, t) dd] ds,t 


+ Since we must have m < 1 with | 4| < [f LS’ | K(s,#) |?dé] ds]-1/2 =r, there 
are no eigenvalues inside the circle | 4| = r, so that series (37) is convergent. 
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where, by virtue of the continuity of the kernel, the integral on the 
right can be interpreted as a double integral. It follows from the 
inequality written that the number of linearly independent eigen- 
functions corresponding to the eigenvalue A cannot exceed the number 
on the right-hand side of this inequality, i.e. 

THEOREM 8. Only a finite number of linearly independent eigen- 
functions correspond to any given eigenvalue, i.e. the rank of any eigen- 
value is finite. 

We remark that, for eigenvalues A, distant from the origin 4 = 0, 
the right-hand side of the last inequality becomes large in view of 
the factor | A |?. 

Let 2 be an eigenvalue. Equations (61) and (65) simultaneously 
have non-zero solutions. We show that the ranks of the eigenvalues 
of these equations are the same. 

THEOREM 9. Homogeneous equation (61) and the adjoint equation (65) 
have the same number of linearly independent solutions, i.e. the ranks 
of coincident eigenvalues are the same. 

We use reductio ad absurdum. Let the rank of equation (61) be m, 
and the rank of equation (65) be n, and let m < n. We prove a contra- 
diction. Let 


g(s), Pals), a Pin(8) (70) 


be linearly independent solutions of equation (61), and 


Pils), Pals), «+ +> PalS) (71) 


linearly independent solutions of (65). As above, we can assume 
that functions (70) and (71) both form orthonormal systems. We have: 


5 (72) 


p(s) =å | K(t,s)p,(t)dt  (}=1, 2,..., n). j 


u 


b 
9;(8) =} J K(s,t) p(t) dt (j=1,2,...,m); | 


We form the new kernel: 


L(s, t) = K(s, t) -2 Pt) OF (73) 
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and write the two adjoint equations: 
b 
p(s) = å f L(s, t) g(t) dt, (74) 


b 
y(s) =A J Lit, s) p(t) dt. (75) 


By (73), we can rewrite these equations as 
p(s) = 2 j K(s,t) pt) a-i S976) foo pt) p(t) dt,  (14,) 


(8) =a f KESA yar —2 S776) fO (dt. (75, 
Let ọ(s) be any solution of equation (74,). We multiply both sides 


of (74,) by yx(s), where k is one of the numbers 1, 2, ...,m, and 
integrate with respect to s: 


b b b 
J (6) ves) ds= f [af K( (8, t) pe(s) ds] p(t) dt — 


m b T at 
—} = J p(t) p(t) dt j P8) p(s) ds . 


On taking (72) into account, as also the fact that functions (71) 
are orthogonal and normalized, we can rewrite this equation as: 


Sts (da = f pala) os) ds — 2 fa o(s) ds , 
whence it follows, since 1 Æ 0, that 
izo p()ds=0 (k=1,2,...,m). (76) 


Thus every solution of equation (74,) satisfies conditions (76). 
But, by virtue of these conditions, equation (74,) can be rewritten as 


b 

p(s) =4 | K(s, t) p) dt, 
i.e. every solution of equation (74,) (i.e. of (74)) satisfies equation 
(61) also. Hence ¢(s) must be expressible as a linear combination of 


functions (70): 


g(s) = = 6; P{{(8) . (77) 
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We show that all the coefficients c; must vanish. We multiply 
both sides of (77) by p(s) and integrate with respect to s: 


b mob 
J p(s) Pals) ds = žo J vs) Pal) ds . 


Using (76) and the fact that functions (70) are orthogonal and 
normalized, we get 0 = c. Hence it follows from (77) that g(s) = 0, 
i.e. homogeneous equation (74) has only a trivial solution. We show 
that the adjoint equation (75) has non-zero solutions. We substitute 
p(s) = (8) in (75,), where k > m. Using the fact that functions (71) 
form an orthonormal system, we obtain 


b 
ves) = å J E(s, t) p(t) dt, 


whence, by (72), it is clear that p(s) = y;,(s) with k > m satisfies 
equation (75). We have thus obtained a contradiction with Theorem 7: 
equation (74) has only a trivial solution, whilst the adjoint equation 
(75) has non-zero solutions. The case m < n is therefore impossible. 

It can similarly be shown that the case m > n is also impossible, 
and hence m = n, which proves Theorem 9. 

We remark that it follows from what has been said that homo- 
geneous equations (74) and (75) have only a trivial solution, i.e. À is 
not an eigenvalue of the kernel L(s, t). 

We now turn to the question of solving the non-homogeneous 
equation 


b 
p(s) = f(s) +4 f Kls, t) plt) dt, (78) 


if 2 is an eigenvalue. We have seen that the necessary condition 
for (78) to be soluble is that f(s) satisfies 


b 
J fle) v(s) ds = 0, (79) 
where p(s) is any solution of the equation 
b - 
p(s) = å | K(t, s) y(t) dt. (80) 
a 
We now turn to the proof of the sufficiency of condition (79). 


Let (79) be fulfilled. We form the kernel L(s, t) in accordance with 
formula (73). As we have shown, 2 is not an eigenvalue of this kernel, 
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so that the equation 
b 
= f(s) + å È L(s, t) p(t) dt (81) 


has a solution. We rewrite (81) as 


a 


b m b 
p(s) = f(s) +A J K(s,t) y(t) dt — 2 PAJO foD y(t) dt. (81,) 


On multiplying by y;(s) as in the proof of Theorem 9, and inte- 
grating with respect to s, we obtain 


b 
J (8) vets W) de= f He) ule) da + S yale Was —2 f mB oth at, 


whence we obtain, by (79), 
b 
f pdt pt)dt=0  (k=1,2,..., m). 
a 


Equation (81,), or what amounts to the same thing, (81), therefore 
reduces to equation (78), ie. the solution ọ(s) of equation (81) is 
also a solution of (78). This proves the sufficiency of condition (79). 

If this condition is satisfied, any solution of this linear non-homo- 
geneous equation can be written in the usual way as the sum of a 
particular solution p(s) and the general solution of the corresponding 
homogeneous equation 


p(s) = pols) + P p;(8); (82) 


where the c; are arbitrary constants. Equation (78) thus has in this 
case an infinite set of solutions. The solution p(s) can be formed 
with the aid of the resolvent of the kernel L(s, t). 

The foregoing discussion leads us to the following theorem. 

THEOREM 10. If À is an eigenvalue, the necessary and sufficient 
condition for equation (78) to be soluble is that the function f(s) satisfies 
condition (79), in which p(s) is any eigenfunction of the adjoint equation, 
i.e. any solution of equation (80). If condition (79) is satisfied, the 
equation has an infinite set of solutions, all of which are given by 
formula (82). 

Note 1. To test condition (79), it is sufficient to replace y(s) 
by a complete set of linearly independent solutions y»,(s), (8), .--, 
pm(s), of equation (80), since every other solution is a linear com- 
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bination of them. Thus, if condition (79) is fulfilled with y(s) = y,(s) 
(k = 1, 2,..., m), it is also fulfilled for any solution y(s) of equa- 
tion (80). 

Note 2. Instead of taking (80) as the adjoint homogeneous 
equation, we often take 


b 
w(s) = i | Ki, 8) o(t) dt . (83) 


Equations (80) and (83) obviously have solutions which are con- 
jugate in pairs, i.e. if y(s) is a solution of equation (80), then 
œ(s) = p(s) is a solution of (83), and vice versa. If å is an eigenvalue 
of the homogeneous equation 


b 
(8) = 4 J K(s, t) y(t) dt, 


1 is an eigenvalue of (83), and vice versa. 


With this definition of the adjoint equation the condition for (79) 


to be soluble must be written as 
b 
J (a) f(s) de = 0, (84) 
a 

where w(s) is any solution of equation (83). 

The treatment of [7], on the basis of which the fundamental theo- 
rems were proved, was first given by Fredholm in 1903. The 
theorems proved above are entirely analogous to the theorems on 
the solution of systems of linear algebraic equations [II], 8,9 and 10]. 


11. Fredholm minors. The above argument enables us to obtain the complete 
set of linearly independent eigenfunctions of the equation with kernel K(s, t) 
corresponding to a given eigenvalue. We shall merely give the results, without 
dwelling on the prooft. We use the notation of (49), and introduce the quantities 


b b 
TERETE} Sis e.s 8p Po-co’ f 
y(t 2-7 $0) = f ee aj 
a 


Bi aisy s) 2 Kf; ve : 
trs ag Ép tessy bp 


By definition, the pth Fredholm minor is given by the series 


sad n+p—1 
Ds, ts A) = p(;” ae Sp. i) = 3 (-1) A B, (2 ore), 
tis sees bp n=0 n! fy, -os ty 


ft See I. I. Privalov, Integral Equations (Integral’nye uravneniya), p. 61. 
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We observe that this series is the same as (53) with p = 1. Let A, be a zero 
of D(A) of multiplicity r. We take the sequence 


D(A,), Di ; 4) , a 82 ; A) ponaga 
by tis ty 
and find the first term in it which does not vanish identically. Let 


Sipe ey 8 
D(t 7; 4) #0. 


te- tq 


The number g, which can be shown not to exceed r, where r is the multiplicity 
of the root 4 = A, of the equation D(A) = 0, is the rank of the eigenvalue 
å, If s} and t’; are values of the variables s; and č; such that the numerical 
inequality 


Dpr f 2) #0 
ee 


holds, the complete set of linearly independent (in general, non-orthogonal 
and non-normalized) eigenfunctions corresponding to the eigenvalue A, is 
given by the expression 


Bip. + e Sh 1s 8 Sktl- -> SG 
= D(i 3k—Ls 8) Si A; a) k=1,2,...,) 
Px (8) tye eo tk—1» ths tk+1»- <- tg? ° ( iati nee 


whilst for the adjoint equation the following set of eigenfunctions corresponds 
to the same eigenvalue: 


z LA + 7: , 

Sls» e es SkK—1s Sky Sk+1»- + -> Sq 

m4 (8) = D(? ? , ; A k =1,2,..., g) 
i ( Bese, thats 8, thas. -o tg Kene ( a a 


12. Degenerate equations. We shall now mention a class of integral 
equations, the solutions of which reduce to algebraic equations of 


the first degree. The kernel K(s, t) is said to be degenerate if it con- 
sists of a finite sum of products of functions of s only and of ¢ only: 


K(s,t) = Se (s) ox (2). (85) 


The functions 0;(s), like the functions o,(¢), can be assumed to be 
linearly independent. For, if some ọp(s) could be expressed linearly 
in terms of the remaining o;(s), we could substitute this expression 
for gp(s) in (85). The number of terms would thus be diminished. 
Let us take an equation with such a kernel and the adjoint equation: 


p(s) = f(s) + Af Ks.) olt) dt; | 
= (86) 
Ye) = 99) + Af KU s) vt) a 
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We obtain on taking (85) into account: 


8) +2 S oes) f ox (t) g(t) de 
m : (87) 
p(s) = g(s) + 4S on(s) f ox (t) p(t) dt 
or üt j 
Pe) = fle) +4 Erel) PO =g) +4 Eod), (88) 
where x, and y; are certain numbers given by 


b b 
y= f or (t) p) dt; Ye = f ox (t) p(t) dt. 


Thus every solution of equations (87) must have the form (88), and 
the entire problem reduces to finding numbers 2, and yp instead of 
functions. 

On substituting expressions (88) in equations (87) and equating 
coefficients for the linearly independent functions p(s) and o;(s), 
we get two systems of equations for x, and Yg: 


n 
vi — A> Gx t= fi (89,) 
k=l 
n 
Yi — 4 X Oni Ye = Ji (892) 
k=l 
where 
b 
an= f o,s )er(s)ds; f;= f f(s) o; (8) ds; g = fate) s)ds. (90) 


The determinants of systems (89,) and (89,) only differ in the rows 
being replaced by columns. 

If, for instance, the determinant of system (89,) differs from zero, 
we obtain with any f; definite values for the z;. On substituting 
these in (88), we obtain (s). For the homogeneous equations 


b b 
8) = å f K(s,t) p(t) dt; p(s) =å f K(é, s) y(t) dé 
a a 
we have the corresponding homogeneous systems: 


n 
Ti — A Say x, = 9, (91,) 


k=1 


n 
Yi—A DS A Ye=0 (i=1, 2,..., n). (914) 
k=l 
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On equating the determinant of one of these systems (no matter 
which) to zero, we get an algebraic equation for the eigenvalues. 
If å = A, is any root of this equation, system (91,) has a solution 


(Zis Zo, ..., Zn) different from zero, and substitution of it in the 
formula 
n 
g(s) = Ay > x Ox (8), (92) 
k=l 


gives us the eigenfunction. 

The theorems proved above reduce in the present case to the 
familiar theorems of linear algebra [IIL; 8, 9, 10, 15}. 

It may be mentioned that a homogeneous system (91,) can also 
be obtained for non-homogeneous equations (87) provided all the 
numbers f; vanish, i.e. 


f He) o1(s) ds = 0 (@=1, 2,...,n). (98) 


If 2 is not an eigenvalue in this case, system (91,) gives us only a 
zero solution, and, by (88), we get g(s) = f(s). This solution can be 
checked by substituting it directly in (87), if we take (93) into account. 
Degenerate kernels are used for the approximate solution of integral 
equations, the given kernel being replaced by a degenerate kernel 
close to it, then the resulting degenerate equation solved with the 
aid of the above algebraic method. This method of approximate 
solution of integral equations is described, with other methods, in 
Approximation Methods of Advanced Analysis (Priblizhennye metody 
vysshego analiza) by L. V. Kantorovich and V. I. Krylov (1950). 

Methods of reduction to degenerate equations are also used in 
expounding the theory of integral equations. Books using such 
methods include S. L. Sobolev, Partial Differential Equations of 
Mathematical Physics, Pergamon Press, 1964, I. G. Petrovskii, Lectures 
on the Theory of Integral Equations, Courant and Hilbert, ‘Methoden 
der mathematischen Physik’’, Vol. 1. 


13. Examples. 1. Let 


re 


K(s, i) = cos (s+) = cos s cos t — sin s sin t (g Stren 


In this case 


0, (8) = a, (8) = cos 8; Q; (s) = o (8s) = isins, 
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where the imaginary factor i only features in the intermediate working. We 
obtain for the aj: 


i a 
ay, = | cost eds = -5 ; Qiz = a, = 0; ay, = — f sinteds = — 5. 
° é 
System (89,) becomes 


(1—15 )a =s (1+4 e= te 


There are two eigenvalues À, = +2/z, and the corresponding normalized 
eigenfunctions are 


2 i ects 
gı (s)= + coSs, P (8s) = J+ sin s. 
2. Let 


K(s, t) = st +s? (ioc 


—l<t<l 


In this case 0,(s) = 0,(s) = 8; 0@,(8) = 9,(s) = 8? and 
2 
a12 = Ag, = 0; en = 


There are two eigenvalues å, = 3/2 and 4, = 5/2, the corresponding eigenfunc- 


tions being 
E 6 
pı (8) = J4 33 p(8)= |+ 8. 


In both examples the kernel K(s, ¿) has been real and has satisfied the condition 
K(t, s) = K(s, t). Such kernels only have real eigenvalues. 

The theory of integral equations with symmetric kernels will be given below. 
Such equations have wide applications in mathematical physics. 


3. We now give an example of a degenerate real kernel with imaginary eigen- 
values. Let 
ue O0<se<l 
K(s,t)=3s—t eee He 
Here we can take 


& (8) = 8; @(8)=—1; a (t)=1; o(t) =4, 
so that 
1 1 1 
a= az =— l; aa = -g5 422 = — “> 


We obtain the following equation for the eigenvalues: 


l. 
Sh a 
1 2 
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which has pure imaginary roots. In this example the real kernel satisfies the 
condition K(t, s) = —K(s, t). 
Such skew-symmetric kernels only have pure imaginary eigenvalues. 


4. A further example may be mentioned, of a degenerate kernel having no 
eigenvalues. Let 


K(s, t) = sin s sin 2t (5 Ses 7) 


O<t <a)’ 
Here, n = 1 and the only element ajy will be 


m 
ay = Í sin s sin 2s ds = 0. 
0 


Homogeneous systems (91,) and (92,) give us x, = y, = 0, and the homogeneous 
equation only has a zero solution with any 4. The equation for the eigenvalues 
reduces here to the absurdity 1 = 0. 


14. Generalization of the results obtained. We have assumed in our 
description of the theory of integral equations that the required 
function g(s) and the function f(s) are functions of a single independent 
variable which can vary in an interval [a, b]. This interval was also 
the interval of variation for both the arguments of the kernel K(s, t). 
The entire theory remains quite unchanged if we assume that ọ(M) 
and f( M) are functions of a point in a bounded domain B of any number 
of dimensions or on a surface or a curve. The kernel A(M, N) now 
becomes a function of a pair of points M and N, each of which can 
vary in the domain or on the surface or curve, whilst the integral 
sign in the equation has to be understood as referring to integration 
over the domain or surface or curve, so that the equation becomes 


p(M) = f(M) + f K(M, N) oN) doy. (94) 
B 


We have only written one integral sign though it has to be remembered 
that the integral may be iterated over the domain, and that doy 
denotes an element of area or volume of the domain or an elementary 
length of arc of the curve. For instance, if the domain of variation 
is a bounded domain B on the (x, y) plane, equation (94) can be 
written in coordinate form as follows: 


plz, y) = f(z, y) + | { K(x,y; £, n) plé, n) dé dy. 
B 


We assume the function f(M) to be continuous in the closed domain 
B and seek solutions ¢(M) continuous in this domain. The kernel 
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K(M, N) is taken to be a continuous function of the pair of points. 
(M, N), with each varying in the closed domain B. 

We now consider a system of m integral equations in the same 
number of required functions: 


m 


pi (8) = fi (8) + | S Ky (8,0) pe (8) dé (@=1, D foras m). 
a j=1 


We have here, instead of a kernel, a matrix of functions Kj; (s, t) 

The above system is readily reduced to a single integral equation 
with a single required function. To avoid unnecessary complexity in. 
the notation we shall put m = 2: 


pi (8) = fy (8) + f LEa (8.8) pi (0) + Kia (6, 1) pa Ie, 
3 (95) 


b 
2 (8)= fa (8) + f [K3 (8, t) p1 (t) + Ko. (8, t) p3 (t)] dt. 


We remarked above that the entire theory of integral equations 
remains unchanged if, instead of taking an interval as the basic 
domain, we take any bounded domain on a plane, on a surface or 
in space. It can also be snpposed that the variable point runs over 
several separate segments or domains instead of over a single segment 
or domain. This again leaves the theory quite unchanged. To reduce 
system (95) to a single equation, we take as the basic domain two 
specimens of the interval [a,b]. These specimens are not connected 
in any way. We take f(M) = f(M) if the point M is on the first 
specimen, and f(M) = f(M) if on the second specimen. We define 
g(M) similarly in terms of p (M) and pa M). The kernel K(M, N) is 
defined as follows: 


K(M, N) = K,, (M, N) K(M, N) = K, (M, N) 
(M and N on ist specimen) (M on Ist spec., N on 2nd) 
(96) 
K(M, N) = K, (M, N) K(M, N) =K, (M,N) 


(M on 2nd spec., N on ist) (M and N on 2nd spec.) 


System (94) now reduces to a single integral equation with con- 
tinuous kernel in the basic domain J, consisting of the two specimens 
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of the segment [a, b]: 
a ae N) oN) day. (97) 


The integration is carried out over both specimens of [a, b], and we 
can take day = dz. 

The theory described remains valid with more general assumptions 
regarding the kernel than continuity. Suppose, for instance, that the 
kernel K(s,t) has a finite number of points and curves of discon- 
tinuity, but remains bounded in the square k, and that a number N 
exists such that, with any fixed value s = sy), there are at most N 
points on the segment s = s, (a < t< b), at which K(s, t) is not 
a continuous function in both its variables. 

It may be easily shown that in this case the integral 


w(s) = [ Kis, t) h(t) dt (98) 


defines a continuous function of s, provided A(t) is a bounded function 
with a finite number of discontinuities. We shall assume for simplicity 
that all the discontinuities of the kernel lie on a diagonal of the square 
t = s. Taking into account that | A(t) | < m by hypothesis, where m 
is a positive number, we can write 


|w(s) — œ(s') | < m f |K(s, t) — K(s', t)| dt. (99) 


Given any positive €, there exists by virtue of the boundedness of 
the integrand, a positive ô such that the integral written is less than 
e in the interval [s — 6, s + 6]. Let s’ be situated inside this interval. 
The integrand will be a continuous function of the two variables s’ 
and ¢ during the integration over the remaining intervals [a, s — ô] 
and [s + ô, b], so that, for all s’ sufficiently close to s, the integrals 
over these two intervals will also be less than e. Hence it follows 
that the left-hand side of inequality (99) will be less than 3me for 
all s’ sufficiently close to s, which shows, in view of the arbitrariness 
of £, that w(s) is a continuous function. It can similarly be shown 
that, if K’(s, t) and K"(s, t) are two kernels satisfying the conditions 
stated above, the function 


b 
K” (s,t) = | K" (s,t,) K’ (t,t) dt, 
a 
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will be a continuous function of both its arguments. Hence, if the 
kernel K(s, t) satisfies the above conditions, the second iterated 
kernel will in fact be continuous. It may easily be seen that, under 
the assumptions made regarding the kernel, the entire theory of the 
equations is preserved without any modifications to the proofs. 

It may further be remarked that, if we seek bounded solutions 
with a finite number of discontinuities, on condition that f(s) is 
continuous, it now follows from the continuity of integral (98) proved 
above that, by virtue of the equation itself, the solution must in fact 
be continuous [cf. 4]. 

When proving the fundamental theorems, we have had occasion 
to change the order of integration in the iterated integrals. This is 
justifiable with the assumptions made above regarding the kernel. 
Everything that has been said still holds in the theory of integral 
equations with multiple integrals. Corresponding to discontinuities on 
the diagonal s = ¢, we now have discontinuities of the kernel K(M, N) 
when points M and N coincide. 

The problem becomes far more difficult if the kernel is unbounded. 
Such kernels are, however, frequently encountered in the applications 
of integral equations to mathematical physics. It is of importance 
to distinguish those unbounded kernels for which the theorems proved 
above for continuous kernels remain valid. We shall now go into 
this matter. 


15. The selection principle. We shall discuss in this section and the 
next the so-called selection principle, which we need for the further 
development of the theory of integral equations. 

Let Œ be an infinite set of real numbers, the absolute values of 
which do not exceed some definite positive number. We know that 
a convergent subsequence a, can be chosen from any infinite sequence 
ad, of numbers of © [II, 89]. The same can evidently be said for 
any infinite part of €. This assertion is known as the selection 
principle for sets of real numbers bounded in absolute value by the 
same number. The same principle holds for sets of complex numbers, 
whose moduli are bounded by the same positive number. This may 
be seen simply by first applying the selection principle for the real 
parts of the numbers of €, then next, for the imaginary parts of the 
numbers of the sequence obtained. Our task is to answer the question 
as to the conditions in which the selection principle holds for sets 
of functions, the discussion being confined here to uniform convergence 


50 INTEGRAL EQUATIONS [15 


of the sequence of functions to the limit function. To answer this 
question we require a number of new concepts and auxiliary pro- 
positions. 

Suppose we have an infinite set of any objects (elements). This 
set is said to be denumerable if all the objects can be enumerated by 
positive integers, i.e. for every positive integer there is a corresponding 
object of the set, and conversely, for every object of the set there is 
a corresponding definite positive integer. 

In other words, a set is denumerable if its elements can be represented 
aS & SEQUENCE: Uj, Uy, Uz, ... An important example for what follows 
is provided by the set of all real rational numbers. Let us prove that 
this set is denumerable. We arrange all the positive rational numbers 
in such an order that the sum of numerator and denominator is 
non-decreasing, and so that the denominator is increasing in any 
group where the sum in question has a constant value. We shall 
include reducible fractions. We thus obtain the sequence of numbers: 


SS ee E E OR, RCO OR SO 

TE Oa a Pe a a R 
On discarding the numbers which have already made an appearance, 

we obtain a sequence containing all the positive rational numbers: 


l 1 3 2 1 
a a 
Every positive rational number thus receives an index, indicating 
the position which it occupies in this sequence. All the real rational 
numbers also form a denumerable set. For, suppose we take zero as 
the first number, then write down the above sequence with the 
number of opposite sign interposed after each number of the sequence, 
we obtain: 


1, 2, 5,.. 


1 1 1 1 
0, I, —1, 2, maa lar ae “97? 3, —3,-—, eee 


If we strike out certain terms from any sequence Uj, ug, ... in such 
a way that an infinity of terms remains, these remaining terms again 
form an infinite sequence Un, Un, ... and they can be re-enumerated. 
It follows from this that any part of a denumerable set containing 
an infinite set of elements is itself a denumerable set. 

For instance, the set of rational numbers belonging to any interval 
[a,b] is a denumerable set. 

It may be remarked that there is an infinite set of rational numbers 
in any fixed interval of the x axis, no matter how small, or, as it is 
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generally expressed, the rational numbers are everywhere dense on the 
x axis. 

No rational number has one following it in magnitude, and the 
rational numbers are not arranged in increasing or decreasing order 
in the above sequence. 

It can be shown that all the real numbers of the. interval [a, b] 
form a set which is not denumerable. 

We now consider a domain B of the plane referred to coordinates 
XY. We show that the set of points of B at which both coordinates 
(x, y) are rational numbers is a denumerable set. 

We can first enumerate, say, all the points (p/q, 7/s) with rational 
coordinates. Since the rational numbers are denumerable, the points 
with rational coordinates can be written as (wm, Un) (m, n = 1, 2, ...). 
These pairs of numbers can be enumerated according to the sum 
of the subscripts, and with the first subscript increasing in a given 
sum: 

(Uy, Vi) (Uis Vy), (Uo Vi), (Uy, 03), (Uo, Vy), (Ug, Vihe- 


The set € of points with rational coordinates belonging to the domain 
B is an infinite part of a denumerable set, i.e. is also a denumerable 
set. This set Œ is everywhere dense in B, i.e. an infinite set of points 
of © lies in any circle with centre at a point belonging to B. It may 
be shown in precisely the same way that the set of points (%1,%»,...,%n) 
with rational coordinates belonging to a domain B of n-dimensional 
space is a denumerable set everywhere dense in B. 

To show that there is a denumerable everywhere dense set of 
points on a surface S, all we need to do is say divide the surface 
into a finite number of pieces, each of which has an explicit equation 
z = f(x,y) when the tangent plane at some point of the piece is 
taken as the XY plane. A denumerable everywhere dense set is 
now obtained on each piece if, for example, we choose points (x, y) of 
the tangent plane with rational coordinates. Let the number of pieces 
be p. We have an everywhere dense sequence of points on each piece: 


a®), af), af)... (s=1, 2,..., p). 
We can arrange them in a single sequence 
a), a®,..., aP, a®, a®,..., aP... 


and discard any points encountered more than once. There will be 
an infinite set of the above enumerated points of the surface in any 
sphere with centre lying on S. We now prove an auxiliary proposition. 
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Lemma. If falx) is a sequence of functions given in an interval [a, b] 
and bounded in modulus by the same number L, a subsequence can 
always be extracted from the sequence such that it is convergent on any 
denumerable set whatever of points xr, (k = 1, 2, ...) of [a,b]. 

By hypothesis, | f(x) | < L (n= 1, 2,...), and we can extract 
a convergent sequence from the sequence of numbers /,,(x,), ie. we 
can extract from the sequence of functions f(x) the subsequence 


P (x), tp (x), 1P (x),.--, (I) 


which is convergent at the point x = x. If we put x = 2, for functions 
(I), we obtain numbers f(a.) whose moduli also do not exceed L. 
Hence we can extract from the function sequence (I) the subsequence 


FP (2), AP (ae), IP (a),- + (IT) 
which is convergent at x = x, as well as at x = t, inasmuch as it 
is extracted from sequence (I) which is convergent at x = æ. On setting 
© == 2, all the numbers f(?'(x,) are seen to have moduli less than or 
equal to L, and we can extract from sequence (II) the new sub- 
sequence 


IP (x), 1P (2), 1P (@),- +s (ITI) 


which will be convergent at the points x = 2, © = %, & = £}. On con- 
tinuing this construction, we arrive in general at the sequences 


I (x), (æ), IP (x)... (m=1, 2, 3,...), (m) 
which are convergent at the points =a, t=, ..., E = m. 
We now form a new sequence by taking the first function from 


sequence (I), the second function from sequence (II), the third function 
from sequence ar and so on: 


FO (a) =f (2), {© (2) =P (a), f(z) = /P (x 
f(a) = {P (@),. (*) 
We show that this subsequence is now convergent at any point @ = 2. 


In fact, let us take the point 2 = vg. All the functions of sequence (*) 
as from the index m = k, i.e. all the functions 


f (2) = A (2), MP a) = AEP (2), Cae) 


form by virtue of the above construction a of sequence (m) 
with m = k, so that we obtain on substituting the value 7 = a; in 
the sequence (*) a convergent sequence of numbers, i.e. the sequence of 
functions (**) is convergent at the point x=2,. The same can be said 
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as regards sequence (*), which in fact proves the lemma. The process 
used in proving the lemma, of constructing sequences of functions con- 
vergent at all the points x = £p, is generally described as a diagonal 
process. It is clearly not a concrete constructional process and is of 
purely theoretical value. 

The above proof is suitable for complex as well as real functions 
/,(z). The proof of the lemma for functions /,(P), given in a domain B 
of n-dimensional space or on a surface, is a word-for-word repetition 
of the above. 


16. The selection principle (continued). Let f(x) be a continuous 
function in a finite interval [a, b]. We know that it is uniformly con- 
tinuous, i.e. given any positive €, there exists a positive 7 such that 
| f(x’) — f(x") | <e for any points 2’, x” of [a, b] such that | x’ — z” |< n. 
Given the same ec, the numbers 7 will in general be different for 
different functions continuous in [a, b]. If we have a finite number of 
continuous functions /,(x), fa(£), ..-,f/m(x), there will be a minimum 
among the numbers M, nz - - .,m corresponding to a given e. Let us call 
this 7’. We can now assert that | f(x’) — f(z”) | < e withk=1,2,...,m, 
provided only that |2’—2”|< n’. But if we have an infinite 
set Œ of continuous functions f(x), there may not be a minimum among 
the positive numbers 7 corresponding to them. It may happen, in ad- 
dition, that these positive numbers indefinitely approach zero with a 
given e. It now becomes impossible to choose an 7’ which is the same 
for all the f(z) of ©. For instance, in the case of the functions 
fn(x)= sin ng (n=1, 2,...), given z, the number 7 evidently tends to 
zero on indefinite increase of n. This follows at once from the fact 
that, when the independent variable x varies by an amount ô, the 
argument of the sine changes by nò. 

DEFINITION. A set © of functions f(x), continuous in a closed interval 
[a, b], is said to be a set of equicontinuous functions if, given any positive 
e, there exists the same positive n for all the functions of © such that 
| f(a’) — f(x”) |< c€ provided that x’ and x" belong to [a, b] and 
|x’ — a"! <n. 

If the functions are equicontinuous and bounded in modulus by the 
same number, we can prove a selection principle, convergence being 
understood here as uniform convergence in [a,b], ie. the following 
theorem holds: 

THEOREM 1. If Œ is a set of functions f(x) equicontinuous in a finite 
interval [a, b], the moduli of all the functions being bounded by the same 
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number L, i.e. | f(x) | < L, a subsequence uniformly convergent in [a, b] 
can be extracted from any sequence of functions of ©. 

Suppose we have a sequence of functions of &. On applying Lemma 
1, we can say that a subsequence can be extracted from the sequence 
such that it tends to a limit at all the points x,of a denumerable set 
of points everywhere dense in [a,b]. These points may be, for 
example, all the points of [a, b] with rational abscissae. Let 


fi (®), fa (a), fs (2),--- ($) 


be the extracted subsequence of the given sequence of functions of the 
set & which is convergent at all the above points x, (k = 1, 2, 3, ...). 
We show that this sequence is uniformly convergent throughout the 
interval [a,b]. We form the difference f(x) — f(x) and write it as 


fp (2) — fa (a) = [fp (£) — fp (2')] + [fp (2) — fa (2')] + 
F [fa (2) — fa (x)], (a) 


where 2’ is one of the points of the above-mentioned set, everywhere 
dense in [a, b]. Let e be any given positive number and 7 the number 
corresponding to it in the definition of equicontinuity. We take a finite 
set t’consisting of points x, and such that the points of the finite set 
divide the interval [a,b] into subintervals, the lengths of which are < ». 
This is obviously possible, since the set of all the points 2, is every- 
where dense in [a, b]. At each point of this finite set t’ the sequence (*) 
has a limit. Hence a number WN exists such that 


[fp (£) — f(x) < £ with pandg >N, (B) 


if x’ is a point of the finite set t’. We shall assume that the point x’ 
appearing in formula (a) is a point of finite set +’, and we write down the 
inequality 


fp (2) — fol) | < | fp (£) — Fp (@')| + lfp (2) — fa (#’)| + 
+ lfa (2) — fq (2)|, (x) 


which follows directly from (a). For any position of x on [a, b] we can 
indicate an x’ belonging to t’ such that |fa(x£) — fn(v’) | < e for any n. 
This x’ will be one end of the subinterval to which x belongs. In 
addition, with p and q > N, we have inequality (8) for any x’ be- 
longing to z’. Hence, by (y), we can assert the following: given any 
positive €, an N exists, independent of x, such that | f(x) — f(x) | < 3e 
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for p and q > N and any v of [a,b], and this in fact shows that 
sequence (*) is uniformly convergent throughout [a, b], which proves 
the theorem. 

The proof is evidently suitable for complex as well as real functions. 
If the sequence f,(x) of equicontinuous functions is known to be con- 
vergent at every point of the interval [a,b] or at points xof a set every- 
where dense in [a, b], the need disappears for the extraction of a sub- 
sequence convergent at all points 2, and the following can be asserted: 

THEOREM 2. If a sequence f,(x), f(x), ... of functions equicontinuous 
in an interval [a, b] is convergent at all points of the interval (or even 
only at points x, of a set everywhere dense in [a,b]), the sequence is 
uniformly convergent in [a, b]. The proof of the theorems can be carried 
over word for word to the case of a set © of functions f(P) defined in 
a closed domain B in n-dimensional space or on a surface. Equiconti- 
nuity is evidently defined here as follows: given any positive €, there 
exists a positive number 7 which is the same for all the functions of ©, 
such that | f(P) — /(Q) | < £ if P and Q belong to B and the distance 
| PQ | < n. The fact that domain B is closed implies that the domain 
includes its boundary [II, 88]. The proof is also retained without 
change when B consists of several separate closed domains. 


17. Unbounded kernels. The theorems on integral equations proved 
above may cease to be valid if the kernel is unbounded. The the- 
orems remain valid, however, given certain supplementary con- 
ditions, even when the kernel is unbounded. Our present purpose 
is to distinguish the relevant class of unbounded kernels. The general 
theory of integral equations, including both the case of unbounded 
kernels and the case of an infinite domain of integration, will be given 
in Vol. V on the basis of a more general concept of the integral (the 
Lebesgue integral). For definiteness, we shall carry out the discussion 
for the case of a plane. The whole of it is readily extended to the case 
of any n-dimensional space or of integration over a surface. 

We shall assume that the kernel K(M; N) tends to infinity only 
when the points M and N coincide. This is the type of kernel most 
commonly encountered in mathematical physics. 

Thus we take a kernel of the form 

Kim N) = EM , (100) 


rT 


where L(M, N) is a continuous function of the pair of points (M, N) 
in the bounded closed domain B, r is the distance between points M 
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and N, and the number a satisfies the condition 0 < a < 2. We shall 
describe this type of kernel as polar. It follows from (100) that 


IKL; N| < S, (101) 


where C is a constant. We shall establish as a preliminary certain pro- 
perties of polar kernels. We shall in future write B for a closed domain, 
which is naturally assumed to be measurable [II, 91]. 

Let d be the diameter of B, i.e. the greatest distance between points 
of B [II, 89]. The domain B is contained in a circle of radius d and 
centre at any point M of B, so that we have 


[IEU Mjdon < f L doy = ae, 
B rgd 
i.e, 
Taa N)| doy, < D, (102) 
where D = [2n0/(2 — a)]d°~*. 
Let u(N) be a function continuous in B and 
a N) u(N) doy. (103) 


The integral written is obviously meaningful in view of (100). We 
prove that function v( M) is continuous: 


o(M’) — o(M) = 5 [K(M’; N) — K(M; N)]u(W) doy. 


For a continuous function u(N), we have the inequality in B: 
lu(N)| < C, (104) 
where C, is constant. Further 


lo(M’) — o(M)| < C, f |K(M’; N) — K(M; N)| doy. (105) 
B 


We shall write œ, and œ in future for the circles with centres M 
and M’ and radius g. Let 6 be a small positive number, which will 
be chosen later. We draw the circle œs, and let p, be the part of 
domain B belonging to the circle œ, and B, the part of B lying 
outside œ. We can write: 


PE BONGO j/k’; N) — K(M; N)|\doy + 
bò 


+ (|K(M; N)— K(M';N)|dwy. (106) 
Bs 
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We remark that the sets 8; and B, are measurable, and the formula 
written follows at once from what was said in [II, 96]. 
We have by (101): 


fizar; N) — K(M; N)|doy <0 f L dko | ae dwy, 
Pò oò 


where r’ is the distance between M’ and N. We shall assume that 
the distance between M’ and M is less than ô. The circle & must 
obviously lie in this case inside the circle œ3,, so that 


| |[EM'; N) — K(M; N)| doy < ole doy +0 f zæ doy 
Pò wð 


On passing to polar coordinates in each circle and evaluating the 
integrals, we obtain: 


270 


| [Urs N) — KO; N) doy < 725 [(26)2-* + (86)2-4]. (107) 


Let € be a given positive number. We fix ô so small that the right- 
hand side of (107) is < ¢/20,. 

We turn to the second term in (106). If M” lies in the closed circle 
w and N in the closed domain B,, then r and 7’ > 6, and 


jr? L(M’; N) — r° L(M; NI < 
rt re 
|Z, (M’, M; M 
< r 622 


|K(M'; N) — K(M; N) = 


where L,(M’, M; N) is a continuous function of M’, M and N in B, 
vanishing when M’ coincides with M. Hence it follows that a positive 
number 7 exists, which does not depend on the position of the point M 
and which can be assumed not greater than ô, such that 


f |K(M’; N) — K(M; N)|doy < (108) 


roy 
20, ° 


if the distance | MM’ | is not greater than 7. On taking (107) into 
account, we get 
lo(M’)—o(M)|<e, if |\MM'| <7 


which proves the continuity of v( M) in B. We remark further that the 
number 7 depends only on € and C,, and does not depend on the 
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actual choice of u(N), i.e. with fixed C, we get a family of equiconti- 
nuous functions v( M) for all the functions u(N) satisfying condition 
(104). 

It follows at once from (102), (103) and (104) that 


(M| < C, D. 


We thus obtain the following result: 

Lemna 1. The right-hand side of (103) transforms continuous functions 
u(N) into continuous functions v( M). If the functions u( N) are bounded in 
modulus by the same number O,, the class of equicontinuous functions 
v( M) obtained consists of functions which are bounded in modulus by 
the same number. 

We introduce a continuous kernel K (M; N) which is close in the 
familiar sense to kernel K(M; N), i.e. we put 


Í K(M;N) with r>y 


K, (Mu; sa L(M; N) (109) 
y* 


with r<y, 


where y is any positive number. The kernel K, (M; N) differs from 
kernel K(M; N) only for r<y and | KM; N) | < | K(M; N)|, so that 
by (101), 


C, 
rt? 


|K,(M; N)| < (110,) 


f |K, (M; N)| doy < D. (110,) 
B 


Let us consider, along with transformation (103), the transformation 


Ge Ae ae Ne (111) 


The continuity of v,(M) is evident from the continuity of the kernel 
K,(M; N). We write down inequalities similar to the above. By (110,), 
we have the previous inequality for the integral over f;. It remains 
to write an inequality, with fixed positive 6, for the integral 


fx f"; N) — Ky (M; N)| dow (112) 


This can be done in precisely the same way as above for the integral, 
except that, when r < y (or r’ < y), we must replace r (or 7°) by y 
in the expression 


L, (M', M; N) = r L(M'; N) — r" L(M; N). 
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On taking K,(M; N) = K(M; N), we see that L,(M’, M; N) is a con- 
tinuous function of the points M’, M and N of B and of the parameter 
y belonging to the interval 0 < y < ¢,, where ¢, is any positive number. 
Thus the number 7 mentioned in regard to the inequality for the 
integral (108) can be taken here independently of y, and the previous 
proof of the equicontinuity of v,(M) and the boundedness of |v,( M) | 
is fully preserved. 

LEMMA 2. If the continuous functions u(N) have moduli bounded by 
the same number, and y takes any positive values, a class of equicon- 
tinuous functions v,(M) with moduli bounded by the same number is 
defined by formula (111) with O < y < s, where e, is any positive 
number, and by K 4M; N) = K(M; N). 

We now prove the formula needed in future for changing the order 
of integrations: 


([§ KM, N) u (N) dey] u, (M) dom 
B B 
= f [ ( K(M, N) u, (M) døm] u (N) doy, (113) 
B B 


where u (N) and u { M) are arbitrary functions continuous in B. This 
formula is familiar for a continuous kernel K,(M, N) [II, 97]: 


le N) u (N) doy] u (M) doy 

= fb M: N) u, (M) doy]u, (N) doy. (114) 
It may readily be shown that, as y > 0, 

| K, (M; N) u (N) doy —> f K(M; N) u, (N) doy (115) 

B B 

uniformly with respect to M. For, 

| ([K(M; N) — K, (M; N) u (N) dey | 

° < max |u, (W)| f |K(M; N) — K, (M; N) | dwy. 
i B 

But the difference written vanishes outside the circle w,, so that 

Ey Ns (N) doy} 
< max |u, W) f EM; N)| + |K, (M; N)|] doy, 


where w, is the part of œ, belonging to B. 
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We obtain on taking (101) and (110) into account: 
| f [K; N) — K, (M; Wy] u, (N) dor < max |u (W)| 420" * 
B inB —a 
whence (115) follows (uniformly with respect to M). 
Similarly, as y — 0: 


BGS Soe MG os (M) doy, 
B 


uniformly with respect to N, and formula (113) is obtained by passing 
to the limit in (114). 

Let us justify a further convergence which will be needed later. 
Let the functions p,(N), continuous in B and dependent on the 
positive parameter y, tend uniformly to the function (N) as y > 0, 
the latter function being obviously continuous. In this case, 


TRUKEAN py UV) dey | EN) ea) dei, (116) 
B 


We have: 
(FEM; N) po (N) — K, (M; N) p, (N)] doy] 


< |f EO NY Lg) — py (N)] dey] + 
+ | f [K(M; N) — K, (M; N)] p, (N) doy]. 
B 


The uniform convergence of p,(N) to pa(N) implies that, for all y 
sufficiently close to zero, | p,(N)| < D,, where D, is a constant, and 
we obtain by taking (102) into account: 


If [K(M; N) po (N) — K, (M; N) p, (N)] doy | 
< Dmax | po (N) — 94 (N)| + D, f KOL; N) — Ky (M; N)| doy. 
n B 


The integral on the right-hand side tends to zero along with y, as 
we have just seen, so that the whole of the right-hand side tends to 
zero, whence (116) follows. 


18. Integral equations with unbounded kernels. Let us take an 
integral equation with an unbounded kernel of the type considered 


above: 
pM) = f(M) + å f KIM; N) oN) don, (117) 
B 
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where f(M) is a given and g(JJ) the required function, both being 
continuous in B. 

We suppose firstly that å is not an eigenvalue. We show that, in 
this case, the homogeneous equation 


py (M) = å f K, (M; N) py (N) don (118) 
B 


has no non-zero solutions for sufficiently small positive y. This will 
be proved by reductio ad absurdum. Let a sequence of positive numbers 
Y = Yy Yz -.- exist, tending to zero, such that the equations 


Pyn (M) = 2 | Ky, (M; N) Pyn (N) don (119) 
B 


have non-zero solutions. In view of the fact that these solutions are 
determined up to a constant factor, we can take 


Py (M| < 1 (120) 


and can assume that the sign of equality is attained in this formula 
for a certain position of the point M. 

By Lemma 2, the functions Py, (M) are equicontinuous in B. On 
further taking (120) into account, we can say that it is possible to 
extract from the sequence Py (M) a subsequence which tends uni- 
formly in B to some limit function g,(M). On passing to the limit via 
this subsequence in (119), we obtain [17]: 


Po (M) SA EH N) po (N) doy. (121) 


By virtue of the uniformity of the convergence and the fact 
that the sign of equality is attained in (120) with any n, we can say 
that (JZ) is not indentically zero. It follows from (121) that à is 
an eigenvalue of equation (117), which contradicts the assumption 
made at the start of this section. Hence equations (118) have only 
zero solutions for all y sufficiently close to zero, and we can say that 
the equations 


Fy MN A ee MN pO den (122) 


with continuous kernels have solutions which are in fact unique for 

any function f(M). Let us show that these solutions have moduli 

bounded by the same number for all y sufficiently close to zero. Let 

My, = max | p(M) |. We have to show that no sequence My, exists 
n 
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which tends to (+2). This is proved by reductio ad absurdum. 
Let such a sequence exist, i.e. m, — +°. We have: 


(Pyn (M)| 1 
FT <1, (123) 
the sign of equality being obtained for a certain choice of M. We put 
yY = Yn İn equation (122) and divide both sides by m,,: 


My, Myn 


Pn) L 1 f Ky, (Ms) 2) doy 4 100 (124) 
Yn 
B 


The second term on the right-hand side tends to zero uniformly in B, 
whilst the first term, by (123) and Lemma 2, gives a sequence of uni- 
formly bounded and equicontinuous functions. By Arzela’s theorem, 
we can assume that the first term tends uniformly in B to a limit 
function as yp — 0. Hence the left-hand side must also tend uniformly 
in B to some limit function g,(M), which is not identically zero, since 
the sign of equality is attained in (123). On passing to the limit in (124), 
we get (121) [17], i.e. å turns out to be an eigenvalue of equation 
(117), which contradicts the hypothesis. Thus all the functions ¢,(J/) 
have moduli bounded by the same number when y is sufficiently close 
to zero. After this, it follows from (122) and Lemma 2 that the functions 
p,( M) are equicontinuous. On again using Arzela’s theorem and 
passing to the limit, we obtain 


o(M) = f(M) + å K(M; N) o(N) doy, (125) 
B 


where œw(M) is a continuous function. 

We have thus shown that, if 4 is not an eigenvalue of equation 
(117), this equation has a solution for any function f(M). The 
uniqueness of the solution follows at once from the fact that homo- 
geneous equation (121) has only a zero solution by hypothesis. 

We now consider the homogeneous equation adjoint to (121): 


YM) =A f K(N; M) y(W) doy, (126) 
B 
and show that it also has only a zero solution. We assume the converse 


and let y( M) be a non-zero solution of the equation. We multiply both 
sides of (117) by y(M), integrate with respect to M and change the 
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order of integration in the iterated integral, in accordance with [17]: 


f (M) pM) dom 
B 
= ([å f K(M; N) yM) dwm] pN) doy + f FM) yM) doy, 
B B B 


whence, by (126), we obtain the condition for solubility of equation 
(117) (cf. the deduction of formula (79) in [10]): 


§ AM) yM) doy = 0. (127) 
B 


But we saw above that (117) is soluble for any f( M). This contradiction 
shows that homogeneous equation (126) has only a zero solution. 

We have thus proved the following for kernels of the form (100): 
there are two possibilities: either the equations 


p(M) = f(M) + Ee) p(N) doy; 
y(M) = g(M) e MA) don 


simultaneously have solutions which are unique for any functions f(M) 
and g(M), or the corresponding homogeneous equations have non-zero 
solutions. 

Note. If 2 is not an eigenvalue, we have shown that equation 
(122) has a unique solution for any positive y sufficiently close to zero, 
and for all y these solutions have moduli bounded by the same number. 
Further, we have obtained the solution ¢,(J/) of the initial equation 
(117) by extraction of a subsequence and passing to the limit. 

It is easily shown, by using the uniqueness of the solution, that it is 
unnecessary to extract a subsequence. For, if p,(M) were not to have 
a definite limit at some point M as y —> 0, we should be able to extract 
two subsequences which would tend uniformly to two continuous limit 
functions, having different values at the point M. We should therefore 
obtain two different solutions of equation (117), which is impossible 
if A is not an eigenvalue. Consequently, p,(M) tends to the unique limit 
function w( M) without any choice. The fact that it tends uniformly to 
the limit follows from the fact that functions y,(M) have bounded 
moduli by (122) and are equicontinuous. 
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19. The case of an eigenvalue. Now suppose that / is an eigen- 
value. If one of the homogeneous equations 


p(M) = 41 K(M; N) pN) don; (128) 
B 

y(t) =A | K(N; M) y(N) doy (128,) 
B 


has a finite number of linearly independent solutions, we can show by 
repeating the proof of Theorem 9 [10] that the second equation also 
has the same number of linearly independent solutions. After this, 
we can show, precisely as in [10], that condition (127), where y( M) 
is any solution of equation (128,), is sufficient as well as necessary for 
the solubility of equation (117). 

It remains to show that the number of linearly independent solutions 
say of equation (128,) is finite. 

We shall prove this by a contradiction. Suppose that (128,) has an 
infinite set of linearly independent solutions: 


Pn (M) = A en Og (w=1,2,...). (129) 
It can be assumed that these solutions are pairwise orthogonal: 
f Pp (WV) Gq (N) doy = 0 with p#q (130) 
B 


and satisfy the inequality 

len (MO) <1 (n=1, 2...), (131) 
where the sign of equality is obtained at certain points. It follows 
from (129) and (131) that the g,(J2) are equicontinuous in B and 
that there exists in the sequence g,(W’) a subsequence which tends 


uniformly in B to some limit function g)(N). On passing to the limit 
via this subsequence p(x) in (130), we obtain 


Poode 0 


and on again passing to the limit via the subscript q: 


fir (N)? doy = 0. (182) 


But the function y,(4) cannot be identically equal to zero, since the 
sign of equality can hold in (131) forany n, and formula (132) leads us 
to a contradiction. We have thus shown that equation (128,) has only 
a finite number of linearly independent solutions. 
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We have now also proved the following for kernels of the form (100): 
if à is an eigenvalue of equation (117), equations (128,) and (128,) have 
the same number of linearly independent solutions, and the necessary 
and sufficient condition for (117) to be soluble is that the term f( M) 
satisfies condition (127), where y(M) is any solution of equation (128,). 
Everything that has been said above can be extended without modi- 
fication to the case of one-dimensional, three-dimensional, and in 
general n-dimensional space. 

We must obviously take 0<a< n instead of the condition 
0<a< 2 in formula (100). 

Now let the domain of integration be a bounded closed surface £ 
subject to the following conditions: 

1. At any point of the surface 2 there is a tangent plane that varies 
continuously on displacement along 2. 

2. A positive number d exists such that the part of the surface X, 
belonging to a sphere with centre at an arbitrary point M of £ and 
radius d, is cut by straight lines parallel to the normal to £ at M ina 
single point. Thus, if we take the tangent plane to X at the point 

M as the XY plane, the above-mentioned part of X has the explicit 
equation z = f(x, y). 

3. f(x, y) has continuous first order partial derivatives. Integration 
over this part of the surface can now be reduced to integration over a 
plane domain lying in the tangent plane, and all the above discussion 
and the various inequalities retain their force. 

The arguments follow exactly the same lines for the case of integ- 
ration over a contour. 

It can further be shown that for the type of kernel considered there 
exists only a finite number of eigenvalues in any bounded part of 
the A plane. We shall prove this later for the case of symmetric kernels. 

We describe without proof in the next section another method of 
attacking kernels of the type indicated above and kernels of more 
general unbounded types. 


20. Equations with continuous iterated kernels. We confine the discussion 
to the case of a bounded plane domain B. 

It can be shown that, if we form the iterated kernels K p(M; N) by starting 
from kernel (100), they will all be continuous when the points M and N do 
not coincide. But if the index p is sufficiently large, they are continuous at 
all positions of M and N in B. These large indices are determined by the 
inequality p > 2/(2 — a), and for n-dimensional spaces by p > nj(n — a). 

It can further be shown that, given familiar provisos, the fundamental theo- 
rems proved above remain valid for unbounded kernels in which all the iterated 
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kernels, as from a certain index, are continuous (see S. L. Sobolev, Partial 
Differential Equations of Mathematical Physics, Pergamon Press, 1964, Lec- 
ture 18). : 

Let the kernels K (M; N) be continuous from p = m. It is easily shown 
that, if 2 is an eigenvalue of equation (128,), u = A” is an eigenvalue of the 
equation 


(M) = #§ Km (M; N) 9(N) doy. (133) 
B 


Conversely, if u is an eigenvalue of equation (133), at least one of the values 
of the root Å= }\u is an eigenvalue of equation (128,). Since the kernel 
K,,(M; N) is continuous, only a finite number of eigenvalues yw can lie in any 
bounded domain of the plane of the complex variable u. From what was said 
above, the same can be asserted as regards the eigenvalues A of (128,). 

The question arises as to the possibility of retaining Fredholm’s treatment, 
described in [7] and [8]. This treatment loses its meaning in the unmodified 
form for kernels of type (100), since the diagonal terms of determinant (49) 
now become infinite. 

It can be shown that, if the number a appearing in formula (100) satisfies 
the condition 0 <a<n/2 (we only had O0 <a<n in [19]) Fredholm’s 
treatment can be retained with a single modification: we must take K(N,,N,)=0 
in determinants (100). The resolvent can now be written as before in the 
form (57) (see I. I. Privalov, Integral Equations (Integralnye uravneniya), 
1935, p. 83). 

Fredholm’s treatment can be modified in a different way. As above, let the 
kernels K,(M;N) be continuous for p> m. We construct the resolvent 
Rm(M, N; å) of the continuous kernel K,,(M;N) in the usual way. With 4 
close to zero it is given by the series 


Rm (M, N34) = Km (M; N) + Kom(M3N)4+ Kym (Mj; N) 2B +..., 
and, in the case of any A, by the fraction 


Dm (M, N3A 
By (M, Nya) = m3 


It can be shown that the basic kernel has the resolvent 
Dm (M, N; 4™) 
Din (A) 

2 3m 
Din (P, N; 2") dwp, 
Dy (2") 


R(M, N;A) = H(M, N;4) + 


+4" | H(M, P; 2) 
B 


where 
H(M, N; 4) = K(M; N) + K,(M;N)A+...4+ Km (M; N)A"™™. 


If A is not a root of the equation D,,(A”) = 0, the resolvent satisfies relation- 
ships (47), and equation (94) has a unique solution, which is given by formula 
(46) (see Goursat, Cours d Analyse Mathematique, Vol. ITI, part II, 1934). 
As is clear from the above formulae, the resolvent is also the quotient of two 
functions of 4 in this case. 


21] SYMMETRIC KERNELS 67 


It can be shown that all the theorems proved above now hold when, in the 
case of an unbounded kernel, the integral 


{ $ |K(M; N) P doy doy (134) 
BB 


has a finite value. A strict statement of this condition and a proof of the above 
assertion will be given in Vol. V, where the Lebesgue integral will be employed. 

We remark that, for kernels of type (100), integral (134) is finite when 
a < n/2. The extension of Fredholm’s treatment to the case when integral 
(134) has a finite value was due to Carleman (Math. Zeitschr. Bd. 9, Heft 
3/4, 1921) and S. G. Mikhlin (Dokl. Akad. Nauk SSSR., vol. XLI, No. 9, 
1944). 


21. Symmetric kernels. Integral equations with so-called symmetric 
kernels find wide employment in mathematical physics. 

DEFINITION. A real kernel whose value remains unchanged when the 
arguments are interchanged is said to be symmetric. 

In the one-dimensional case such a kernel is real and satisfies the 
condition 


Ki(t,s) = K(s,t) (s and t belong to the square ky). (135) 


We shall now examine the theory of integral equations with sym- 
metric kernels. All the proofs will be carried out for the one-dimen- 
sional case. They remain exactly the same in the n-dimensional case. 
For the present the kernel will be assumed continuous. We shall 
extend the theory later to unbounded kernels of the type considered 
in [17]. 

An example above showed us that kernels can exist which have no 
eigenvalues. This cannot happen in the case of symmetric kernels, i.e. 
the following fundamental theorem holds. 

THEOREM I. Any symmetric continuous kernel which ts not identically 
zero, or any kernel of the type indicated in [17], when 0 < a < n/2, 
where n is the multiplicity of the integral, has one or more eigenvalues. 

We shall use this theorem and give the proof later. For the moment 
we want to establish some simple properties of integral equations 
with symmetric kernels. 

Let A, and A, be two different eigenvalues, and ¢,(s), pa(s) correspond- 
ing eigenfunctions, so that 


b b 
TA (s) = fEl tp dts F Pa (8) = | El, t) pa (t) dt. 


a 
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On multiplying the first equation by p(s) and the second by 9,(s), 
integrating with respect to s and subtracting term by term, we get 


b b b 
(=- = z) f p, (8) pa (8) ds =f [ [ Kes, t) pı (É) dt | p (s) ds — 


b b 
=| [ f K(s, t) p, (t) ai] p, (s) ds. (136) 


a 


On changing the order of integration in one of the integrals on the 
right-hand side and using (135), the right-hand side is seen to vanish, 
i.e. 


b 
(G--a) f m1) #2 (0) ds =0, 


whence, since A, Æ A,, 
b 
J Pı (8) Pa (8) ds = 0, (137) 


i.e. the integral over the basic interval [a, b] of the product of any two 
eigenfunctions corresponding to different eigenvalues vanishes. 

We now show that all the eigenvalues are real. We use reductio ad 
absurdum. Let i, be some non-real (complex) eigenvalue and ¢,(s) a 
corresponding eigenfunction, which, by definition of eigenfunctions, 
cannot vanish identically. We have: 


b 
Po (8) = Ay f K(s, t) po (t) dt. 
a 
We obtain on passing to the conjugates in this equation: 
tee ESB 
Po (8) = Ay | K(s, t) Po (t) dt. 
a 


Hence it is clear that 1, is also an eigenvalue and 9,(8) is a correspond- 
ing eigenfunction, where 1, # å, since A, is not real. The eigen- 
functions g(s) and pols), which correspond to different eigenvalues, 
must satisfy condition (137), if we put 9,(s) = po(s) and ¢,(s) = Po(S) 
i.e. 


b 
f lpo (s)|2ds = 0, 
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whence it follows [3] that p(s) vanishes identically, which contradicts 
the fact that it is an eigenfunction. 

We know that every linear combination with constant coefficients 
of eigenfunctions corresponding to the same eigenvalue, is also an 
eigenfunction corresponding to this eigenvalue. In other words, we 
can say that the eigenfunctions corresponding to a given eigenvalue 
form a linear manifold [4]. 

Since the eigenvalues have been shown to be real, we can assume 
that all the eigenfunctions are also real [4]. Equation (137) that we 
obtained now shows that any two eigenfunctions corresponding to 
different eigenvalues are mutually orthogonal. 

To every eigenvalue 4 there corresponds a finite number of linearly 
independent eigenfunctions [10]. We can apply a process of ortho- 
gonalization to these eigenfunctions and thus assume that they are 
in fact mutually orthogonal and normalized. The eigenfunctions cor- 
responding to different eigenvalues must be mutually orthogonal, as 
we saw above. We can therefore assume that all the eigenfunctions 
are mutually orthogonal and normalized. 

Further, we know that only a finite number of eigenvalues can lie 
in any finite interval of variation of 4. On taking into account what 
has just been said, we can enumerate all the eigenvalues in order of 
non-decreasing absolute value: 


l] < [Ag] < |Ag] < ---, (138) 


where | àn | > +œ as n —> œ, if the number of eigenvalues is infinite 
whilst every eigenvalue is encountered in the series written a number 
of times equal to its rank [4] (the number of linearly independent 
eigenfunctions corresponding to it). All the eigenfunctions are now 
automatically enumerated: 


Pı (8); Pa (8), Ps (8),-- +, (139) 


and it can be assumed, as we saw above, that the system consists 
of real, orthogonal and normalized functions. 

System (139) is called the system of eigenfunctions of the kernel 
K(s, t) or of the corresponding integral equation. 

We have for the eigenfunctions: 


b 
uN) — | K(s, t) pa (0) dt, (139,) 
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whence it is clear that the left-hand side can be regarded as the 
Fourier coefficient of kernel K(s,t) with respect to the ortho- 
normal system (139). Bessel’s inequality gives 


n 


b 
m eal < [[K(s,) Pde. (140) 


k k 


We obtain by integrating with respect to s: 


bb 
Fog f [E6 t)]? dt ds, (141) 


a a 
and, on passing to the limit, if the number of eigenvalues is infinite: 


b 


b 
< J] [K(s, t)}?dt ds. (142) 


Everything said above up to the assertion of the finiteness of the 
number of eigenvalues in any finite interval of variation also holds 
for unbounded kernels of the type indicated in [17]. 

For, the essential step in the proofs was the change of the order of 
the integrations in one of the integrals on the right-hand side of formula 
(136), and such a change has been justified by us for unbounded 
kernels of the type of [17]. 

We shall assume in our future treatment of the theory of integral 
equations with symmetric kernels that the number a appearing in 
formula (100) satisfies the condition 0 < a < n/2, i.e. the condition 
0<a< 1/2 in the one-dimensional case. We shall describe such 
kernels as weakly polar. The theory still holds in essence with the 
more general assumption 0 < a < n, though a more natural treatment 
of the theory in this more general case is in terms of the Lebesgue 
integral, which we shall use in Vol. V. The condition 0 < a < n/2 is 
satisfied in applications to mathematical physics. It may be remarked 
that we in fact confined ourselves to the case 0 < a < n/2 in the 
statement of the fundamental Theorem I. We have for a weakly polar 
kernel: 


[K(s,t)2 < re (2a < 1). 
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On repeating for the one-dimensional case the proof from the begin- 
ning of [17], we see that the integral 


b 
f [K(s, )P dt 
has a meaning and does not exceed some definite positive number M: 
b 
f [K(8, )P dt < M. (143) 
a 


It may be shown, precisely as in [9], that only a finite number of 
different eigenvalues is contained in any finite interval [—Z, L]. 

We thus also have (138) and (139) for weakly polar kernels. In what 
follows all the proofs will first be given for continuous kernels, then 
for weakly polar kernels. 


22. Expansion in eigenfunctions. The set of all eigenfunctions (139) 
may not form a closed system. For example, this will þe the case for 
a degenerate symmetric kernel, when the number of eigenvalues is 
finite. We can form a Fourier series in functions (139) for a continuous 
function F(s), or even for a discontinuous function with the type of 
discontinuity indicated in [14], but there is no sort of foundation for 
asserting that the series is convergent. Even if it is uniformly con- 
vergent in the interval [a, b], it is still impossible to assert that its sum 
is equal to F(s), since functions (139) may form a non-closed system, 
and the proposition proved in [3] cannot be applied. We shall start 
with the formation of the Fourier series for the kernel K(s, t) con- 
sidered as a function of t. 

We have seen that the Fourier coefficients of the kernel are equal 
to the ratios p(s): àx, so that the Fourier series has the form 


> Pk uia (O (144) 
m k 
the summation over k being carried out up to infinity if the number 
of eigenfunctions is infinite, or up to the finite number representing 
the total of eigenfunctions (139). 

We observe that series (144) can be regarded as the Fourier series of the 
function K(s, t) defined in k,, in functions 9;(s) y(t) (k,l =1, 2,3, ...), 
which are easily shown to form an orthonormal system in kọ. In thts 
case 


ce 0 for kl 
{| £06. 0 4 (8) pi (0) ds dt => f 4 (8) p: (8) ds = 
k, a 


1 
ae k=l. 
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Series (144) has the remarkable property that, if it is uniformly con- 
vergent in the square k,, its sum is equal to the kernel, i.e. the fact 
that the system is not closed is of no detriment here. Since the sum 
of series (144) is a continuous function in k, when the series is uni- 
formly convergent, it is natural to assume the continuity of the kernel 
in the proof of this property. 

THEOREM 1. If the kernel is continuous and series (144) is uniformly 
convergent in ky, its sum is equal to the kernel in ky, i.e. 


— w Pk (8) Pr (t) 
Assuming for the present that the number of eigenvalues is infinite, 
we consider the difference 
as S Pa (8) Pr (È) 
w(s, t) = K(8, t) ar a ’ 
which is a continuous symmetric function in the square k,. If we fix 
s and regard /(s, t) as a function of ¢ in the interval [a, b], its Fourier 
coefficients with respect to the system of functions 9,(t) are equal to 
zero [3]: 
b 
fols t) p (t)dt=0 (k=1, 2,...). (146) 
a 
We have to show that œ(s, t) vanishes identically in the square ky. 
We do this by reductio ad absurdum. 
Suppose that the function œ(s, t) does not vanish identically in the 
square ky; let us take it as the kernel of the integral equation 


b 
p(s) =A f w(s, t) y(t) dt. 


By the fundamental theorem stated in the previous section, this 
integral equation must have at least one eigenvalue å, to which 
there corresponds some eigenfunction yọ(s) which is not identically 
zero: 


b 
Yo (8) = Ay { (8, t) Yo (£) dt. (147) 


We show that this function y,(s) must be orthogonal to all the eigen- 
functions p(s) of kernel K(s, t). We have, in fact, on multiplying both 
sides of (146) by A,w,(s) and integrating with respect to s: 


Ao f fols, t) Po (8) Pr (t) ds dt = 0. 
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Hence we obtain, by (147) and the symmetry of a(s, t): 


fy (t) px (t)dt=0 (k=1, 2,...). (148) 


a 


We can rewrite equation (147) as 


b © 
Yo (8) = Ao | [ K(s,t) — OPPO | y, (ta. 


On taking into account the uniform convergence of series (144) 
and formula (148), we obtain 


Yo (8) = dy | K(s,t) vo (t) dt, 


i.e. the function y,(s) must be an eigenfunction of the original kernel 
K(s, t). It must therefore be a linear combination of eigenfunctions 
p(s) corresponding to the eigenvalue Ap. 

But this is impossible, because y,(s) and all the g(s) form an ortho- 
gonal system, and orthogonal functions cannot be linearly dependent 
[3]. This contradiction shows that our assumption that œ(s, t) is not 
identically zero is false, i.e. w(s, t) = 0 in kg, and formula (145) holds. 

The proof could be repeated on the assumption that the kernel 
K(s, t) is weakly polar, but it would now follow from (145) that 
K(s, t) is a continuous function in kọ, i.e. series (144) cannot be uni- 
formly convergent in k, for weakly polar non-bounded kernels. 

If the kernel has a finite number of eigenvalues, series (144) consists 
of a finite number of terms, and the above proof is fully preserved, i.e. 
we have: 

K(s, t) a > Pk o (t) ? (149) 
kel k 
where m is the number of eigenvalues in sequence (138). 

Formula (149) shows that K(s, t) is a degenerate kernel. Thus, on 
the one hand, as we saw above, a degenerate kernel (symmetric in the 
present case) has a finite number of eigenvalues and, on the other 
hand, as we have just shown, if a symmetric kernel has a finite number 
of eigenvalues, it is degenerate. 

Therefore, in the case of a continuous symmetric kernel, the necessary 
and sufficient condition for it to be degenerate is that it has a finite 
number of eigenvalues. 

We now turn to the formation of the Fourier series of any function 
F(s) in the eigenfunctions (139). We first introduce a new concept. 
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We shall say that the series 
D f(x) (150) 
k=l 


is regularly convergent in some domain of variation of x if the series 


o 


> Ihe (x)| 

k=1 
is uniformly convergent in this domain. Regular convergence obviously 
implies absolute convergence of the series. We have further: 


n+p n+p 
| > f| < S [fe (w). 
k=n k=n 


The regular convergence implies that, given any positive e, an N 
exists such that the right-hand side of this last inequality is < € 
with n > N, with any p> 0 and any gv of the domain in question. 
Now, all the more, the left-hand side is also < e, i.e. regular convergence 
implies uniform as well as absolute convergence. 

If the absolute values of the terms of the series do not exceed 
certain positive numbers: | fk(£) | < a,, and the series of these numbers 
is convergent, series (150) must obviously be regularly convergent. 
The existence of these a, does not follow, however, from the regular 
convergence. If the ap exist, the series is sometimes said to be properly 
convergent. Hence, proper convergence implies regular convergence, 
and regular convergence implies that the series is absolutely and uni- 
formly convergent. 

A class of continuous functions exists, such that their Fourier series 
in functions (139) are regularly convergent in the interval [a, b]. These 
functions are described as expressible in terms of a kernel. 

DEFINITION. A continuous real function F(s) ts called a function ex- 
pressible in terms of a kernel if there exists a real function h(t) continuous 
in [a, b] (or bounded with a finite number of discontinuities), such that 


F(s) = f K(s,t) Rt) dt. (151) 


We can assume here that the kernel K(s, t) is either continuous or 
weakly polar. 

THEOREM 2. The Fourier series of any function expressible in terms of 
the kernel in functions (189) is regularly convergent in the interval [a, b]. 
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Let hy denote the Fourier coefficients of the function A(t): 
= f h(t) ox ( at, 

and let us find the Fourier coefficients F, of function (151): 

F,= f Fio) Pr(s) ds = f [f Kis, t) h(t) dt] px (s) ds 


or, on changing the order of integration and using the symmetry 
of the kernel: 


= f [f Ke, 8) px (8) ds] h(t) dt 


whence, by (139,), 
h 
F, =—*. 152 
E? (152) 


The Fourier series of function (151) thus has the form 


© 


>t Pr (s), (153) 
pas 


on the assumption that the number of eigenvalues is infinite. We 
have by Cauchy’s inequality: 


snol Za ZT o 


We return to inequality (140), which holds for any value of the 
number n. 

Using the fact that the terms on the left-hand side of (140) are 
positive, we can say that, for any n and p: 


>| Pe f< < fix (s, t) J? dt. 


The integral on the right does not exceed some positive number M, 
either for a continuous or for a weakly polar kernel, i.e. 


Sher h 


ppa 


and it follows from (154) that 


k=n 
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The sum on the right tends to zero on indefinite increase of n 
with any p > 0, since the squares of the Fourier coefficients hy form 
a convergent series [3]. On noticing further that the right-hand side 
is independent of s, we can say that the series 


SHE eo 


is uniformly convergent in [a, b], and the theorem is proved. 

In view of the fact that the system of functions (139) may not be 
closed, we cannot assert without additional proof that the sum of 
series (153) is equal to F(s). It can be shown, however, that this is in 
fact the case, i.e. the following fundamental theorem holds: 

THEOREM II. The sum of the Fourier series in functions (139) of any 
function F(s) expressible in terms of the kernel is equal to F(s), or, 
in other words, every function expressible in terms of the kernel can be 
expanded in a Fourier series in functions (139), which is regularly con- 
vergent in the interval [a, b]. 

This is generally known as the Hilbert-Schmidt theorem, and is 
valid for weakly polar as well as continuous kernels. We shall prove it 
later, along with Theorem I on the existence of the eigenvalues. 

If the Fourier series for the continuous kernel (144) is uniformly 
convergent in ko, the proof of Theorem II is very simple. 

For, on multiplying both sides of (145) by A(t) and integrating with 
respect to t, we obtain 


b xz b 
F(s) = | K(s, t) h(t) dt = DE fo, (t) h(t at, 
J kat ^k J 
i.e. 
F(s) = XHEL hy, 
k=1 
which in fact gives Theorem IT. 

Note. There is some arbitrariness in the choice of the ortho- 
normal system of real functions (139). If all the eigenvalues are 
simple, i.e. have unit rank, the arbitrariness merely amounts to 
the possibility of changing the sign of each eigenfunction ¢,(s). Let us 
take the case of multiple eigenvalues. If say the eigenvalue A, has 
rank three, and A, = A, = 2, instead of p(s), p(s), p(s) we can take 
three different functions, which are obtained from the above with 
the aid of a linear orthogonal transformation. 
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If ¢,, ¢,, cs are the Fourier coefficients of any function F(s) with 
respect to p(s), pa(s), Ya(s), it is easily shown that the sum 


C1 Py (8) + Cy Pa (8) + Cg P3 (8) 


retains the same value with any choice of functions ¢,(s), pals), p(s). 
The theorems given above naturally hold for any choice of system 
(139). 


23. Dini’s theorem. We shall prove in the present section an 
auxiliary theorem which will be useful later. It is due to the Italian 
mathematician Dini. 

THEOREM. If the terms of the series 


> h2) (155) 
k=1 
are continuous non-negative functions in the interval [a,b], the series 
is convergent at every point of this interval and its sum is a continuous 
function in the interval, then series (155) is uniformly convergent in [a, b]. 
Let &,(x) denote the remainder term of series (155): 


R,(@)= X fx (2). 
k=n41 
Since the terms of the series and its sum are continuous functions in 
[a,b] by hypothesis, the function R(x) will also be a continuous 
function in [a,b]. Given any fixed v, it cannot increase as n in- 
creases, since the terms of the series are non-negative, i.e. we have 
Rns(e) < En(£). Let m, denote the greatest value attained by the non- 
negative continuous function #,(x) in the interval [a, b], and let &, 
be the point of the interval at which the greatest value is attained, i.e. 
Mn = Rn(én). We show that, as n increases, the number m, cannot 
increase i.e. Mp4. < Mn. In fact, M = Rnay(Enay) < BalEn4,). But 
the value #,,(&,4,) cannot be greater than the greatest value m, of the 
function £,(x) in the interval [a, b], whence it follows that Mny < mp. 
The non-increasing sequence of positive numbers m, must have a limit, 
which can be zero or positive: if the limit is zero, the uniform con- 
vergence of series (155) is guaranteed, since the greatest value of its 
remainder term tends to zero as n —> œ. Jt remains to show that the 
limit of the numbers m, cannot be positive. We shall prove this by a 
contradiction. All the numbers £, which we introduced above lie in 
the finite interval [a, b], so that the interval will contain at least one 
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point x = c of condensation of the numbers [II, 89], i.e. a point such 
that an infinity of the &, lie in any small neighbourhood of it. The 
series is convergent by hypothesis at the point x = c, so that we can 
fix a subscript NV large enough for Ry(c) > 1/2, where 1 denotes the 
assumed positive limit of the sequence m,. Since the function Ry(z) 
is continuous, we can find a point &, with n > N so close to c that we 
have Ryn) < l/2 at the point &, also. Since n > N by hypothesis 
we have mn = Rna(én) < Ry(&,), i. it turns out that m, < 1/2, 
which contradicts the fact that the non-increasing sequence Mp tends 
to a limit l. This contradiction leads us to Dini’s theorem. 

We know that, if the terms of the series are continuous functions 
and the series is uniformly convergent, its sum is also a continuous 
function. The converse is not generally true, i.e. it is impossible to 
conclude from the continuity of the sum that the series is uniformly 
convergent. Dini’s theorem says that if the terms are non-negative as 
well as continuous functions, the converse is true, i.e. the continuity 
of the sum implies the uniform convergence of the series. 


24. Expansion of iterated kernels. We shall assume in the next 
four sections that the kernel is continuous. Hence all the iterated 
kernels are continuous. We see from the formula 


K, (s, t) = f K(s, t,) K(t,, t) de, (156) 


that K,(s, t) as a function of s is expressible in terms of a kernel, the 
role of A(t,) being played by the function K(é,, t) = K(t, t,), where t is 
a parameter. As we saw above, the Fourier coefficients of K(t, t) with 
respect to the system of functions (139) are equal to ¢,(¢): A,, so that 
Theorem IT gives 


K, (s, t) = > Pr (8) Pr (t) f (157) 


2 
kal Ak 


This may be proved (on the basis of Theorem II) for any s of [a, b] and 
any t of the same interval, ie. the formula holds throughout the 
square ky. 

We recall the formula [5]: 


K, (8,t) = f K(s, t) En- (tt) dt, (158) 


It follows from (152) that the Fourier coefficients of K,(s,¢) as a 
function of s are equal to the Fourier coefficients of K,_,(t,,t) as a 
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function of t, divided by Ay, i.e. g,(t)/A, for K(s, t), gay for K,(s, t) 
and so on, and in general, Ëz for K,(s, t), and Ae TI gives 


K,(6)= J AORO (1 2,3,...), (159) 
k=l k 
the series being convergent in k, as above. Let us investigate the 
nature of the convergence of these series. 

By Theorem II, we can assert the regular convergence of the series 
written with respect to the variable s in the interval [a, b] for any 
fixed value of ¢ in this interval. In view of the symmetry, we also have 
regular convergence with respect to the variable ¢ for fixed s. We show 
that the series are regularly convergent with respect to both variables in 
the square ky. It is sufficient to carry out the proof for series (157). 
The proof retains its force all the more for the remaining series (with 
n > 2), because | A, |—> +. On applying the obvious inequality 


awat a 1 +(e 4 ae 
Mi Ni ” 


we see that it is sufficient to prove that the series © gpŝ(s)/28 is uni- 
k=l 


formly convergent in the interval [a, b]. This latter series is obtained 
from series (157) with t = s, so that its sum is equal to 


> ue = K, (s, 8). 
k=l 
The terms of the series written are non-negative continuous func- 
tions and its sum is a continuovs function in [a, b], so that the 
uniform convergence of the series follows directly from Dini’s theorem. 
Let us deduce some properties of the formulae obtained. On setting 
t = s in (159) and integrating with respect to s, we find on taking the 
normalization of functions ¢;(s) into account an expression for the so- 
called traces of iterated kernels in terms of the eigenvalues of the basic 


kernel: 
b ao 


[Kn (s.s) ds=>—. (160) 
7 k=1 Az 


We can write, on taking (156) into account: 


(x, (s, s) ds = f f [Ks t)]? ds dé, 
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and (160) with n = 2 leads us to the equation 
a 


bb 
= c= ff [K(s, t)]? ds dt. (161) 


aa 


We recall that we merely proved an inequality (142) above. 
Formula (159) can prove to be invalid for n = 1. But we now show 
that, with any fixed s of [a, b]: 


b n 
: Cn Pr (8) Pk (E) J2 4, _ 
lim J |K(s, N-35 acet ] dt =0, (162) 


the convergence to zero being uniform with respect to s. Expression 
(162) shows that the mean square error obtained by replacing K(s, t) 
by a segment of its Fourier series tends to zero as n —> œ. We turn to 
the proof of our assertion. Regarding K(s, t) as a function of t, we 
have p(s): A, for its Fourier coefficients, and (23) gives us 


k=l Az 


b n b n 2 

f [Koa - $ L8 a= fire npa- SAE, 
F A å A J 

But we have seen that 


(LK, t)]}?dt = K, (s, 8), 


a 


and, in accordance with (157): 


this convergence being uniform with respect to s, as we saw above. 
Hence it follows that expression (162) tends to zero uniformly with 
respect to s. All the more: 


ff [ Kis. — $ aO aO Pasato. 


ak 


Suppose that series (144) is uniformly convergent with respect to ¢ 
in [a, b] for any fixed s, and let K*(s, t) denote the sum of this series. 
On passing to the limit under the integral sign in (162), we obtain 


(1K, t) — K* (s, t)]2 dt = 0, 
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whence it follows at once that K*(s, t) = K(s, t), ie. when proving 
formula (145) it is unnecessary to assume the uniform convergence of the 
series with respect to both the variables in the square ko, it being sufficient 
merely to assume that the series is uniformly convergent with respect to 
one of the variables with any fixed value of the other. 
We consider the difference 
n 


w, (8,t) = K(s,t) — X awat (163) 


as the kernel of an integral equation 
b 
p(s) = å f wn (8, t) g(t) dt, (164) 


and show that the numbers ani, Angg, -.. and functions gn+,(s), 
n4,(8), ... represent a complete set of eigenvalues and eigenfunctions of 
equation (164). We multiply both sides of (163) by Am Pm(t), where 
m > n, and integrate with respect to t. On taking the orthogonality 
of functions p(t) into account, we obtain 


Am Í 0n (8,8) Pm (P) dt = An f Kls, b) Pm (8) dt, 


or, on observing that 9,,(t) is the eigenfunction of kernel K(s, t) cor- 
responding to the eigenvalue Àm: 


b 
An f Wm (8, t) Pm (t) dt = Pm (8)- 


Equation (164) is thus seen to have the same eigenvalues Am and 
corresponding eigenfunctions —,,(s) with m > n as the basic equation. 
It remains to show that the system of eigenvalues and eigenfunctions of 
equation (164) is complete. We multiply both sides of (163) by ¢,n(s), 
where m < n. On taking the orthogonality and normalization of 
functions y,(s) into account, we obtain 


e e Pm (t) 
J@n (8, t) Pm (8) dt = a t) Pm (8) ds — as Pek 


The difference on the right-hand side vanishes, because m(t) is an eigen- 
function of kernel K(s, t) corresponding to the eigenvalue îm, i.e. 


wn (S, t) Pn (s)ds=0 (m<n). (165) 


RO. 
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Let A be an eigenvalue of equation (164) and g(s) a corresponding 
eigenfunction. On multiplying both sides of (164) by y,,(s) and taking 
(165) into account, we obtain 


f9(s)%m(s)ds=0  (m<n). (166) 


On replacing @,(s, t) in (164) by its expression (163) and using (165), 
we can write (164) as 


b 
p(s) = å f K(s, t) p(t) dt, 


i.e. p(s) is an eigenfunction of the basic kernel also, and by (166), is 
at the same time a function orthogonal to øm(s) with m < n, whence it 
follows that the corresponding eigenvalue A is the same as one of the 
A, with k > n, whilst ¢(s) is one of the functions g(s) with k > n or 
a linear combination of them in the case of an eigenvalue of rank 
greater than unity. Qur statement about the eigenfunctions of kernel 
wn(S, t) is thus proved. ; 

It follows from (159) that the kernels K,(s, t) are symmetric. This 
could be shown directly from the definition of them. We form the 
homogeneous integral equation 


g(s) = af Kn (s, t) p(t) dt. (167) 


It is easily shown by using the uniform convergence of the series that 
the Ag are eigenvalues of equation (167), whilst the g;,(s) are corres- 
ponding eigenfunctions. Let us prove that there are no other eigen- 
values and eigenfunctions. If an eigenvalue å exists, different from all the 
Ay a corresponding eigenfunction will have to be orthogonal to all 
the p(s), i.e. 

b 

J Px (t) p(t) dt = 0 (k = 1,2,...). 

a 
But now, by (159), the right-hand side of (167) vanishes for any s, i.e. 
g(s) is identically zero, which is absurd. We now suppose that the 
eigenvalue 2 coincides with one or several of the 2x. We have to show 
that g(s) is a linear combination of corresponding g(s). If this were 
not so, i.e. if p(s) were linearly independent of the ¢;(s) in question, 
by applying a process of orthogonalization we should be able to 
construct a g(s), not identically zero and orthogonal to all these ¢;(s). 
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This function is orthogonal to the remaining g(s), since these latter 
correspond to different eigenvalues. 

Thus g(s) is orthogonal to all the g(s), and we should be able to 
prove as above that ¢(s) is identically zero, which is absurd. 

Hence 2% and g(s) (k = 1, 2, ...) form a complete set of eigen- 
values and eigenfunctions of the kernel K,(s, t). 

If we divide both sides of the basic equation 


b 
p(s) = å f K (s, t) p(t) dt, 


for the eigenvalues and eigenfunctions by A and then put 4 = œ, 
we obtain the equation 


f Kis, t)ọ(t)dt=0 (s is any point of [a, b]), (168) 


i.e. formally speaking, the latter equation defines the eigenfunctions 
(if there are any) corresponding to the eigenvalue A = œœ. 

DEFINITION. The continuous function y(t) ts said to be orthogonal to 
the kernel if it satisfies equation (168) for any s of [a, b]. 

We prove the following: 

THEOREM 3. The necessary and sufficient condition for the continuous 
function y(t) to be orthogonal tothe kernel is that it be orthogonal to all 
the eigenfunctions of the kernel. 

We have to show that (168) is equivalent to 

b 
(prt) pt) dt =0 (k=1,2,...). (169) 
a 

We show first that (169) follows from (168). This is done by multi- 
plying both sides of (168) by g(s) and integrating with respect to s. 
On changing the order of integration and using the symmetry of the 
kernel, we obtain: 


(Ef xe 8) Pe (8) ds] p(t) dt = 0 or A, f Pr (t) p(t) dt = 0. 


whence (169) follows. 
We now show that (168) follows from (169). On taking (157) into 
account and the uniform convergence of the series, we obtain 


(x, (t, s) p(s) ds = 0. 
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We multiply both sides by g(t) and integrate with respect to t: 


b 
fE: s) p(t) ds dt = 0, 


Fi. 


the order of integration being of no significance. 
By using (156), we can write this as 


(fx K(t, t,) K(t,, s) p(s) p(t) ds dt dt, = 0, (170) 


Seg 


or, using the symmetry of the kernel: 
b b b 
f [ f Elt, 4) pé)de] [ f Kts) g(s) ds] dt, = 0. 
a a a 
The integrals in the square brackets are the same, so that 
b b 
f [ § E(t 8) g(s) ds}? dt, = 0, 
a a 
whence it follows [3] that 


b 
f Kit, s)p(s)ds =0 (t, is any point of [a, b]), 
a 

i.e. we obtain (168). 


25. Classification of symmetric kernels. Let p(s) and q(s) be two 
continuous functions in the interval [a, b]. We form the double integral 


f f Kls Dpi q(t) ds dt, 


aad 


similar to the bilinear form 


n 
> AktiYr (Qm real; ari = Gx), 
i, ke1 


which we considered in [H], 40]. We obtain by using Theorem II: 


k=l 


b œ 
| Kingo at = X -4 (8), 


where the q; are the Fourier coefficients of the function q(t), and the 
series on the right is regularly convergent. On multiplying both sides 
by p(s), integrating with respect to s and writing px for the Fourier 
coefficients of the functions p(s), we get the following expression for 
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the integral: 
b 


b 
ff K(s, t) p(s) q(t) ds dt = 2 ete, (171) 
1 


the series on the right being absolutely convergent. With q(s) = p(s), 
we obtain the analogue of the quadratic form: 


b b 
J= MESCU (8) p(t) ds dt = ai (172) 


This formula provides the basis of the classification of symmetric 
kernels (cf. III,, 35]. The kernel K(s, t) is said to be positive if the 
integral 


f f Kls, t) p(s) p(t) ds dt (173) 


is non-negative for any choice of continuous function p(s). If all the 
eigenvalues A; are positive, it follows at once from (172) that the 
kernel is also positive in the sense indicated. We now suppose that 
there is at least one negative eigenvalue and show that the kernel 
cannot now be positive. In fact, we take say 2, < 0 and replace p(s) 
by p(s) in (172). By virtue of the functions ¢;(s) being orthogonal and 
normalized, we now have p, = 1, and the remaining p, vanish, so 
that the right-hand side of (172) becomes 1/4, and will be negative. 
We thus see that the fact of the kernel being positive is equivalent to all 
the eigenvalues of the kernel being positive. 

Similarly, the kernel K(s, t) is said to be negative if J < 0 for any 
choice of continuous function p(s). Precisely as above, it can be shown 
that the fact of the kernel being negative is equivalent to all its eigenvalues 
being negative. We introduce a further new concept. The kernel K(s, t) 
is said to be complete in the class of continuous functions, or simply 
complete, if there exists no continuous function, not identically zero, 
which is orthogonal to all the eigenfunctions, i.e. by Theorem 3 of [24], 
the kernel is complete if there is no continuous function not identically 
zero which is orthogonal to the kernel. In other words, the complete- 
ness of the kernel amounts to the requirement that integral equations 
(168) have no continuous solutions other than identically zero solutions. 
We can say that the completeness of the kernel amounts to the re- 
quirement that there are no continuous eigenfunctions corresponding 
to the value å = œ. 
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Let K(s, t) be a positive kernel, i.e. all the 4, are positive. The right- 
hand side of (172) can now vanish only when all the Fourier coefficients 
Pr of the function p(s) vanish, i.e. when p(s) is orthogonal to all the 
eigenfunctions of the kernel. There can be no such continuous function 
p(s) not identically zero for a complete kernel, so that we can say, for 
a positive complete kernel, that integral (172) will be strictly positive 
for any continuous function not identically zero. Conversely, if we are 
given that the integral J > 0 for any continuous function, not identi- 
cally zero, we can say that the kernel is complete. The kernel is said 
to be positive definite if J > 0 for any continuous function not identi- 
cally zero. It follows from the previous discussion that a positive kernel 
will be positive definite when and only when it is complete. Similarly, a 
kernel is said to be negative definite if J < 0 for any continuous 
function p(s) not identically zero. As above, it can be shown that a 
negative kernel will be negative definite when and only when it is complete. 

Suppose that the eigenfunctions p(s) of kernel K(s, t) form a closed 
system of functions [3]. In this case, as we know, there is no continuous 
function, not identically zero, which is orthogonal to all the @,(s), i.e. 
the completeness of the kernel follows from the fact that the system 
of eigenfunctions is closed. The converse is not true, i.e. if the kernel is 
complete, it does not follow from this that its system of eigenfunctions 
is closed in the sense of our definition of [3]. 

A complete kernel can be constructed for which the system of 
eigenfunctions is not closed. For such a kernel, equation (168) will 
have no continuous solutions, but must have certain solutions con- 
sisting of discontinuous functions. By using a new concept of the inte- 
gral which will be discussed later, and considering a wider class of func- 
tions than the class of continuous functions, we can define a complete 
kernel in such a way that its system of eigenfunctions must be closed. 

Every iterated kernel K,,(s, t) with even subscript has positive eigen- 
values, so that it is necessarily positive. It follows from the definition 
of the second iterated kernel that integral (172) for the second 
iterated kernel can be written as 


f fK, (s, t) p(s) p(t) ds dt = (Ef Ee, t) p(s) ds]? dt, 


R 


whence it follows at once that this iterated kernel is complete if the 
basic kernel is complete. 

Let the system of eigenfunctions of the kernel be finite. It is easily 
seen that the kernel cannot be complete in this case. For, a polynomial 
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of sufficiently high degree is readily constructed which is orthogonal 
to all the eigenfunctions. Suppose we have say two eigenfunctions 
g(s) and p(s) altogether. We construct a second degree polynomial 
orthogonal to both these functions. We thus arrive at the two homo- 
geneous equations 


a { s2p)(3)ds-+ Bf spi (8)ds +y f pi(s)ds=0 (6=1,2) 


with three unknowns a, f, y. Such a system certainly has a non-zero 
solution [IIL, 10]. 


26. Extremal properties of the eigenfunctions. The eigenfunctions 
and eigenvalues of a symmetric kernel have extremal properties analo- 
gous to those in algebra for the eigenvalues of a quadratic form, 
the role of quadratic form being played by integral (173). 

We first suppose for simplicity that the kernel is positive, i.e. that 
all its eigenvalues A; are positive. We consider the class of continuous 
functions normalized to unity, i.e. satisfying the condition 


fp (s) ds = 1, (174) 


and we seek in this class the function for which integral (173) has a 
maximum value. We assume that the positive eigenvalues are arranged 
in non-decreasing order, i.e. 


0<A, <4, <4, <<... (175) 
By Bessel’s inequality: 
> Pi <1, 


k=1 


and, on taking (175) into account, we can write 


i.e. with condition (174) we can write for integral (173) the inequality 


1 
J< x: 
We shall have the sign of equality in this expression if we put 
p(s)=9,(s), because in this case p,=1 and p,=0 for k>1, i.e. in the 
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case of a positive kernel the maximum value of integral (173) under con- 
dition (174) will be equal to 1/4, and will be attained with p(s) = ¢,(s). 

We now pose the following extremal problem. We want to find 
the maximum value of integral (173) on condition that the continuous 
function p(s) is normalized to unity and orthogonal to the eigen- 
function ¢,(s), Le. 


b ! b 

f p (s)ds =1; f pls)q, (s) ds = 0. (176,) 
By virtue of the second of these conditions, we must assume p, = 0 
n (172), and by arguing precisely as above, we then show that, 
in the case of a positive kernel, the maximum value of integral (173) 
under conditions (176,) is equal to 1/2, and is attained when 
p(s) = p(s). Similarly, we can show that, in the case of a positive 
kernel, the maximum value of integral (173) with the conditions: 


f p?(s)ds = 1; (176,) 


b b b 
f p(s) pi (s)ds = f p(s) p, (8) ds =. . .= f p(s) Pn- (8) ds = 0 


will be equal to 1/4, and will be attained when p(s) = p(s). We can 
therefore characterize the reciprocals of the eigenvalues of a positive 
kernel as the successive maxima of integral (173) under the conditions 
stated above for the function p(s). The eigenfunctions are simul- 
taneously determined for which integral (173) attains its maxima. 

If the kernel is negative, we have to talk about the successive minima 
of integral (173) under conditions (177) instead of the successive 
maxima. If the kernel has eigenvalues of both signs, the problem 
of the successive maxima of the integral leads us to the reciprocals 
of the positive eigenvalues, and the problem of the minima of (173) 
to the reciprocals of the negative eigenvalues. This extremal problem 
is precisely analogous to the one that we had in [III,, 39] for a quadratic 
form. We have obtained the reciprocals here instead of the eigen- 
values themselves, due to the fact that the parameter å plays a dif- 
ferent role in integral equations to that in linear algebra [2]. 

A different statement of the extremal problems will be of importance 
to us later. We take the class of continuous functions p(s), satisfying the 
following condition: 


(Lf Xe, t) p(t) dt]? ds = 1, (177) 
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i.e. we require that the transformations of the continuous functions 
with the aid of the kernel K(s, t), and not the functions themselves, 
be normalized to unity. By Theorem IJ, an expansion exists of the 
transformed function in an absolutely and uniformly convergent 
Fourier series. By virtue of the uniform convergence of this series, 
the greatest absolute value of the difference between the expanded 
function and a segment of its Fourier series tends to zero on inde- 
finite increase of the number of terms in the segment. All the more, 
the mean square error i.e. the integral of the square of this difference, 
tends to zero, and we have in this case the closure formula: 


b b © p 
Jl |#eor p(t) at | dex >i 


so that condition (177) can be written as 


œ 2 
~ Pk 


;=1. (178) 

k= ^k 

We shall assume a positive kernel and rewrite the right-hand side 
of (172) as follows: 


On replacing the factors 4, by their least A, and using condition (178), 
we obtain an inequality for the right-hand side of (172): 


J >h. (179) 


If we put p(s) = A, 9,(s), then p; = A, and p, = 0 for k > 1, so 
that condition (178) is satisfied, and we have the sign of equality 
in (179). Thus, the first eigenvalue 2, is the least value of integral (173) 
under condition (177). This least value is attained if we put 
p(s) = A, p(s). We can show, precisely as above, that the eigenvalue A, 
ts the least value of integral (173) if the function p(s) satisfies the following 
conditions : 


b 
[ f Kis.) p(t) di]èds=1; f p(s) pı (s) ds = 0, 


a 


Boag 


and this least value is attained if we put p(s) = A, ¢,(s). 

It is easily seen that the extremal principle deduced by us for 
obtaining the eigenvalues and eigenfunctions is applicable not 
merely to a positive kernel, but to one that has a finite number of 
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negative eigenvalues, i.e. for which the eigenvalues can be arran- 
ged in non-decreasing order, starting with the first. We remark 
that, if say A, = å, = 2, < A,, integral (173) will attain its least 
value under condition (176,) with p(s) = 4, p(s), p(s) = A, ¢2(s) 
and p(s) = A, p(s) as also with any linear combination 
p(s) = cı p(s) + cy pals) + c3 pals) in which the coefficients satisfy 
the condition (cf + cz + c3)/Aj = 1. This will exhaust all the func- 
tions p(s) that give the integral a minimum value. A similar remark 
also holds for the first extremal problem mentioned above. 

Suppose that the kernel has a finite number of positive eigen- 
values, and let this number be (n — 1). By determining successively the 
maxima of integral (173) under condition (174) and auxiliary ortho- 
gonality conditions, we finally arrive at conditions (176,) and discover 
that, under these conditions, the integral can no longer take positive 
values. For, under conditions (176,), only negative terms remain in 
the right-hand side of (172). We assume here that 21, Az, ...,; Any 
are positive eigenvalues. 


27. Mercer’s Theorem. As we have already remarked above, the Fourier 
series (144) for the kernel may prove not to be convergent. Mercer’s 
theorem states that the series is absolutely and uniformly convergent 
if the kernel is positive or negative, i.e. if all its eigenvalues have 
the same sign. Thus, if K(s,¢) ts a positive or negative continuous 
kernel, expansion (145) holds, and the series is regularly convergent in 
the square k,. We shall assume for clarity that the kernel is positive. 
We show first that the inequality K(s, s) > 0 holds for any positive 
kernel. 

In fact, if a point s = t = c existed on the diagonal of the square 
k, at which K(c, c) < 0, there would be a neighbourhood of the point, 
ls—c|<eand |t—c|< e, such that K(s, t) < 0 throughout this 
neighbourhood. We can define a continuous function p(s) having 
positive values in the interval c—¢<s<c-+e and vanishing 
everywhere outside the interval. We shall have for this function: 


b b Cte Cte 
J=( | K(s,t)p(s)p(i)dsdt= | f K(s,t)p(s)p(i)dsdt <0, 


c—8 ¢—é 


which contradicts the kernel’s being positive. We form the kernel 


K (s,t) > Px (8) Pk) (180) 


A 
k=1 k 
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Its eigenvalues Ani, Anda, --- are positive. On applying to this 
kernel the fact just proved, we obtain: 


It follows at once from this that the series © a(s)/A, with positive 
k=l 


terms is convergent for every value of s and that its partial sums 
remain less than a positive number M for any s of [a,b]. On using 
Cauchy’s inequality, we can write: 


= (ese (8) pr (t | = ME | vn (8) | | Pelt) 
Eal V Vx 
<| F eo he 2 5 zi E 
Ei, a i 
or 
n+p n+p 


Pr (8) Pr (t) sen 
nont |< FAO yy, 


k=n 


and it now follows immediately, by virtue of the convergence of 
> vi(s)/Ap that series (144) is convergent uniformly with respect 
k=l 


to t in [a, b] for a fixed s.Formula (145) follows from this, as we know 
from [23]. 

The absolute and uniform convergence of the series in kọ can be 
proved by using Dini’s theorem, precisely as was done in [24] for 
the case of the second iterated kernel. It is worth pointing out that 
the only essential fact for our proof of the theorem was that the 
eigenvalues 4, are all positive, as from a certain index. It was this 
fact that showed us that kernel (180) is positive. Consequently, the 
proof retains its force in the case when the kernel K(s, ¢) has a finite 
number of negative eigenvalues, and in general, Mercer’s theorem 
remains valid in the case when the kernel has only a finite number of 
positive or negative eigenvalues. It may be remarked that the con- 
tinuity of the kernel is an absolutely essential condition for the theorem 
to hold. 
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28. The case of a weakly polar kernel. Let us take the case of a 
one-dimensional weakly polar kernel: 


L(e,t) 


K (s, t) = leone 


(0<a<4). (181) 


We introduce, as in [17], the continuous kernels 
K(s,t) when js—t|>y 


Ky (8, t) = FD when |s—tl<y. ii 


y 
The inequalities hold: 
[Ky (8, |< |E (s |<. (183) 
We form the second iterated kernel: 
K, (s, t) STEG t,) K (t, t) dt,. (184,) 
a 


This last integral has a meaning, by (181), for any positive s and t 
in [a, b], since we have the following inequality for the integrand 
in the most unfavourable case when s and ¢ coincide: 

C2 
s= 


|K (s, &) K (t, s)| < 


We show that K,(s, t) is a continuous function in the square kọ. 
We construct the function 


b 
KỌ (s, t) = { K, (s, t) K, (ty t) dh, (184,) 


which is continuous in kọ It is sufficient to show that 
KY(s, t) — K,(s, t) uniformly in k, as y > 0. We have: 


b 
K, (s, t) — K9 (s,t) = § [K (s, t,) K (t, t) — K, (8, t1) Ky (t 0] dt,- 


The difference on the right-hand side vanishes if |s— ¢,| >y 
and |¢ —¢,| > y. On taking (183) into account, we can write: 
|K, (s, t) i KỌ (s, t)) | 


sty tty 


< 2c | T dt, i | 


aly ja 
ay 1— sl? lat] toy 
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If |s—t| > 2y, the intervals [s — y, s + y] and [t — y, t + y] do 
not overlap, and we obtain 


S+Y d S+y d ir d s a 
fa e a J tah 
ce [t s| lat] |t, —8|*y Y 2 (aa) oy 


s—y 

i.e. 
+ 
s [ dé, z Qyi—2a 

Ss , 

Sy |t, —8|*]t,—#)* l—a 

so that 

4C? 1— 2a 
| Ky (8,t) — KP (s,)|<=4— (Js—t]> 2y). (186) 


We now suppose |s — t| < 2y. The intervals [s — y, s + y] and 
[t — y, t+ y] now overlap, and both are contained in an interval 
with centre at s or t and length 6y. By using the inequality 
ab < (1/2) (a? + b?), we get: 


1 1 1 l 
jt; s|" |t,—e|* be hen à Ci | 


so that 
s+y at con a tad d 1 
t t 
1 - 1 sey 1 1-2a 
Í Jasja 2 Í maae T 2 Í P Sat a : 
~y it 7 s—3y! 4 ti3y 1 


and similarly, 


thy P i 
by 1—2a 
< 3 
i weee an i 
aas a 


whence, by (185), 


4C? ( 
1— 2a 

On comparing this with (186), we see that KY(s, t) > K,(s, t) 
uniformly in kọ, so that K,(s, t) is a continuous function in kp. 

The continuity of K,(s, t) and of the remaining kernels defined by 
(158) is proved even more simply. 


| Ky (s, t) — KẸ (s, t)| < By)" (Js—t|< 2y). (187) 
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It is easy also to prove the possibility of changing the order of the 
integrals: 


f fi K (tt) uf) at| x (s, t1) dé, 


a 


bro 
=fif K (s, t) K (tt) anfao dt, (188) 


where u(t) is a continuous function. 
For, a similar formula holds for continuous kernels with positive 


yı and yz: 


oT 6 
f li Ky, (4,8) u (6) a Ky, (8, t) dt, 


bf b 
= li K,, (8, 4) Ky, (4) anfao dt. (189) 


When y, tends to zero, the inner integral on the left-hand side 
tends uniformly with respect to ¢, to the integral [17] 


b 
f K(t, t) u(t) dt, 
a 
and the inner integral on the right to 
b 
 K,, (8, t,) K (t,, t) dt 
a 
This follows from the fact that v,(M), given by (111) of [17], tends 


uniformly to v( M). On passing to the limit in (189) as y; —> 0, we get: 


b 


f fj K (t, t) u (¢) a| K,, (8, t) dt, 
= ff Eni Ky, (8,4) K (6t) an| u (t)dt. (190) 


As y, —> 0 the iterated integral on the left tends to the left-hand 
side of (188) in accordance with the above arguments. The inner 
integral on the right of (190) tends uniformly with respect to ¢ to 
the inner integral on the right of (188). This can be seen, precisely 
as in the above case of integral (184,). On passing to the limit in 
(190), we in fact obtain (188). 
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We return to [22]. In (156), the role of A(t) is played by the function 
K(t,, t) with weak polarity (a < 1/2) for 4, = t. This function depends 
on the parameter ¢. In view of the weak polarity of the kernel, the 
sum of the squares of the coefficients hj forms a convergent series, 
which is just what we used in the proof of Theorem 2 of [22]. We can 
thus say that series (157) is regularly convergent with respect to s 
for any t of [a, b]. In particular, 


zeot = K; (s, 8) (a<s<b), 
k 

the right-hand side being a continuous function, as we saw above. 
By Dini’s theorem, the series written is uniformly convergent, whilst 
it follows from the inequality 


lo(s) 91 < > {le (2 + Le OF} 


that series (157) is regularly convergent if the point (s, t) lies in the 
square ky. 

As already mentioned above, Theorems I and II will also be proved 
for weakly polar kernels. 

In (158), with n > 8 the role of h(t) is played by the continuous 
function K,_,(,, t). Thus, expression (159) and the regular convergence 
of the corresponding series remain true for weakly polar kernels. 

Precisely as above, we can justify changing the order of integrations 
in the iterated integral (170) and hence all the results of [22], [24] 
and [25] still hold for weakly polar kernels. 

All the results can be generalized at once to the case of n-dimensional 
space, 


29. Non-homogeneous equations. We now take a non-homogeneous 
equation with a continuous or weakly polar symmetric kernel: 


b 
g (s) =f (s) +å f K (s.t) p (t) dt (191) 


and suppose first that 2 is not an eigenvalue, i.e. it differs from all the A,. 
Equation (191) now has a unique solution. Let us express it in terms 
of the eigenfunctions p(s). We can write 


g (s) = 7 (8) + g (8), (192) 


where 


b 
Al K(s, tot (193) 
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By Theorem II, the function g(s) can be expanded as an absolutely 
and uniformly convergent series in eigenfunctions of the kernel: 


g (8) = = 2 He Pe (8) 


Let us find the coefficients of this expansion. We cannot obtain them 
directly from (193), since the required function g(t) is under the 
integral sign in this expression. On replacing g(t) by the sum f(t) + g(t) 
in accordance with (192), we can write 


b 
g (9) =å f K (s, 8) [F ©) -+ g 6} de. (194) 


Let fẹ be the Fourier coefficients of the given function f(s). The sum 
f(t) + g(t) has Fourier coefficients (fk + g), so that the function 
expressible in terms of a kernel by the integral on the right-hand 
side of (194) has, by (152), Fourier coefficients (fr + gy) : Ar, and we 
have by (194): 
A (fk + 9k) 

= (195) 

We can find the coefficients g, from this expression: 


A 
jes s ; (196) 


and consequently, by (192), the solution of equation (191) must have 
the form 


p (8) = f(s) + Pa reo Ant. (197) 


We now suppose that / is an eigenvalue. We shall assume for clarity 
that its rank is equal to three and that A = A, = A, = ds. 

By virtue of the symmetry of the kernel, the adjoint equation is 
the same as equation (191), and the necessary and sufficient condition 
for this equation to be soluble is that f(s) be orthogonal to ¢,(s), pa($) 
and p(s), ie. that fi =f, = fa = 0. Suppose that this condition is 
fulfilled. Our further arguments are as above. Expression (195) 
makes it possible for us to find all the gy, starting from g,, in accordance 
with (196). 

Expression (195) becomes an identity with k = 1, 2,3, since 
A= A, and fk = 0 with k = 1, 2,3. This corresponds to the fact 
that we can add to the solution of equation (191) any linear combina- 
tion of eigenfunctions ¢,(s), pals), 3(s). 


30] FREDHOLM’S TREATMENT IN THE CASE OF A SYMMETRIC KERNEL 97 


The general solution of equation (191) in the present case therefore 
has the form 


p(s) =f (8) + SERED + eip, (8) + 2928) + capa (s), (198) 
k= 
where ¢,, Cz C3 are arbitrary constants. 


30. Fredholm’s treatment in the case of a symmetric kernel. Let 
us apply Fredholm’s treatment, as described above, to the case of 
a continuous symmetric kernel. 

In this case, the Fredholm determinant (53) and resolvent will also 
be symmetric functions. The expansions of the iterated kernels have 
already been given [24]. Let us substitute these expansions in expres- 
sion (45), it being assumed that A satisfies condition (40), so that 
[A] <4: 


x n (t t 
R (8, t; 4) = K (8, t) +454 ale) Pa tS a es (199) 
It is easy to see that, if we replace all the magnitudes by their absolute 
values in this series, a double series with positive terms is obtained 
which is convergent. For, on collecting the terms in it containing 
lpn(S) || pnt) | into a single group, we obtain the series: 


|K (8, t)|+|@, (s) ||P. (t 1S he +IP (8 Vi [pe (2) : 


k=] 1%2 


E S lä] 
=|E (8,0 | + Z onl) ||P (0 Ma AA] A 


But we see by comparing this series with the uniformly convergent 
series 


(200) 


that the ratio of their common terms | 4 || An }/[| ån | (J An} — 121] 
is independent of the variables (s,¢t) and tends to |å], whence it 
follows that double series (199) is absolutely convergent. We can 
thus collect into a single group the terms in this series which contain 
Gn{8) Pn(é). We thus obtain the following expansion for the resolvent 
in eigenfunctions: 


Bee VS Kj tis See (201) 
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Strictly speaking, we have deduced this expansion on the assumption 
that å satisfies condition (40). However, by replacing all the terms 
in series (201) by their absolute values, and comparing as above 
the series obtained with series (200), it can be verified that series 
(201) is absolutely and uniformly convergent with respect to (s, ¢) 
for any 2 differing from An». Moreover, it is uniformly convergent 
with respect to 4 in any bounded domain of the à plane, provided 
we omit the first few terms that have poles in this domain. The 
right-hand side of (201) is therefore the decomposition of a 
fraction into partial fractions, and just as in the case of (57), it 
provides an analytic continuation of the resolvent R(s, t; A) throughout 
the plane. In particular, it follows from (201) that, in the case of a 
symmetric kernel, every eigenvalue is a simple pole of the resolvent. 
Notice that, if expansion (201) is substituted in expression (46), 
(197) is obtained, giving the expansion of the solution in eigen- 
functions. 

Let us put ¢ = s in (201) and integrate with respect to s: 


b 
fre, S; A) Jas = fros ds +4 Spay 
a 
But we have, on dividing both sides of (59) by D(A): 
? 
| R(s, s; 2) ds = — 


a 


D (2) 
D(A)’ 


so that the previous expression can be rewritten as 


b 
Da ~ I 
D= |E, sds +4 È TaT 


Let A, be a zero of D(A) of multiplicity r. We know from [III,, 21] 
that A = 2, is a simple pole with residue r of the left-hand side of 
the last expression. On the right-hand side, certain of the An will 
coincide with A). Each of the corresponding fractions can be rewrit- 


ten as 
A 1 1 
Wa) AZA a Le 


i.e. each of these fractions gives a residue equal to unity at the pole 
A = ip so that r of the ån must be equal to å. We thus have the 
following theorem: if, in the case of a symmetric kernel, 4, is a zero 
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of multiplicity r of D(A), there correspond to this eigenvalue precisely 
r linearly independent eigenfunctions, i.e. in the case of a symmetric 
kernel the multiplicity of a zero of D(A) is equal to the rank of the corres- 
ponding eigenvalue. 

We saw above that the kernel K(s, t) has (144) as its Fourier series 
with respect to the system of eigenfunctions ¢,(t). On substituting 
this series for K(s, t) in the right-hand side of (201), we find that the 
resolvent has a Fourier series of the following form: 


See (202) 
n=1 a 


Using the fact that the series on the right-hand side of (201) is uni- 
formly convergent, we can say that series (202) is uniformly con- 
vergent along with series (144), and if the latter is uniformly con- 
vergent, we have, in addition to expression (145), the formula 


a s t 
R (s, t; 2) =o) Fn ae ) 7 (203) 
The Fourier coefficients of the function R(s, t; 4) are in fact easily 
obtained directly by multiplying both sides of (201) by g,(t) and 
integrating with respect to ¢. Using the fact that pn(t) is an eigen- 
function of the kernel K(s, t) and that the ¢,(t) are orthogonal and 
normalized, we thus obtain the coefficients of series (202): 


b 
| Eís, t; A) on 0) at = 7 Pals). 


a 


This equation shows that the ¢,(s) are eigenfunctions of the kernel 
f(s, t; 4) corresponding to the eigenvalues (4, — 4), where the real 
value of A is fixed in an arbitrary manner. It is easily seen that this is 
a complete system of all the eigenfunctions of the real symmetric 
kernel R(s, t; 4). For, let there be a further eigenfunction ¢,(s). If it 
corresponds to an eigenvalue different from all the values (A, — A), 
it must be orthogonal to all the ¢,(s). If p(s) corresponds to some eigen- 
value (A) — 4), p(s), being a new eigenfunction, must be linearly 
independent of those of the p(s) which correspond to the same eigen- 
value. On adding to p(s) a linear combination of the ¢;(s) correspond- 
ing to this eigenvalue, we can select the coefficients of the linear 
combination in such a way that the eigenfunction obtained is ortho- 
gonal to all the p(s) just mentioned. By the theorem proved in [21], 
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this new eigenfunction will be also orthogonal to all the p(s) cor- 
responding to the other eigenvalues. We can therefore simply assume 
that the new eigenfunction g(s) is orthogonal to all the functions 
gls). Hence it is also orthogonal to the kernel K(s, t) [24]. We multiply 
both sides of (201) by p(t), and obtain by integrating with respect to t: 


b 
f R(s, t; A) g(t) dt=0, 
a 


whence it follows that p(t) cannot be an eigenfunction of the kernel 
R(s, t; 4). The hypothesis is therefore false, that the p(s) do not form 
a complete system of eigenfunctions of the kernel R(s, t; A). 

We can thus assert that, if R(s, t; 4) is taken as the new kernel, this 
kernel has the same set of eigenfunctions ¢,(s) as the original kernel 
whilst the corresponding eigenvalues are (A, — A). On applying expres- 
sion (201) to the kernel R(s, t; 4) and writing u for the parameter 
appearing in the resolvent, it may be seen that the resolvent of this 
kernel is 


P E O í ~ Pn (8) Pn (t) 
R(s, t, 4; u) = E (s, t; RERS TAAA ; 


whilst we easily find, by expanding R(s, t; å) in accordance with. 
(201) and carrying out elementary transformations, that 


og g _ a Pn (8) Pn (t) —_ ; 
R (s,t, 4; u) = K (8,t) + KEM & an{4n—-(A+4)] = R (s,t; à +u), 
i.e. if R(s, t; A) is taken as a new kernel, its resolvent will be R(s, t; 4 + u) 
Expansion (201) also holds for weakly polar kernels inasmuch as 
the iterated kernel expansion has been obtained and the uniform con- 
vergence of series (200) has been proved for such kernels. The conver- 
gence of series (45) with 4 close to zero can be proved very simply, by 
using say the expression 


b 
Kn (s, t) Ja f Ky-2 (s, t) K, (ti t) dt, 


and the continuity of the kernels K,,(s, t) with p > 2. If å is different 
from the An, (46) also holds. 


31. Hermitian kernels. We have defined a symmetric kernel as a 
real kernel which remains the same when its arguments are inter- 
changed. These kernels are analogous to the symmetric matrices of 


31] HERMITIAN KERNELS 101 


linear algebra. These symmetric matrices are a particular case of 
Hermitian matrices, whose elements satisfy the condition api = aik 
HIL, 40]. In the same way, symmetric kernels are a particular case 
of Hermitian kernels, which are defined by the property that they 
change to the conjugate when the arguments are interchanged. In the 
one-dimensional case: 

K (t, s) = K (s, t). (204) 
All the previous theory still holds for such kernels when they are 
continuous or weakly polar. As regards justifying Theorem I, all the 
eigenvalues are real, but the eigenfunctions may be complex, and 
system (139) becomes an orthonormal system of complex functions: 


b —— 0 for p#q 
Pp (8) Pq (8) ds = | 
J ý : 1 for p=q. 
Series (144) takes the form 
t 
D> Pk (Pel ) A (144,) 
k 


This is the Fourier series in functions p(s) of K(s, t), regarded as a 
function of s. It can also be regarded as the Fourier series of K(s, t), 
defined in ky, in functions ¢;(s) pit) (k = 1, 2, ...), which form an 
orthonormal system in kọ [cf. 22]). 

When the series is uniformly convergent in kọ, we have 


= Pr (8) Pr (t) 
K (s, t) = P E (145,) 
Theorem 2 and expression (152) still hold. Theorem ITI also still holds. 
We obtain the expansions for iterated kernels: 


K, (s, ar ce (n = 2, 3,...), (159,) 
k 


which are regularly convergent in kọ. We have, instead of (161): 


bb 
1 
Z=] |K (s, t) Pdsdt, (161,) 
and instead of (162): 
b k —— 72 
lim [|K (s, t) — SHE) %O | ato. (162,) 
‘k 


N+ k=1 
a 
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Theorem 3 is fully preserved, given the previous definition (168) of 
orthogonality to the kernel. Formula (172) is replaced by 


bb 
TPN _ x lPk? 
| | E (s, t) P ©) p (t) ds dt = PA (172,) 


aa 


and further, the discussion relating to the classification of kernels, 
the extremal properties of the eigenvalues, and the treatment of [30] 
are retained, assuming that the eigenfunctions are suitably replaced 
by their conjugates. The entire theory also admits of natural general- 
ization to weakly polar Hermitian kernels. As previously, the non- 
homogeneous equation (191) has solution (197). 

Integral equations with Hermitian kernels are directly connected 
with integral equations having so-called skew-symmetric kernels [13]. 
A real kernel is said to be skew-symmetric if it satisfies 


K (t, s) = — K (s, t). (205) 


Obviously, if K(s, t) is skew-symmetric, iK (s, t) is an Hermitian kernel. 
Therefore, if we have the integral equation with skew-symmetric 
kernel 


b 
p (8) =f (8) +å f K (s, t) p (i)dt, 


we obtain on replacing A by 2i an integral equation with Hermitian 
kernel: 


b 
p(s) = $ (s) +A f ôK (s, t) p (i) dt. 


Hence it follows that an equation with a skew-symmetric kernel must 
have eigenvalues, and all these eigenvalues are pure imaginary. 


32. Equations reducible to symmetric equations. We now mention 
a class of integral equations often encountered in applications, which 
can be reduced by a simple transformation to equations with sym- 
metric kernels. These are equations of the form 


b 
p (8) = f (8) + å f K (s, t) p (t) p(t) dt, (206) 


where K(s, t) is a real symmetric kernel and p(t) > 0 in the interval 
[a, b]. On multiplying both sides by p(s) and introducing instead of 
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p(s) the new required function p(s) = | p(s) p(s), we arrive at the 
integral equation 


b 
(s) = f(s) VP T6) + å f Lis, t) y (t) dt 


with the symmetric kernel 


L (s, t) = K (s, t) p(s) p(t) 
Let A, and ;(s) be the eigenvalues and eigenfunctions of the cor- 


responding homogeneous equation. We can assume as usual that the 
y,(8) are orthogonal and normalized, i.e. 


b 0 for p#q 
s s) ds = i 
foana {0 rere 


On using the expression 


k (8) = Pr (S s) Vp (8) 


we find that the e of the AAN equation 
b 
s5)=1 f K (s, t) p(t) p (t) dt 
a 
are orthogonal and normalized with the weight p(s): 


b 
f p(s) TT aa 
a 1 for p=q. 


We have for the second iterated kernel 
b SET AENEE 
L, (s, t) = { K (s, t) K (ti t) p (t) Vp (8) p 6 dt, 


the expansion 


L, (s, t) > > We (S) Ye (t) 


k= Mi 
Hence, on cancelling by the factor V p(s) p(t), we obtain for the 
function defined by the equation 
b 
H, (s, t) = { K (s, t,) K (t, t) p (t1) dt, 
a 
the expansion 


H, (s, j= $ ABRO. 
k=1 
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Similarly, by applying complete induction for the functions 


b 
H, (8, t) = f Hp (8,41) K (t,t) p (t) dt 


we obtain 


H, (s, j= 5 Pr (8) Pr (t) 1 


We have, in addition: 


K(s, t) = > pee 
k=1 ‘k 


if the series on the right is uniformly convergent with respect to one 
of the variable with any fixed value of the other. 

Suppose that the function f(s) is expressible in terms of the kernel 
Ls, t), i.e. 


f(s) = f Lís, t) h(t) dt. (207) 
Then : 
f() = Sheve(s), (208) 
where a 


6 nana 
h= f F8) y (8) ds = { f(s) VP (8) Pr (8) ds. 


a 


On cancelling both sides of (207) and (208) by p(s), we obtain for the 
function 


b EE, 
F (s) = f(s): Vp (8) = f K (s, t) Vp (®©) h (t) dt 
the expansion 


F (s) = > Fr gx(s) (209) 
k=1 


in an absolutely and uniformly convergent series, where the coefficients 
are defined in accordance with the usual Fourier rule with the addition 
of a weight: 


Fy = Ô p(s) F (8) g4(s) ds. 
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We can reduce equation (206) at once to an equation with a sym- 
metric kernel, by introducing instead of s and ¢ the new variables 
x and y: 


s t 
x= f p(u)du; y= fp(u)du, 


where the new variables are increasing along with the previous ones, 
in view of the fact that p(u) > 0. After replacing the variables we get 
the new functions /,(x) = f(s); @(x) = ọ(s) and the new symmetric 
kernel K,(z, y) = K(s, t), whilst equation (206) becomes 


l b 
w (x) = fı (2) +f K, (£, y) o (y) dy l= f poau 
0 


a 


33. Examples. 1. Let us take the kernel of [1], where we put l = 1 to 
simplify the writing, i.e. 


(210) 


Kem f y for s <t a 


t (1—8) for s >t O<ż¿<1l 


We can find all the eigenvalues and eigenfunctions here in an explicit form. We 
have to use the second of expressions (210) when integrating from ¢ = 0 to 
t = s (i.e. with t < s) in the homogeneous integral equation 


1 
p(s) =4 Í K (8, t) p(t) de (211) 
0 


whilst we use the first of expressions (210) when integrating from t = s to 
t = 1; thus the equation must be rewritten as 


$ 1 
p(s) =à f t — 8) p (t) dt +å f 8 (1 — t) g (t) dt. 
0 S 


We differentiate both sides with respect to s: 


sS 1 
P (s) = — å È tp (t) dt + ås (1 — 8) p(s) +2 f (1 — 1) p (t) dt —2s (1 — 8) p (8). 
0 


S 


The non-integral terms on the right cancel, and we get by differentiating again 
with respect to s: 


g” (8) + Ag (s) = 0. (212) 


Kernel (210) obviously satisfies the condition K(0, ¢) = K(1,t) = 0, and 
formula (211) gives p(0) = g(1) = 0, i.e. we can confine ourselves to the solu- 
tions of (212) that satisfy the boundary conditions (0) = g{1) = 0. Equation 
(212) is soluble in elementary functions, and as we know from [II, 167], 
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our boundary value problem for it can only have non-zero solutions when 
An = n2n?, these solutions being ¢,(s) = y2 sin nas. 

It is easily shown by direct substitution in equation (211) that the numbers 
and functions indicated are in fact eigenvalues and eigenfunctions of (211). 
This can be seen, however, by remarking that, given the boundary con- 
ditions in question, no extraneous solutions are brought in when carrying 
out the above-mentioned operations of differentiation of both sides of the 
equation. We have already encountered these eigenvalues and eigenfunctions 
when discussing the problem of the vibrations of a string fixed at its ends (TI, 
167]. This has a direct connection with the fact that kernel (210), as we proved 
in [1], gives the statical bending of a string in the presence of a concentrated 
force. We shall analyse this idea later for a wide class of problems of mathematical 
physics. For the present example, series (144) will be uniformly convergent, 
and we have the following formula: 


2 XQ sin kas sin kat =f for s<t ones 


T A k? t(l—s) fors>t 0<t<l 


< (213) 

Suppose that some function f(s) has continuous derivatives up to the second 
order and satisfies the boundary conditions f(0) = f(1) = 0. We have an expres- 
sion in terms of a kernel for such a function, viz. 


1 s 1 
j (8)=— f E (s) P dt = — fta a) f (0) dt — f eA — t) y ma, 
0 0 


S 


which is easily verified by integrating by parts, and which also follows from 
what was said in [1] in regard to finding the sag with a continuously distributed 
load, which must be taken equal to f”(t) in the present case. Theorem IT shows 
us therefore, that every function f(s) satisfying the conditions indicated above 
can be expanded in the interval [0, 1] as an absolutely and uniformly convergent 
Fourier series in functions y2 sin kas. We shall see later that the conditions 
imposed on f(s) can be substantially simplified. It may be remarked that (213) 
also represents the expansion of its right-hand side in a Fourier series. 

This series can be regarded either as the Fourier series of the right-hand 
side considered as a function of s (t is a parameter) in functions y2 sin kas 


(k = 1, 2,...) or as the Fourier series of the right-hand side considered as a 
function given in the square (0 <s <1; 0 <é <1) in functions 2 sin kas sin lat 
(k,l = 1, 2,...), which form an orthonormal system in this square. The 


above treatment can be applied to a kernel of the form 


astt+bs+ct+d fors<t 
K (8, t) = 
ast +bitest+d fors>t 
(see I. I. Privalov, Integral Equations (Integral’nye uravneniya), 1935, p. 102). 
2. Let us take the kernel K(s, t) which is a function of the difference s — t: 


K (8, t) = w(s—t?), 
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where w(x) is a continuous even function of period 2x. Since w(x) is even 
this kernel is symmetric. We bring in the Fourier coefficients of the function 
w(x): 


n 
e=- | ole) coske de (k =0, 1, 2,...); 
-x 


here, since the function is even, 
n 
fow) sin ka dx = 0. 
—n 


We now consider the integral 


n 
f w (s — t) cos kidt. 


-7 


On substituting s — t = x and using the fact that œ(x) is even, we obtain 


n ` s+n 
f w (s3 — t) cos kt dt = cos ks f w (x) cos ka dz , 
-n sen 


or, taking into account that the length of the integration path is 2x, we finally 


have 
n 


f w (8 — t) cos kt dé = ac, cos ks. 
=% 
Similarly: 
n 
f w (8 — t) sin kt dt = ac, sin ks. 


-n 


We consider the homogeneous integral equation 


p(s)=4 f w(s—t)p (i) dt. 


If all the Fourier coefficients cy of the function w(x) differ from zero, it fol- 
lows from the above working that this equation has the eigen values 


to which there corrresponds the following orthonormal system of eigenfunc- 
tions: 


H 1 cos s l cos 2s 
Y2n x * ya U 


: sins l 
— SIn $s, — 
ya ya 


sin 2s, ... 
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Our kernel can have no other eigenfunctions, since the functions mentioned 
form a closed system [{II, 155]. There are two eigenfunctions corresponding 
to the eigenvalue A with k > 1. If say c = 0, whilst the remaining cp differ 
from zero, the two eigenfunctions (1//) cos s and (1//) sin s are missing from 
the system, and the kernel ceases to be complete. 

Whatever the assumptions regarding the coefficients cp, series (144) will 
now have the form 


ot + D>! cy (cos ks cos kt + sin ks sin kt) = Zo + x Ck cos k (8 — t), 
k=1 k=1 


i.e. this will be the Fourier series of the function w(s — t). We cannot in general 
assert its convergence. But if the Fourier coefficients cy satisfy the condition 
cp > 0, it follows at once from Mercer’s theorem that the series is absolutely 
and uniformly convergent and yields w(s — t). The same conclusion will hold 
if there is only a finite number of positive or negative coefficients among the cp. 


34. Kernels depending on a parameter. In our discussion of the general theory 
of integral equations we have so far considered the parameter À mentioned 
only as a factor in the kernel. We in [30] an integral equation with kernel 
R(s,t; 4), which is an analytic (meromorphic) function of the parameter. 

When considering integral equations with kernels which are analytic func- 
tions of a parameter, we can come up against substantial deviations from 
the rules obtained above in the general theory. Let us take as an elementary 
example a type of homogeneous equation in which the kernel is a first degree 
polynomial in A: 


b 
g (8) = f [Ko (s, t) + K, (8, t) å] pe) dt, 


where 
Ko (8,1) =e (s)e (t); K,(8, i) = a (s) e (t), 


and 


b b 
f [e(s)Pds=1; f 9 (s)o(s) ds =0. 


It is easily seen that the homogeneous equation has the solution for any A: 


p (8) = o (8) + o (8) A. 


We now take the general case of a kernel K(s, t; 4), under the following 
conditions: (1) K(s, t; 4) is a continuous function of s, t, 4, when (s, t) belongs 
to the square k, and A lies inside some domain B of the plane of the complex 
variable A; (2) for all (s, t) belonging to this square, K(s, t; A) is a regular func- 
tion of å inside B. 

We write an integral equation by introducing the auxiliary parameter 
u in front of the integral sign: 


b 
p(s) =f (8) +u È K (8, t; Apo dt. 
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We can repeat all the arguments of [5] and [7], by replacing the A featured 
in the formulae of these sections by u. We thus arrive at the resolvent for the 
equation: 

D(s,t,43 y). 


BOO yas a) 


The numerator and denominator of this fraction are power series in the variable 
u, and the coefficients of the series are regular functions inside B. If A lies in 
any closed domain B, contained in B, the series in question are absolutely and 
uniformly convergent with respect to 4 [7] for any value of u, so that the 
sums of these series are regular functions of å inside B [HI,, 12]. Putting u = 1, 
we get the equation: 


b 
p(s) =f (8) + È K (8, t; 2) g (t) dt. (214) 


Here, two cases are possible: (1) the function D(A; 1), regular inside B, is not 
identically zero; (2) D(A; 1) = 0. In the first case equation (214) has the resolvent 


D(s,t,4; 1) 


R, (8, t; 4) = Ds) 


for all A differing from the zeros of D(A, 1), and there can only be a finite number 
of such zeros in any closed domain B, lying inside B. The resolvent obviously 
satisfies the equations 


b 
R, (8, t; 4) = K (s, t; 2) + È KE (8, t; 2) R, (tp t; 2) dh, 
ý (215) 
b 
R, (s, t; 4) =K (s, t; A+ f K (tot; A) R, (8, ty; 4) dh, 
a 


and if A is not a zero of D(A; 1), equation (214) has a unique solution for any 


f(s): : 
p (8) = f (8) + È R, (3,45 A) f (t) at. 


If 4 = A, is a zero of D(A, 1), it follows from this that the entire function 
D(A,; u) has a zero u = 1, and the results of [8] imply that the homogeneous 
equation 


b 
P (s) = | K (s, t; 2) g (t) dt (216) 


has non-zero solutions for 4 = 4,. Hence it follows, inter alia, that åA = A, 
is a pole of R,(s, t; 4). For the resolvent R,(s, t; A) would otherwise be regular 
at the point 4 = 4, with any (s, t), and would satisfy equations (215), as may 
easilybe seen by a continuous displacement to the point A= A, from points 
closeto it at which equations (215) hold. But if equations (215) hold for 4 = 4,, 
it now follows that equation (214) has a unique solution for any f(s) [6], 
so that the homogeneous equation (216) can only have a zero solution. In the 
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case D(A; 1) = 0 the homogeneous equation (216) obviously has a non-zero 
solution for any A inside B, and the non-homogeneous equation (214) is not so- 
luble whatever the function f(s). 

It follows from the foregoing discussion that, given our assumptions about 
the kernel K(s, t; 4) and D(A; 1) #0, the eigenvalues cannot be compressed 
inside B, i.e. there can only be a finite number of them in any closed domain 
B, inside B. If we assume that the kernel can have poles independent of s 
and ¢ instead of being regular, it is possible for there to be an infinite set of 
eigenvalues in any small neighbourhood of each such pole. For instance, if 
the equation 


b 
p(s) = f(s) +4 { K (s, t) p(t) de 


with continuous symmetric kernel has an infinite set of eigenvalues Ap, then 
| 4n | ~ + œ, and the eigenvalues 47! of the equation 


6 
po =f) +7 /K@0eOd 
a 


with kernel K(s, t; 4) and pole at A = 0, tend to 4 = 0 as n + œ. 

It may happen, however, that the resolvent of a kernel which has poles has 
no singular points at all. For instance, let R(s, t; 4) be the resolvent of an integral 
equation witha symmetric kernel. As we know, it is a meromorphic function 
of A, the poles of which do not depend on ¢ and t. We form the integral equation 


6 
9 (8) =f (8) —4 | R(s, t; A) pie) ae 


with kernel R(s, t; 4) and parameter u = —A/. By what was said in [30], the 
resolvent of this equation is equal to 


R (s,t; A+ H) lum- = B(s, 65 0) = K (8,ċ), 


and it does not depend on 4. 

Equations with kernels analytically dependent on a parameter have been 
considered in various works, including in particular: Miranda (Circolo Matem. 
di Palermo, vol. 608, 1937), Iglisch (Mathem. Annal., Bd. 117, 1938) and Z. I. 
Khalilova (Dokl. Akad. Nauk S. S. S. R., vol. 54, no. 7, 1946). The literature 
of the subject will be found in these works. 


35. Space of continuous functions. We finally turn to the proof of 
Theorems I and II, which we stated in [21] and [22] and used in our 
discussion of the theory of integral equations with symmetric kernels. 
We shall use in the proof of these theorems the ideas, concepts and no- 
tation of present-day functional analysis. The relevant material will 
be considered in detail in Vol. V, and we shall confine ourselves here 
to the part relating to continuous functions. This is due to the fact 
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that the entire theory of integral equations has been described here 
for continuous functions and on the basis of the ordinary concept of the 
integral (without using Lebesgue integrals). We shall start with a 
description of the fundamental concepts and results of functional 
analysis for families, or as they are generally termed, spaces of con- 
tinuous functions. 

We take the set of all real functions, continuous in a given finite 
interval [a, b]. We shall call this set the space F. Every concrete real 
function continuous in [a,b] is called an element of this space. We 
denote these elements in future by the last letters of the Greek alpha- 
bet, i.e. instead of o(s), t(s), p(s), p(s), ... we shall simply write ø, t, 
p, Y, ... The zero element is defined as the identically zero function. 
We shall denote it by the number zero and shall use the first letters 
of the Latin alphabet a,b,c, ... for the real numbers. If ¢;(s) are 
continuous real functions and cg are real numbers, the finite sum 
Cy p(s) + C2 pals) + -.. + Cm Ym(s) is also a continuous real function. 
The elements of space F can therefore be multiplied by real numbers 
and added, and further elements of F thus obtained. The linear in- 
dependence of elements of F amounts to linear independence of the 
corresponding functions [3]. The element (—q) corresponds to the 
function —(s). 

The scalar product of two elements is defined as the integral of 
their product and is written in the usual way as 


j= f p(s) s) p(s) ds. (217) 


The scalar product of two elements is therefore a number. The follow- 
ing properties of the scalar product are immediate consequences of 
the elementary properties of the integral: 


(cp, dy) = cd (p, ¥) ; (218,) 
(Pi + Po Yr + Pa) = (Pr Pr) + (Po Pr) + (Pis Po) + (Po V2) (218,) 
It is obvious, in addition, that 


(p, y) = (y, p). (219) 
Furthermore: 


b 
(p, p) = f [p(s)]}?ds, (220) 


whence we see that (p, p) > 0, where the sign of equality only holds 
for the zero element. 
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The norm of the element ọ is defined as the arithmetic value of the 
square root of (p, vy). The notation || ọ || is used for the norm: 


Ivl=Ve0 = |i [p (8)] ds. (221) 


We have || ¢ || > 0, where the sign of equality only holds for the 
zero element. Further, it follows from (218,) with c = d and y = that 


lepll=lel-lell- (222) 
We obtain by applying Buniakowski’s inequality to integral (217): 


(ev) | < lell liy l] (223) 
It follows from (222) that 


pe ei =le — v|- (224) 
We have further, by (218,) and (219): 


le + yle = (p +y p +y) = (p, p) + yy) + 2 (p, y) 
< lele -+ iale +2llel-lyll, 


whence the triangle inequality is obtained: 


le + yil < lell + i- (225) 


Two elements y and y are said to be mutually orthogonal or simply 
orthogonal, if their scalar product is zero. Let the elements y,, Po- -> 
Ym be pairwise orthogonal. By using (218,) and definition (221), we get 
Pythagoras’ theorem: 


Pit Pe e+ E Ym l? = er? + Ml pe l +--+ H lem |P (226) 


The concept of limit is introduced by using the concept of norm. 
An element is said to be the limit of the sequence of elements gp if 
|| p — Pn || > 0 on increase of the subscript n, or in other words, 
\|@ — Gn ||? > 0. We write in this case p= y. This is equivalent 
to the following: 


|p — pal? = f [p (s) — Pn (s)|?ds—>0, (227) 


i.e. the convergence 9, => ¢ is defined as a convergence in the mean. 
We retain the previous notation for passage to the limit in the case 
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of numbers: a, —> a. It is easy to show that a limit ts unique. For, let 
Qn => p and g,=> y. We can write 

P — P = (P — Pn) + (Pn — Y), 
whence, by (225), 


lg — yll < IP — Prill +l Pn — Yl- 


On indefinite increase of n the right-hand side tends to zero, whilst 
the left-hand side is independent of n, so that || ¢ — y || = 0 i.e. 
gy — y is the zero element, i.e. the continuous functions g(s) and (s) 
are identically equal, i.e. the elements ọ and y coincide. 

We notice further that, if the sequence gn has a limit, || ¢m— pn || > 0 
on indefinite increase of m and n. For, it follows from 


Pm — Pn = (Ym — P) + (P — Pm) (Pn => p) 
that 


and the right-hand side tends to zero on indefinite increase of m and n. 
We now prove a theorem. 


THEOREM 1. The expressions cp, p + y and (9, y) are continuously 
dependent on the number c and the elements y and y, i.e. if cn—> c, 
Gn => p and pn => y, then 

Cnn CPS Pn PPPs (Pw Pn) > (PY). 

We write down the obvious equation 

CP — CnPn = (CY — CnP) + (CnP — Cn Pn) 
and apply the triangle inequality to the sum on the right: 
lle — CrP n || < |e —c,|- |] PI air len|-l|e— all, 
whence it follows that cn pn = cg. 
We have further: 


(P+ YP) — (Pn + Yn) = (P — Pn) + (Y— Yn) 
whence 


(P+ ¥) — n+ Yn) <e— Gall + lle — voll, 
so that 
(P+) — (nt Pn) |l>O, Le Qty >ety. 


We turn finally to the proof of the continuity of the scalar product. 
We have to show that (pn, Yn) > (p, y). We write —> because we are 
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concerned here with a convergence of numbers, not of elements of F. 
We put: gn — = On and Yhn — Y = Ty. The norms || on || and|| tp || 
tend to zero, because pn => p and Yn => y. 
We have: 
(P, Y) — (Pr Yn) = (p, Y) — (P +o, T Tn) 
= — (P, Tn) — (Gp, P) — (Gn Tn)» 
whence, by (223): 


LE P) — (Pr Prd <M ell tall + emi Hell + Weal (tall. 


The right-hand side tends to zero on indefinite increase of n, so that 


(Pn, Yn) > (P, Y). 
COROLLARY. If gn => g, then || pn || — || @ ||. For: 


|| Pr |l = (Ph Pn) > } (p, p) = lell 


Let the elements g, (k = 1, 2, ..., n) be mutually orthogonal and 
normalized, i.e. 


0 for p#q 
see 228 
(Pp: Pq) a ee eed (228) 
and let y be any element of F. The sum 
n 
Pe (p, Pr) Pk 


k=1 


is an element of F; in fact, it is the Fourier series of the element ¢ in ele- 


ments py (k = 1, 2, ..., n). The difference 
n 
P — > (P, Ph) Po (229) 
k=1 
may easily be seen to be orthogonal to all the pp (k = 1, 2, ..., n). 


We notice further that, if a sequence of functions w,(s) tends uniformly 
in [a, b] to w(s), we can pass to the limit under the integral sign in integral 
(227), and we have œn => w. But it does not follow from ©n => œ 
that the w,(s) tend uniformly to (s) [ef. II, 148]. 

The structure of the F space is exactly similar to that of the R, 
space in linear algebra. We have confined ourselves here to real 
functions. The extension to complex functions presents no difficulties 
and will be given later. 
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Given the definition of limit in F, we can clearly consider an infinite 
series such as 


> vk 
k=1 
where the yx are elements of F'. If, on indefinite increase of n, 
n 
on, = PA Yk >Y, 
k=1 


we say that the series is convergent and that its sum is y. In accordance 
with what has been said, we could also consider the infinite Fourier 
series: 


D (P, Pk) Pr- 
k=ł 


No use will be made of these in future. 
The convergence of the above series is a convergence in mean, i.e. 


the convergence of the series © to the element y means that 
k=1 


ile (s) — > Yr of ds—>0. 


36. Linear operators. Any definite law in accordance with which 
an element ọ of F is associated with a definite element also of F is 
called an operator in F. We use the notation A, B, ... for operators 
in F, so that the symbols Ag, By, ... denote the elements with which 
ọ is associated by the operators A, B, ... 

The distributive law for an operator is given by 


A (CP + CoP. +- . -+ CmPm) = CAG, + C Apa +- - -+ CmáPm- (230) 


An operator A is said to be bounded if a number N exists, such that, 
for any element g, 


| Ap || <N Ilp- (231) 


A distributive bounded operator is called a linear operator. An example 
of a linear operator is provided by the integral operator with real con- 
tinuous or weakly polar kernel: 


Ap = (Kos, t) p (t) dt. (232) 
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The distributive property follows from the elementary properties o 
the integral, and the boundedness from Buniakowski’s inequality 


[f E K (s, t) ọ (t) af < < f [Ki Neat. f [p (]edt, 


provided the first factor on the right does not exceed, some 
definite number: 


([K (s, t)]?2dt < N,, 


for any s, as is the case for continuous and weakly polar kernels. On 
integrating both sides of the inequality with respect to s: 


fi K (s,t) y(t) af <N, f [p (0)]?dt, 


we obtain: 
|| Ap i? < (6 — a) Ni || ¢ |? 


i.e. inequality (231) with N = /(b—a)N 


A further example of a linear eats i povided by the operator 
that associates any continuous function with the same function. This 
identity transformation operator is usually written as &, so that 
Sy = p. We can take N = 1 in (231) for this operator. 

Let us also consider the linear operator A which amounts to multi- 
plying any element 9 by some fixed number a, i.e. Ap =ag. In this 
case we can take N = | a | in (231). Ifa = 0, the operator A transforms 
any element g to the zero element, i.e. multiplies any function ¢(s) 
by zero. Weshall call this the annihilation operator. The characteristic 
of the annihilation operator is that N = 0 in (231). For, if N = 0, it 
follows from (231) that || Ag || = 0 for any 9, ie. Ap is the zero 
element for any g, since the norm of the zero element alone is zero. 
Thus the N in (231) must be a positive number for every linear operator 
differing from the annihilation operator. 

We shall be concerned only with linear operators in what follows, 
and these are to be understood when we speak of operators. 

If œ is the zero element (i.e. w(s) = 0), we can write œ = Op, where 
ọ is any element, in which case, by (230), dw = A(0~) = 0Ap = o, 
i.e. every operator transforms the zero element to zero. 

We return to inequality (231). If œ is the zero element, Aw is also 
the zero element, i.e. || Aw || = || œ || = 0. In this case (231) holds 
for any choice of N. 
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We can therefore assume that || p || > 0 when considering (231). 
Let pọ be a normalized element, i.e. || p || = 1. We can now write 
(231) as 

| 49, <N (lell= D. (233) 


It is easily seen that, conversely, (231) follows from (233). For, r 2 
be any element different from zero. Now, by (222), (1/|l ¢ II) ( 
a normalized element, and (233) gives 


la lran) < 
whence, by (230): 


i 
Iter 42 <7 cd Tet lll < <N, or || Ap||<N lel, 


e. (231) in fact follows from (233). We can thus consider (233) instead 
of (231), and vice versa. 


If (231) or (233) is fulfilled for some J, it is fulfilled all the more for 
all greater values of N. It is natural for us to seek the least possible N. 

If pọ isany normalized element of F, || Ag|| will be a set of non-negative 
numbers, and all the numbers of this set will not exceed N. The set 
has a strict upper bound [I, 42], which we denote by na: 


na = ue || Ag ||. (234) 
9 \|=1 
Now, by the definition of strict upper bound, || Ag || < na for 
ilọ || = 1, but, given any positive e, there will exist a normalized » 
such that || Ag || > na — e. Hence, na is the least possible value of 
N such in (231) and (233): 


láp <ra (lell=) (235) 
or 
| Ag || < nalll- (236) 
Instead of (234), we can obviously define n4 by 
az láell _ A 1 
na = sup -eg = P| 4 (rar) | i 


where ọ is any non-zero element. 

The number 7, is usually termed the norm of the operator. This norm 
is equal to zero for the annihilation operator and is positive for any 
other operator, as we have seen. Let us give another definition of the 
norm. 
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THEOREM 2. The norm na is the strict upper bound of the numbers 
(Ag, p) for lle ll = lly [|= 1, ie. 


n,=sup|(Agy,y)| for |/y||=|/y||=1.- (238) 


If A is the annihilation operator, (Ay, y)=0 for all p and y, and the 
theorem is obvious, since na = 0 in this case. Suppose that A is not 
the annihilation operator. It follows from 


| (Ay, v)| <| Ap] ell = rale] (239) 


|(g, p| <2, for |p| =||y||/=1. (240) 


On the other hand, if we replace y by the normalized element Ag/||Aq|| 
in the scalar product (Ag, y), where Ag is not the zero element, we 
get (Ag, y) = || Ag ||. By (234), we can choose the normalized element 
so that || Ag ||, i.e. (Ag, y)], is as close as desired to n4. This assertion, 
along with (240), in fact gives (238). We observe that, in the case of 
the integral operator (232), the scalar product (Aq, y) is given by 


fE o (t) at} ds. 


that 


(4p, y) = f 


a 


On changing the order of integration, as is possible for continuous or 
weakly polar kernels, we obtain 


(Ag, 4) = {fx (s,t)y ( sas|o gy (t) de. (241) 


If, along with operator (232), we introduce the operator A* with 
adjoint kernel: 


Aty = f Eis, t) y (s)ds, (242) 


we can write (241) as 

(Ap, y) = (p, A*y). (243) 
In the case of a symmetric kernel, the operator A* is the same as 4, 
and (243) becomes 

(Ap, y) = (p, Ay). (244) 

DEFINITION. The operator A is described as self-conjugate if (244) 
holds for any elements y and y. 

The integral operator with symmetric kernel is not the only self- 
conjugate operator. For instance, the operator of multiplication by a 
number is easily seen to be self-conjugate. We now prove a theorem 
of importance for what follows: 


36] LINEAR OPERATORS 119 


THEOREM 3. The norm of a self-conjugate operator is the strict upper 
bound of the values of (Ap, ¢)| for all possible normalized elements g. 


Let d= sup | (4p, p)]- (245) 
ie ||=1 


We have to show that d = n4. If g is any element different from zero, 
we can also write: 


d=sup|(47—7 9, qa?) |= ae. 2) . 


whence 
|(Ag, p)| < dl] |ļ2- (246) 


This relationship is obvious for the zero element gy. We can write: 


(Alp +), p+ y)— (4p — y) p — vy) = 4(dp, p), (247) 
this being obtained by applying formulae (218,), (219), (230) and (244) 
to the left-hand side. On the other hand, by taking (246) into account, 
we obtain 
(4l +y), p+) — 4l- y) p— y) < 
<|(A(p+¥), p +y) +I(4lp-— y) p-— y) < 
<d +y, p +y) +d- y p- y) = 
= 24 (|p? + lvl), 
whence, by (247): 


2| (Ag, ¥)| < d (lgl? + ily lP); (248) 


(Ap p| <d with lọl=ly]=1. 


On the other hand, by Theorem 2, n4 is the strict upper bound of 
the left-hand side of the last inequality, so that d > na. To prove the 
theorem, it remains to show that d < na. 

We have by (238): |(Ag, p)| < na with || p || = 1. But, by defi- 
nition (245), d is the strict upper bound of the left-hand side of this 
inequality with || p || = 1, whence it follows that d < n4. Thus, for a 
self-conjugate operator: 


so that 


= A n (Ag, 9) | 9) 
= in Pe i= lol (249) 


The quantities (Ay, y) and (Ag, p) are analogous to bilinear and 
quadratic forms in linear algebra [III,, 40]. These are sometimes called 
the bilinear and quadratic functionals corresponding to the operator A. 
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We discussed these quantities in [25] for an integral operator with 
symmetric kernel. The quadratic functional for the integral operator 
(232) has the form 


b b 
(4p, p) = f f K (s, t) p (8) p(t) dedt, (250) 


where the order of integration on the right-hand side is of no con- 
sequence in the case of a continuous or weakly polar kernel. 

The proof of the fundamental theorems will be linked up with a 
discussion of the extremal values of the quadratic functional (250). 

We developed this point of view in [26] by making use of Theorems 
I and II. Here we shall discuss these extremal values directly, without 
having recourse to the results obtained above in the theory of integral 
equations with symmetric kernels. We can only obtain a proof of 
Theorems I and II for a certain class of linear self-conjugate operators, 
and our next task will be to distinguish this class. 

We first mention a property of any linear operator. Let gn => 9, 
i.e. || p — pn || — 0. We have: 


|| 4p — Apn l| = || 4 (p — Pn) || < na lle — Pall 
so that || dg — Apn || > 0, i.e. Agn= Ag. Thus it follows from 
Qn=>q that Ag, = Ag, i.e. every linear operator is continuous. 
Let us introduce some new concepts. A set G of elements g is de- 
scribed as bounded in norm or simply bounded if a number C exists 
such that, for all elements g of G: 


lel = |$ [p (9)]2ds < C. (251) 


Further, a set G of elements g is described as compact in the sense of 
convergence in the mean, or simply as compact, if a subsequence having 
a limit in the sense of convergence in the mean can be extracted from 
any sequence of elements of G. 

As well as a set bounded in norm, we can consider a set G of 
elements p bounded in absolute value. For this type of set there must 
exist a number C such that the absolute values of all the functions 
p(s) of G do not exceed C, i.e. instead of (251) we have 


|p(s)|<C. (252) 


Similarly, a set G of elements ¢ is said to be compact in the sense of 
uniform convergence, if a subsequence having a limit in the sense of 
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uniform convergence can be extracted from any sequence of elements 
of G. A set which is compact in the sense of uniform convergence will 
also be compact in the sense of convergence in the mean, since con- 
vergence in the mean is a consequence of uniform convergence. 

The theorem proved in [16] can be stated as follows: 

THEOREM. If all the elements of G satisfy condition (252), and are 
equicontinuous, the set G is compact in the sense of uniform convergence. 

We now define the class of linear operators with which we shall be 
later concerned. 

DEFINITION. A linear operator A is described as completely continuous 
if it transforms any set bounded in norm into a set which is compact 
in the sense of convergence in the mean. 

In other words, if the elements g satisfy condition (251), with a 
fixed number C, the set of elements Ay must be compact in the sense 
of convergence in the mean. 

If the set Ag happens to be compact in the sense of uniform con- 
vergence, it is all the more compact in the sense of convergence in the 
mean. An operator possessing this property will be described as 
rigorously completely continuous. 


DEFINITION. A linear operator A is said to be rigorously completely 
continuous, if il transforms any set bounded in norm into a set compact 
in the sense of uniform convergence. 

As just mentioned, every rigorously completely continuous operator 
is also completely continuous. 

We shall prove some fundamental theorems in the next section 
for all completely continuous self-conjugate operators. However, 
when considering integral operators and establishing the conditions 
in which they are completely continuous, we have to make use of the 
theorem of [16] and hence prove that the corresponding operator is 
rigorously completely continuous. The condition for compactness in 
the sense of convergence in the mean, which is bound up with the 
theory of functions of a real variable and the Lebesgue integral, will 
be proved in Vol. V. We also discuss in Vol. V the theory of integral 
equations on a more general and natural basis. 


37. Existence of the eigenvalue. Let us consider a completely 
continuous self-conjugate operator A differing from the annihilation 
operator, and the homogeneous equation with parameter u: 


Ap = ug; (253) 
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this corresponds to writing the homogeneous integral equation in the 
form [cf. 2]: 


(Kt p (f) dt = up (8). (254) 


The eigenvalues for equation (253) are therefore the reciprocals of 
the eigenvalues discussed when dealing with the theory of integral 
equations. By (249), a sequence of normalized elements y, (n=1, 2, ...) 
exists, such that 


| (Ay, Yn) |> nr, ( | Pn | = 1). (255) 


Since na > 0 (A is not the annihilation operator), the quantities 
(Ayn; Yn) are non-zero for sufficiently large n, and an infinity of them 
is positive, or an infinity negative, or an infinity both positive and 
negative. Whatever the case, we can extract from the sequence of Yn 
a subsequence such that we can write, retaining the previous notation 
for the subscripts, 


(Ay, Vn) > by , (256) 
where 
M= na (257) 
or 
fy = — na. (258) 
We form the element 
Tn = LyPn — AYPns (259) 


and find the square of its norm: 


|| Tn ||? = (Yn — APas HYPn — APn) 
= Hi (Pr Pn) — 241 (AP Yn) + (APn An), (260) 
or, on recalling that || yn || = 1 and || Ayn ||? < nh = pt: 


ll nll? < 22 [m — (Apn: Pn)]- (261) 


By (256), the right-hand side tends to zero as n— œ, so that 
il th || > 0 also, i.e. 
Pfr — Ay, =>0. (262) 


We have not as yet used the fact that A is a completely continuous 
operator. We shall use it next. 

The elements yn are normalized, so that the set of them is bounded, i.e. 
the sequence Ay, is compact. We can extract from this a subsequence 
having a limit element. On retaining the previous notation for the 
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subscripts, we can assume that the sequence Ay, has a limit element. 
But now, by (262), the sequence y, also has a limit element (p # 0). 
Let yn = pı. The limit element ¢,, like the pn, is normalized, by 
Theorem 1 of [35]. On passing to the limit in (262) and taking the con- 
tinuity of operator A into account, we get 4 pı — Ag, = 0, ie. 


AQ, = aP. (263) 


Hence equation (253) has an eigenvalue y, and the corresponding 
normalized eigenelement p. It follows from (263) that 


(Ag 91) = 4- (264) 
The above discussion leads to the following existence theorem for 
the eigenvalue: 
THEOREM I. If A is a completely continuous self-conjugate operator in 
space F, different from the annihilation operator, equation (253) has a 
non-zero eigenvalue u, whose absolute value is equal to na. 


38. Sequences of eigenvalues and expansion theorem. We now 
take, instead of the set F of all continuous functions, the set F, of the 
elements p (we put F, = F) which are orthogonal to q, i.e. the set 
of the real continuous functions (s) which satisfy the condition 


(p,p) = f (8) p (8) ds = 0. (265) 


Some important facts regarding F, must be noted. If we form linear 
combinations of elements of F, we obtain further elements of F,. 
For, if (@,, pı) = (w, pı) = 0, then 


(C1 + C203, Py) = 6, (My, Py) + Cg (Mg, P1) = O- 


Further, if w, belongs to F, and œn = @», then œ, also belongs 
to F,. For, a passage to the limit in (w@n, pı) = 0 gives us (Wo, y,) = 0. 
We show further that, if an element t belongs to F,, then At also 
belongs to F}. For, (t, gœ) = 0 by hypothesis, and we have 


(At, 9) = (T, AQ) = (T, KP) = F (T, P) = 9- 
We can therefore regard the operator A as self-conjugate and com- 
pletely continuous, and defined in F,. It transforms elements of F, 
into elements of F,. All our discussion of [35], [86] and [37] re- 
tains its force on replacing F by F}. 
The question arises as to the norm of the operator A in F,. We write 
it as n, (n = na). 
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By Theorem 3 of [36], this norm is given by 


v, = sup |(4g,9)|. (266) 
lig |i=1 
The norm n, of the same operator in the wider space F was given 
by a similar expression (249), where y runs over F instead of F,. 
Hence », is the strict upper bound of a narrower set of numbers, and 
we can assert that v, < na. In particular, it may happen that », = 0, 
i.e. that A is the annihilation operatorin F,. Suppose that this is not 
the case. On repeating the arguments of [37], we see that equation 
(253), regarded as an equation in F,, now has an eigenvalue ps, 
and the corresponding normalized eigenelement g, of Fy: Ap, = Ho Yz- 
Now, | m| = n and (Ags, P2) = u It follows from », < na that 
| Hr | > | He I. 
We now construct the set F, of elements of F satisfying the 
conditions 


We can say the same of F, as was proved above for F,, and A can be 
regarded as a self-conjugate completely continuous operator in F}. 
If it is not the annihilation operator, we obtain as above an eigenvalue 
u and the normalized eigenelement p, of F}. Now, | us| = »3, where v, 
is the norm of A as an operator in F}. In this case | u] > | u] > | ul 

By proceeding in this way we get the eigenvalues 4, fa, ..., Un 
and the corresponding mutually orthogonal and normalized elements 
Pi Por «++» Pn» Where 


eee (268) 


and | up | is the norm of A as an operator in Fp, so that 


| (4g, p) | < [l lip] (269) 
if 
(P, P1) = (P, Pa) = - - - = (P, Pr) = 0. 
Suppose that the process breaks off on constructing the next eigen- 
value, i.e. A turns out to be the annihilation operator in the set Fn4, 
given by the conditions 


(P, P1) = (P, P) = - -- = (P, Pn) = 0. (270) 
Let œ be any element of F. We construct the element 


p =w — S(O, Pr) Pres (271) 
k=1 
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satisfying (270), i.e. belonging to Fn}. We have by hypothesis: 
2 n 
A le — > (, Px) n =0 
k=1 


or, on removing the brackets and noting that Ag, = px pr (k = 1, 2, 
.., n), we obtain 


n 
Aw = > (0, Pr) MPs 
k=1 


i.e. every element of the form Aw may be expanded in eigenelements 
px. It is easily shown that (wœ, ;) ux are the Fourier coefficients of the 
element Aw: 


(Aa, Px) = (w, Ax) = (©, MePr) = Uy (W, Pr) - 


Now suppose that the above process of constructing the non-zero 
eigenvalues us continues indefinitely. We show first that the sequence 
of eigenvalues us tends to zero. Suppose, on the contrary, that the 
non-increasing sequence of positive numbers yj has a limit a greater 
than zero. Since all the eigenelements p; have a norm equal to unity, 
the sequence Ay, must be compact. On the other hand, on recalling 
that the are pairwise orthogonal, we have by Pythagoras’ theorem: 


| Apm — Apn ||? = || Pm — Bn Pr ||? = Min + Ba 


and on indefinite increase of m and n the last sum has a limit 2a 
greater than zero, whence it follows that the sequence Ay cannot be 
compact. The contradiction obtained shows that us — 0. 

We again consider element (271) belonging to Fn. The norm of 
the operator A in Fn+ is equal to uny, 80 that 


2 2 


< Mhay 


n 


A [o — 3 (0, Pi) Pr 


k=1 


(272) 


n 
m= > (w, Pr) Pr 
k=1 


But, as may easily be shown [3]: 


ET 


k=1 


=]iœ]?— = [(o, p9}? < |] oP, 


so that it follows from (272) that 


2 


A < Min || @ |P, 


n 
ao — (a, Px) a 
k=1 
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and the right-hand side tends to zero as n — œ, whence 


n n 
afo — > (o, Pa) n| = Aw — Y (, Pi) He P= 0, 
1 


k= k=l 
i.e. 
Ao = pe (, Pr) Me Pko (273) 
k=l 

where the convergence of the infinite series must be understood as 
a convergence in the mean of the segments of this series to Aw. 

We show finally that the px are all linearly independent eigen- 
elements of operator A, corresponding to non-zero eigenvalues. 


The eigenelements corresponding to different eigenvalues are 
pairwise orthogonal. For, if u’ # u”, and 


Ay’ =p'¢'; Ap" = u"g", 


we obtain by forming the scalar product of the first equation with g” 
and of the second with 9’: 
(w — 2") (g, p") = (Ap, p") — (g, AP") = (Ag, g") — (Ag, g") = 
i.e. (p’, p") =0. The eigenelements corresponding to the same eigen- 
value can be orthogonalized. Hence, if there is an eigenelement t 
linearly independent of the ps, corresponding to the non-zero eigen- 
value u, it can be assumed orthogonal toall the øx [cf. 21], i.e. (T, p) = 
On substituting œ = t in (273) and using the fact that At = ut, 
we get ut = 0, i.e. t is the zero element (u #0), which is absurd, 
since t is an eigenelement by hypothesis. The g, therefore yield a 
complete system of linearly independent eigenelements, corresponding 
to the non-zero eigenvalues. Formula (273) gives the expansions of 
any element of the form Aw in eigenelements pø}. We thus obtain, for 
the integral self-conjugate completely continuous operator, the ex- 
pansion of any element expressible in terms of the kernel: 


F (s) = [K (s, t) A(t) dt, 


in eigenfunctions g(s), the convergence being understood as converg- 
ence in the mean. But we have seen that the Fourier series of F(s) in 
the ¢,,(s) is uniformly convergent in [a, b] for continuous and weakly 
polar kernels. Let ¢(s) be its sum (a continuous function). 

The uniform convergence implies convergence in the mean, i.e. the 
Fourier series F(s) in the p(s) is also convergent in the mean to g(s). 
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But the limit in the mean is unique, and we have shown above that the 
Fourier series of F(s) is convergent in the mean to F(s). Consequently 
g(s) coincides with F(s), i.e. the Fourier series of F(s) in the ¢,(s) is 
uniformly convergent to F(s). This proves Theorem II of [22]. 

In the theory of integral equations we wrote instead of (253): 
p = AAy, i.e. A= l/u. By what has been proved, un—> 0, so that 
An = l/ un —> ©, as we have already seen above. 

The results of the present section may be stated as follows: 

THEOREM II. All the eigenvalues of a completely continuous self-con- 
jugate operator A, different from the annihilation operator, have finite 
rank, and there is a finite number of them outside any interval [—e, e]. 
Every element of the form A can be expanded ina Fourier series in eigen- 
elements pr, the convergence being understood as a convergence in the 
mean. 


39. Space of complex continuous functions. Starting from [35], we 
could have developed the entire theory for complex continuous func- 
tions. Let H be the space of complex functions @(s) = @,(s) + «,(s)t, 
continuous in [a,b]. We can now use complex coefficients when 
forming linear combinations of functions. The scalar product is defined 


by 
b RASAN 
(p, Y) = f v(s) p(s) ds. (217,) 


We have, instead of (218,): 


(cp, dy) = cå (p, 4) 
and instead of (219): 


(y, p) = (p, Y). (219,) 
The norm is defined by 


lel = yp, =| flee res. (221) 


A self-conjugate operator is defined by (244) as previously. The 
quantity (Ag, p) is always real for a self-conjugate operator, since 
(Ag, p) = (p, Ap) = (Ag, p), and a number equal to its conjugate is 
real. A self-conjugate operator can only have real eigenvalues, since 
Ap = py implies (Ag, p) = u || ọ |?, whence u must be real. 
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A modification is needed in the proof of Theorem 3 of [36]. We have 
now, instead of (248): 


2|,R (Ag, v)| <a[|l el? + ille] (248,) 


where @ is the symbol for the real part. We show that this leads us 
to the same inequality for the modulus (Ag, y), i.e. 


2| (Ag, y)|<4[ le] + |] ¥ IP]. (248) 


i, where r is the modulus and £ the amplitude 


Let (Ag, y) = re 
of (Ag, y). 
The element ¢ in inequality (248,) is arbitrary and it can be replaced 


by e~ 8 y. We get: 


2| Re (Ap, v)| < d[e] + | vf]. 
On observing that | e7” | = 1 and (Ag, p) = re? 


the last inequality as 
2|&r|<d[llel? + ll]. 
But the real part of r is r itself, i.e. 


2r < d[llele+ lipi] or 214p, | <4[ilel?+ lel), 


which is what we wished to prove. All the rest of the discussion is as 
before. 

This theory of completely continuous self-conjugate operators in 
complex continuous function space yields, as above, an existence 
theorem for the eigenvalues and an expansion theorem for integral 
equations with Hermitian kernels. 


, we can rewrite 


40. Completely continuous integral operators. We consider the 
integral operator 


b 
y (s) = f K (s, t) y (t) dt (274) 


and discuss the conditions in which it becomes rigorously completely 
continuous in space F. It is necessary, first of all, that the integral 
written should have a meaning for any choice of continuous func- 
tion g(é), and also that y(s) be a continuous function. This is clearly 
true if K(s, t) is a continuous or polar kernel [17]. 

We form the difference 


b 
p(s +A) — y (8) = f [K (s +h, t) — K (s, t)] p(t) dt 
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and apply Buniakowski’s inequality: 
[leh — vO) < JIK e+A D- Kl npa flona 
whilst similarly, from (274): 
[pD < JIE (6, 9 Pat: flp O pat. 
Suppose that we have a set of functions y(t) bounded in norm, i.e. 

fle @lat< o, (275) 
a 

whence, by virtue of the above inequalities: 


ly (s) |? < 0°? f |K (s, t) |? dt; (276) 


b 
[p (8 +A) — p (8)? < 0? f |K (s +h, t) — K (s, t)|[èdt. (277) 
a 
We now let the kernel K(s, t) satisfy the following two conditions: 
(1) there exists a number M? such that 


b 
f |E (s, t) |2 dt < M2 (a<s<b); (278) 
a 
(2) given any positive 2’, there exists a positive y such that 
b 
f |K (s +h, t)— K (s,t) Pdt < X with |A|<n. (279) 


Now, by (276) and (277), the set of functions y(s) will be a set of 
functions which are bounded in modulus and equicontinuous, i.e. a 
compact set in the sense of uniform convergence, whilst operator (274) 
will be rigorously completely continuous. 

Conditions (278) and (279) are obviously satisfied when the kernel 
K(s, t) is continuous. Condition (278) holds also for a weakly polar 
kernel [28]. It is easily shown that condition (279) likewise holds for 
a weakly polar kernel. To prove this, we need only repeat the arguments 
which were used in [17] as regards integral (106), except that, in- 
stead of the inequality 


|K (s +h, t) — K (s, t)| < | K(s +h, t)|+ |K (s, t) |, 
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we have to use the inequality 
ò 1 
|K (s +h, t) — K (s, t) |? < g [|E (s +h, t) |? + |K (8, $) f]. 


Thus, integral operators with continuous and weakly polar kernels are 
rigorously completely continuous operators in F. 

If, in addition, the kernel is Hermitian (or real and symmetric), 
the operator is self-conjugate, and the whole of the above theory 
applies. 

We show further that, if a continuous or polar kernel of the type 
indicated in [17] is not identically zero in ko, operator (274) is not the 
annihilation operator. 

Suppose that the continuous kernel K(s, t) is real and non-zero at 
some point (Sp, to). 

Let K(so to) > 0. Since the kernel is continuous, there exists a 
positive number 6 such that K(s, t) > 0 for |t — tọ | < 6. Further, 
there exists a continuous function g(t), positive for |t — tọ | < 6 and 
zero for |t —t,| > 6. On substituting this function in (274) and 
putting s = Sọ we obtain 


V (6) =(K(%,)p(di= f K(s,t)eW)dt>0, 


[t-t] <8 


so that the continuous function »(s) is not identically zero, and oper- 
ator (274) is not the annihilation operator. The arguments are the same 
as regards a polar kernel if we take into account the continuity of 
L(s, t). The discussion is also just the same for complex kernels. 

It can be shown, by using the concept of the Lebesgue integral, that 
a sufficient condition for operator (274) to be completely continuous 
is that the integral 


b b 
f f IK (s, t) |? ds dé 
aa 

be finite. 


41. Normal operators. Let A, and A, be two linear operators in space H. 
If ọ is any element, on applying operator A, to the element A, p, we get the 
element A,(A,, p), so that the result of successive application of operators 
A, and A, is also an operator, which is usually denoted by the symbol A, A, 
fef. IIL, 21]: 

(A241) p = A; (4,9). (280) 


It is easily seen that A, A, is a linear operator. 
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The distributive property follows at once from the distributive properties 
of A, and A,, whilst the boundedness follows from the boundedness of A, 
and A,: 

|| 42 (Ay) || < na l| 4P |] < nana lle i 

We can also define an operator A, Á, as the successive application, firstly 
of A, then of A,: 

(4,42) p = A, (4:9). (281) 


In general, the linear operator A, A, is different from A, 4,. Let A, and A, 
be integral operators: 


6 
(8) = | K, (s p (de, (Ay) 


b 
y (8) = | K: (8, t) p(t) dt. (A) 


We obtain the following expressions for operators A, A, and A, A,: 


b b 
y (s) = | K: (8, t) | fK to dpa) a dt,, (424) 
b b 
y (8) = f K, (s, t) fi Ke (ty, t) p (t) a di, (4,A,) 
or, if we can change the order of integration: 
brb 
y (8) = f | Kz (8, ty) Ky (ty, t) anf (t) dt, (42:4,) 
bf b 5 
y (3) = f [fx (8, t1) Ka (t,, t) aloo dt, (4,4:) 


i.e. operators A, A, and A, A, are integral operators with kernels 


6 
Ky, (8,0) = f Kz (8, t,) K; (tpt) dt, for A,A,, 
a 


b 
K,:(8,t) = f K, (8,4) Ka (tp t)dt, for 4,4. 
a 


If operators A, A, and A, A, coincide, operators A, and A, are said to com- 
mute. In the case of integral operators, where it is possible to change the order 
of integration as indicated, the coincidence of the kernels K,,(s, t) and K,,(s, t) 
guarantees the commutation of operators A, and A, (it can be shown that this 
is in fact necessary for the commutation of say continuous or polar kernels). 

If c, and c, are constants, operators c; A, and c, A, + c, A, can be defined 
by the expressions 


(6,41) p = c, (4P); (6141 + c24) P = 6141P + Any. 
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In the case of integral operators, c, A, + ¢, A, is the integral operator with 
kernel c, K,(s, t) + c, K, (s, £). 
Let A be an integral operator with continuous or weakly polar kernel: 


b 
v (8) = f K (8, t) p (t) dt, (4) 


and let us construct the so-called conjugate operator A* with kernel K*(s, t) = 


= K(t, 8), which is also continuous or weakly polar: 
b —_ 
(3) = | K@&s8) p(t) dt. (A*) 
a 


We have for any elements g and y (cf. [36]): 


(Ag, y) = (p, A*Y). (282) 


We construct the operators 
= l 4s. =l pu Ae 
A,= ZAtzA ; A,= 574 a A : (283) 


These are integral operators with continuous or weakly polar kernels of the 
form 


JK 6) + KC] and -y [Keo (t, 8)]. 


It is easily seen that these are Hermitian kernels, so that A, and <A, are self- 
conjugate rigorously completely continuous operators in space H of complex 
continuous functions. Operators A and A* are given in terms of A, and A, 
by 

A=A,+1tA, A*=A,—iA,. (284) 


We now distinguish a class of operators for which we can introduce the theory 
described above for self-conjugate completely continuous operators. 

DEFINITION. An integral operator A is said to be normal if it commutes with 
A*, ie. if A*A = AA*, 

Using what has been said above, we can write the (sufficient) condition 
for an integral operator to be normal: 


b b 
J K (8,4) K Œt) dti = | K (6,8) K (t t) dt, (285) 


on the natural assumption that the order of integration can be changed when 
forming operators A.A* and A*A. This will be the case if the kernel is continuous 
or weakly polar. 

If A commutes with A*, it follows at once from (283) that A, and A, also 
commute. Let K(s, t) be such that A and A* are completely continuous operators 
and A commutes with A*, i.e. A is a normal operator. We shall not use the fact 
that A is an integral operator in what follows. The only points of importance 
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for us are that (282) holds for any ọ and y, that A and A* commute, and that 
both these operators are completely continuous. It now follows from (283) 
that the self-conjugate operators A, and A, also commute. 

Using only (282), let us show that say A, is self-conjugate. It follows from 
(282) that (A* p, y) = (p, Ay). Further: 


1 1 1 1 
(Ayp, y) = (5 Apt -y A*e, v) =z (Ap. v) + y (A*p ¥) 


at +9) = fop, L Ay | )= 
=F Atv) + y (P Av) = (p, 44 + Av} = O, Aww), 


ie. (A, p, Y) = (p, Ay¥), whence A, must be self-conjugate. 
Let ug and pp be the eigenvalues and pairwise orthogonal normalized eigen- 
elements of the self-conjugate completely continuous operator A,: 


A Py = PKPk (286) 


On applying operator A, to both sides and remembering that A, and A, com- 
mute, we obtain 
Ar (Asx) = Hr (429x), 


whence it is evident that A, pg is an eigenelement of operator A, correspond- 
ing to the eigenvalue up, or else A, py is the zero element. 
Suppose that u is an eigenvalue of rank k and that py = Hgy =. = 
= /ty4p-1- We must now have, from what has been said: 
k+h—1 
Ap = Ž CpgPq (p=k, k+l, ..., k+hk— 1) 


and 
Cp = (Aa Pp, Pq) = (Pps Aq) = (A2%qs Pp) = gp 
i.e. the cp form an Hermitian matrix. 

We can perform any unitary transformation U [I0,, 28] on the 
Pp (p= k,k-+1,...,% + h — 1) and again obtain an orthogonal and normalized 
system of eigenelements of operator A,, corresponding to the eigenvalue 
u = muy. Further, we can choose this unitary transformation in such a way 
that the Hermitian matrix Cp reduces to the diagonal form. 

Let Yk kpr +++) Mkth-1 be the diagonal elements of this diagonal matrix 
(they are real). We therefore have, retaining the previous notation for the eigen- 
elements: 

APp = Upp 5 AYy = pPp 
(p=k, k+1,...,k+h—1; Hk = My = ++ Pkth-1) 


where some or even all of the numbers vp may vanish. We carry out this opera- 
tion for all the non-zero eigenvalues. It is possible that not all the non-zero 
eigenvalues of operators A, are obtained by this means. We take the non- 
zero eigenvalues of A, which have not been obtained and perform an operation 
analogous to the above, departing from A, and passing to A,. We finally obtain 
a finite or infinite number of elements gp (k = 1, 2, ...), which are mutually 
orthogonal and normalized, and such that 


A= HP pp - AP = Pro, i (287) 
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where at least one of the two real numbers P and ui?) differs from zero, and 
every eigenelement of A, corresponding to a non-zero eigenvalue is linearly 
expressible in terms of a finite number of pp, and similarly for A,. It folows 
at once from (287) and (283) that 


= (ui? + pw? i) Pki A*p; = (uk — uP i) Pk (k =1,2,.. Ja 


ie. the pRa numbers o, = uP + uP i are eigenvalues of the normal 
operator A and the 9; are the oend eigenelements. 

The expansion theorem which we proved in [38] for a self-conjugate completely 
continuous operator also follows readily for a normal operator A. We have 
by the previous theorem, with any choice of element w: 


40 = Y (0, %) HE Pk; Azo = Y (0, Pi) ME Pr (288) 
k k 


and it follows from (284) that 


Ao = z (0, Pi) (UÈ + UR i) Pr (289) 


the convergence of the series being understood as convergence in the mean. As 
in [38], the coefficients of this series may be shown to be the Fourier coefficients 
of Aw. We remark that, if certain 4 = 0, the term in 9,, will be absent in 
the expansion of A, œw, and similarly for A, w. 

We have now proved the existence theorem for the eigenvalues and the 
expansion theorem for normal operators. 

As we saw in [38], given our assumptions regarding the kernel K(s, t) (con- 
tinuity or weak polarity), series (273) is convergent absolutely and uniformly 
in [a, b]. The same can therefore be said of the series (289), and we can assert 
as in [38] that the sum of the series is equal to Aw. 

We now consider the function expressible in terms of the kernel: 


b 
f K (8,4) KEG t) dh. 
a 


Its Fourier coefficients with respect to the system of functions g(s) are equal 
to (0x)? p(t), so that we have 


b 
J E (s, t) K t) dt, = Y | 04 F Pe (8) Pe ®©), 
a k 


the series being uniformly convergent in [a, b]. Putting ¢ = s and integrating 
with respect to s, we get 


b b 
5 lol = f f |K (s, 1) |? dtds 
k a a 


or, in the earlier notation: 


66 
> EAE =f f | K (s, t) |? dt ds. (290) 
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We have thus proved for normal kernels. a formula analegous to (161). 
It can be shown that, if the kernel is not normal, formula (290) no longer holds 
(I. A. Gol’dfain, Uchenye zapiski Moskovskoqo universiteta, 1946). We remark 
that the Hermitian kernel is a particular case of the normal kernel, since 
here A* = A, and the commutation of A and A* is obvious. 


42. The case of functions of several variables. We have defined the 
space F as the set of real or complex functions continuous in a finite 
interval [a,b]. We might similarly have defined F as the set of 
functions ọ( M), continuous in some finite closed domain B on a plane, 
on a surface or in three-dimensional space. The whole of the above 
theory is still applicable in this case. The integrations must always be 
carried out over the domain B. As in the case of a single independent 
variable, integral operators with continuous or weakly polar kernels 
are rigorously completely continuous operators in F. 


43. Volterra’s equation. We turn to a discussion of the second order 
Volterra equation in the one-dimensional case: 


p(s) =f (8) +4 fK (s, pat. (291) 
0 


As already mentioned, this equation is a particular case of the 
Fredholm equation, when K(s, t) = 0 for t > s, i.e. when the kernel 
vanishes in the half of the square k, lying to one side of its diagonal 
8 = t. Let f(s) be a continuous function in the interval a < s < b and 
let K(s, t) be continuous fora < s < b,a < t < s and K(s,t) =0 
for t > s. Hence, the kernel has discontinuities of the first kind on the 
diagonal s = ¢, if K(s,s) 40. All the fundamental theorems and 
treatment of [5—11] are fully retained [14]. 

As earlier, we seek the solution as the series 


P (8) = Fo (S) + P, (8) å + pa (8)? + «-. (292) 


We obtain the expressions for the functions p(s): 
s 
Po ($) =F (8); Pn(s) = f K (s, t) Pn (dé (n=1,2,...). 
a 


We can write for continuous functions in a finite interval or square: 


FO <m; JK(s,t)| <M 
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and obtain the following inequalities in turn for the p(s): 
sS 
pol) <m;  |p1(8)| < {| K(s,4)|| qo (t) |dt < mM (s — a), 
a 


[pa (8)| < ÎLE (5,0) || py () [dt < mM? ( (t — a) dt = mae BS 


and in general: 
Mis— n 
| Pn (8) | <m eer * 


When s varies in the finite interval [a, b] the moduli of the terms 
of series (292) do not exceed the positive numbers 


m TiM- a 
nt 


which form a convergent series whatever the A, so that series (292) is 
absolutely and uniformly convergent in [a, b], and its sum g(s) is a 
continuous function and satisfies equation (291). 

Precisely as in [5], we can form the resolvent 


R(s, t; A) = Š Kpy (8,04, (293) 
n=0 


where 
K,(3,t)=K(st); Kj (8,t)=( Kya (6h) E (ty tat, (294) 
a 


(n = 2, 3,...-), 


the implication of these latter expressions being that K,(s, t) = 0 for 
t > s. For, if t > s, then t, < t and K(t, t) = 0. 

As above, series (293) can be shown to be absolutely and uniformly 
convergent for all 4. The resolvent for the Volterra equation (291) is 
therefore an entire function, and the equation has a unique solution 
for any 2, given by [6]: 


p(8)=/()+åfR(s, t; a)f (tat. (295) 


We can thus say that the Volterra equation has no eigenvalues, i.e. 
the homogeneous equation 


p(s) =A K(s, t) ọ (t) dt 
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only has zero solutions for any 4. Apropos of this, if we were to con- 
struct the Fredholm determinant D(A) for equation (291), it would 
prove to have no zeros at all [8]. 

It can be shown that, if the kernel has the form 


L (s, t) 


K (s, i) = eH 


(>t), 
where L(s, t) is a continuous function and 0 < a < 1, equation (291) 
has a unique solution as before, and this solution can be found by the 
method of successive approximations indicated above. As from a 
certain n, the kernels K,(s, t) are now continuous. Even the kernel 
K,(s, t) will be continuous with a < 1/2 [28]. 

The method of successive approximations is similarly applicable to 
the system of equations 


m s 
pi (8) = fi (8) +4 © f Ku (8, t) pr (t) dt. (296) 
k=1 a 
It is a characteristic feature of the Volterra equation that, given our 
assumptions, the series obtained by the method of successive approxi- 
mations is convergent for all values of å in the interval. If the 
continuity condition is observed for all s > a, we obtain a solution for 
all s >a. 
Let us consider the equation with two variable limits: 


p(s) =/(6) +4 f K(s, t) p(t) at (297) 
w(S) 
or the equation 
p(s) =f(s) +2 | K(s,t)p(t)de. (298) 


Suppose that s varies in an interval (a, b], with the usual continuity 
conditions for f(s) and K(s, t), and suppose further that a < w(s) < s 
in this interval. There obviously exist positive numbers N and M 
such that, fora < s, t < b: 


If(s)\|<N; |K(s,t)| <M. 


We replace f(s) and K(s, t) in (297) or (298) by the larger positive 
numbers N and M, and (w(s), s) or (a, w(s)) by the wider interval of 
integration (a, s): 


p(s) =N+AM (ptt. (299) 
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Application of the method of successive approximations to the last 
equation leads, as may readily be shown, to a power series in å, the 
coefficients of which are positive and not less than the absolute values 
of the coefficients of the power series obtained by solving equation 
(297) or (298). Equation (299) has the usual form, the role of K(s, t) 
being played by the constant M for t< s, and the corresponding 
power series is uniformly convergent with respect to s in the interval 
[a, b] for any A. The same can be said all the more for the series ob- 
tained on solving equation (297) or (298), and this series gives the 
solution of the corresponding equation. We remark that the solution 
of equation (299) is expressible in an explicit form, viz. 


g (s) = Ne’MG-4) , 


We also remark that equation (297), for instance, can be written in the 
ordinary form (291), the kernel being subject to the condition: 
K(s, t) = 0 for t < a(s). 

We can interchange the limits in the integral appearing in equation 
(291), whilst simultaneously changing the sign of the kernel. Thus the 
fact that the upper limit is variable is not essential to the theory. 
Similarly, we could have laid down the condition s < a instead of 
s > a. One case is transformed to the other by means of the simple 
substitutions s’ = —s and t’ = —t. Similarly, we could have taken 
s < w(s) < b in equation (297), for instance, instead of the above 
inequalities for «(s). 

We further consider the equation 


p(s) =F (8) +4 fK (8, t) p(t) dt, (300) 


where f(s) is defined and continuous for —b < s < b, and the kernel 
K(s, t) is defined for —b < s < b; —b < t < b. On splitting the inter- 
val of integration into two parts (—s, 0), and (0, s), and replacing the 
variable of integration t in the first case by (—t), we get: 


p(s) =f (0) +4 fE (s, —t)p(—t)di+ å fK (s, t) p (t) dt; 
0; 0 
we replace s by (—s) and t by (—t): 


p(—8) =f(—s) å f K (—s,t)p (t) dt — å f K (— s, —t) p (— t) dt. 
0 0 
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We obtain on taking 0 < s < band 0 <tŁ<b: 
g(s) =p, (9);  g(—s)=p(8); f(s) =fi(8);  F(— 8) = f(s); 
K(s,t)=K,,(s,t); K (s, —t) = K (s,t); K(—s,t)= — K,,(s,t), 
K (— 8, — t) = — Ky (8, i). 


Integral equation (300) is reduced to the system of equations of the 
usual form: 


pa (8) = fa (8) $A Kus (8, t) pa (£) dt +4 { Kya (8,0) pa (0) dt, 
0 0 


pa (8) = fa (8) +A f E» (8, t) pi (£) dt +2 f Eaa (8, t) pa (f) at. 
0 


If we solve this system, we get two functions »,(s) and p(s), con- 
tinuous in the interval 0 < s < b.We now find the solution 9(s) of 
(300) from the formulae: g(s) = p(s} for 0 < s < b; p(s} = g,(—s) 
for —b < s < 0. Either of the two formulae is applicable for s = 0, 
so that ,(0) = 7,(0) = (0) and »,(0) = f,(0) = f(0). This shows, that 
the solution of equation (300) thus obtained is continuous at the 
point s = 0. 

The above method of successive approximations is also applicable 
to the case of several independent variables. For instance, in the case 
of two independent variables we have the equation 


p(z y) =f(my) AF f E(x, y; 8, t) p(s, t) dsdi, 


to which everything that has been said above can be applied. An ex- 
pansion in the parameter 2, convergent for all values of /,is also pos- 
sible for more general equations in which when the right-hand side 
contains single integrals as well as a double integral: 


x 
p (x,y) =F (x,y) +å f K(x, y; 8) p(s, y) ds + 
a 
y x 
+A) K, (x, Y; 8) p (x, s) ds + 22 (0K (x, y; 8,t) p(s, t) ds dt. 
c ac 
The parameter A is introduced here only for convenience in carrying 


out the method of successive approximations. The proofof the existence 
and uniqueness of the solution of the equation 


y x 
p (x,y) =f (x,y) +A f f K (x, y; 8,t)ọ (s, t) ds dt, 
o (y) @, (x) . 
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where a < w(x) <x and ¢ < wy) < y, is exactly similar to the 
above. 

We might also have taken the function œ, as dependent on x instead 
of on y, and the function œ, as dependent on y. The uniqueness of the 
solution of equations (297) and (298) is easy to prove. 


44. Laplace transformation. We shall be concerned below with 
Volterra equations in the special case when the kernel K(s, t) depends 
only on the difference (s — t). We have to investigate as a preliminary 
an integral transformation closely connected with the Fourier trans- 
formation, namely, the Laplace transformation. This will be needed 
for the solution of certain problems of mathematical physics, as well 
as for investigating the Volterra equation with a kernel depending 
on a difference. 

We recall that, if a function f(x) is defined in the interval 
—co <x < +o, is continuous, satisfies the Dirichlet conditions 
in any finite interval, and is such that the integral 


T |f (a) |dz (301) 


-0 


exists, the Fourier transform of f(x) is defined as 
1 
Se axi 
Al) = Fee | ede, (302) 
and the following inversion formula holds [II, 160]: 


to 
f (2) =z J fy (a) ei da; (303) 


this is equivalent to Fourier’s formula, the integral being understood 
as an integral in the sense of the principal value, i.e. 


M 
f(x) = l. jim jı (a) eda. 
22 M>+0 Zii 


Suppose that, in addition to integral (301), the integral 


Ea efx | f (x) | dæ (304) 
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also has a finite value for —m < B < m. The function /,(a) is now 
defined, not only for real, but also for complex a = a, + a,i satis- 
fying the condition —m < a, < m, since 


[7 (a) em" | = |f (æ) | e=, 


and this integral has a meaning by hypothesis for —m < a, < m. 
The a is replaced by the purely imaginary a = si in the Laplace trans- 
formation, and in addition — though this is not essential — the 
factor (//27)~1 falls out. 

We now make a detailed study of the Laplace transformation. 
A precisely similar investigation is possible for the Fourier transform 
(302). 

Suppose that the function p(x) is continuous in (—œ, +20) except 
for points of discontinuity of the first kind, the number of these in any 
bounded piece of the interval being finite. Further, let the function 
have a simple derivative, or left and right-hand derivatives, at every 
point, these latter derivatives being understood at points of discon- 
tinuity as the limits of the ratios 


He) ve 8) ina ee th — eer) 
as h—> +0. 


We suppose further that the integral 
+o 
| eg (x)dx (305) 


is absolutely convergent when o satisfies the inequality 
a<o<f, (306) 


where a and £ are certain fixed real numbers which may be equal to 
(—œ) or (+œ). The usual convergence equation for a Dirichlet 
integral and Fourier’s formula [cf. II, 152, 160] are now applicable 
to the function e~™ g(x). 

We consider the function of a complex variable s = ø + ti, defined 
by the equation 


+o 
HOE f eg (x) dæ. (307) 
Inequality (306) defines a strip parallel to the imaginary axis (or a 


half-plane if one of the numbers a or £ is infinity) on the plane of the 
complex variable s = ø + ti (or it may even define the entire plane). 
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Let B be a finite closed domain inside the strip (306). We can take a 
point sy, = Co + 7,2 lying to the left of B but inside (306), i.e. such 
that o > o, for all points s = c + ti of B, and a further point 
Sı = 0, + 1,7 to the right of B. We now have the inequalities, for all 
points s of B and for all real z: 


je“ (x) | <07] gp (x)| for x>0; 
| ep (x) | < e7 | o (x) | ae x<0. 


But, by hypothesis, the functions on the right-hand sides of these in- 
equalities are integrable over the intervals (0, +°°) and (—©, 0). 
It follows from this that integral (307) is convergent in the domain B 
absolutely and uniformly with respect to s, so that the function f(s) 
is regular in the domain B [III,, 70], and hence, in view of the arbitrary 
choice of B, f(s) is regular inside strip (306). 

We now prove a theorem which gives us an expression for the original 
function ¢(s) in terms of the transformed function f(s). In general (307) 
represents a functional transformation of the function g(x) with the 
above-mentioned properties, the result of the transformation being a 
function of a complex variable which is regular in the strip in question. 

THEOREM 1. Given the above assumptions regarding g(x), we have 


the inversion formula: 
otico 


p (2) =z Í e*f(s) ds, (308) 
o—i o 
in which the integral is taken over any straight line parallel to the imagin- 
ary axis and lying inside the strip (306), and the integral has to be under- 
stood in the sense of the principal value. 
The product e~“ g(x) satisfies the above-mentioned conditions for 
g(x), and in particular, integral (305) is absolutely convergent, so that 


Fourier’s formula can be applied to e~™ g(x): 
+e +o 
e™*o (2) = = ji ei da J e~et o (t) dt = 
oh Sa 
= = li e™™i f (o — ai) da. 


— o% 


On introducing the new variable of integration s = o — at instead 
of a, we in fact get (308). 

The function f(s), defined inside strip (306) by (307), behaves in a 
definite way when the point s moves upwards or downwards to in- 
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finity in the strip; in fact, by using the absolute convergence of the 
integral, it can easily be shown that f(s) tends to zero as the point 
moves to infinity in any strip J, defined by the inequality a + € < 
<o < p — e, where « is any given positive number. We assume that 
/(s) is regular inside (306). Further, given any strip J,, let there exist 
a function @(@), defined for 9 > 0, which takes only positive values, 
satisfies the condition w(e) > 0 as pọ —> œ, has a convergent integral: 


{ @ (9) de 
0 
and is such that we have in J,: 


|f(s)|<@(|t)) (s=0+ ti). (309) 


We now prove a theorem analogous to Theorem 1. 

THEOREM 2. Given our assumptions, formula (308) yields a function 
p(x) which is defined throughout the real axis, is continuous and does not 
depend on the choice of o. The original function f(s) is now defined in 
terms of the transformed function p(x) by formula (307), where the integral 
ts to be understood in the sense of the principal value. 

On putting s = ø + vi in the right-hand side of (308), we obtain 


xo +o 
g (x) = — J f(o+ti)e™ dr. (310) 


Whatever the choice of x, the modulus of the integrand does not 
exceed the function w( 0), which has a convergent integral; the integral 
of (310) is therefore convergent absolutely 
and uniformly with respect tox. We thus see y 
that p(x) isdefined for any real x and is a con- 
tinuous function [II, 84]. 

We now show that this function is inde- 
pendent of the choice of o. We take any 
rectangle ABCD, bounded by the straight 
lines o = 0,3; o = on; t= +T (Fig. 1). By 
Cauchy’s theorem, the integral of f(s)e™ along 
the contour of this rectangle vanishes. We Fic. 1 
consider the value of the integral along the 
sides t = +T, parallel to the real axis. For instance, we have for 
the side t = T: 


Pa Peepers | 
w 


Lae 


T 


w 


f? Flo + iT) C+D do. (311) 
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By (309), we can write for this last integral: 
sn (o + iT) C+D do | < e™*1*% |G (T) (0, — 0) 


where k = 1 or 2. Hence, since œ(pọ)—>0 as 9 > œ, it is clear that 
integral (311) tends to zero as T —> oo, A similar result is found for 
the integral along t = —T. On applying the Cauchy theorem men- 
tioned, we can say that the integral of f(s)e* along the straight line 
o = c from top to bottom differs only in sign from the integral along 
o = o, taken from bottom to top, i.e. both integrals are equal if both 
are taken from bottom to top. Since the straight lines o = o, and 
o = o, are chosen arbitrarily, we can say that the integral of f(s)e** 
along o = oy has the same value whatever the choice of the straight 
line inside the strip, i.e. whatever the choice of o, provided it satisfies 
a << Ê. 

It still remains to prove that f(s) is given in terms of g(x) by (307). 
Putting s = o — ti in (308), we have: 


+o 
ep ae | HK (o — ti)e"™ dr. 


We multiply both sides by e*” and integrate with respect to x from 
(—°e) to (+æ). Since Fourier’s formula is applicable to f(o — rti), 
regarded as a function of the real variable t: 


+o +o 


f (o — ui) j= feae f 7 (o — ti) e~™ dr, 


we have: 
f (o — ut) = | g (x) e~@-4¥D* daz, 


and this gives us (307), since u is arbitrary. Formulae (307) and (308) 
are inversions of each other, in the sense indicated in Theorems 1 and 2. 

We show that, if 8 = +2 in Theorem 2, i.e. if the given function 
f(s) is regular in the half-plane o > a and satisfies the remaining con- 
ditions in it, the function g(x) defined by (308) vanishes for æ < 0. 
We observe that a function œ(ọ) with the above-mentioned properties 
must exist in the present case in the half-plane o > a + e, whatever 
the positive e. Let us now show that g(x) = 0 for x < 0. On writing 


44} LAPLACE TRANSFORMATION 145 


the usual inequality for the integral and using (309), we get 


lp (e) | < 0-5 f w(@)de. 


If x is a fixed negative number, the right-hand side tends to zero as 
o —> +œ, whilst the left-hand side is independent of the choice of o, 
so that in fact g(x) = 0 for x < 0. In the present case the inversion 
formula for transform (308) has the following form instead of (307): 


f(s) = fe-™ p (a) dz. (312) 


Conversely, if we take g(x) as given, (307) is usually termed the two- 
sided Laplace transform, whilst (312) is the one-sided Laplace transform. 
This latter transform is obviously a particular case of the former and is 
obtained from it when the given ¢(x) vanishes for negative x. In the 
case of the one-sided Laplace transform we have to impose on g(x) 
the condition that integral (312) is absolutely convergent in the half- 
plane o > a. If B is a finite closed domain lying inside this half-plane, 
we can take a straight line o = ø, > a inside the half-plane to the 
left of B. By hypothesis, the integral 


f e~%* | p (x) | dx 
0 


is convergent, and recalling that the variable of integration x > 0, we 
have for s belonging to B: 


[eg (x) | < e| p(x) |, 


i.e. integral (312) is absolutely and uniformly convergent with respect 
to s for all s belonging to B, and gives a function f(s) which is regular 
in B, i.e. regular in the half-plane o > a. 

The following proposition is an immediate consequence of the above 
inequalities: if integral (312) is absolutely convergent at the point 
So = Oo + Ti, it is absolutely and uniformly convergent in the half- 
plane o > a. The inverse of (312) is (308). We remark that the theo- 
rems stated above can also be proved under more general assumptions 
regarding g(x) and f(s). The right-hand sides of (312) and (307) are 
very often written as Z,(y) and H(p): 


L(g) = f e*o(x)dx; L, (9) = fey (a) de. 


0 -œ 
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Transformations L,(p) and L,(y) are distributive, i.e. 


Di; (c,) = oD; (9)3 Lj (OP + C22) = ciL (91) + CL; (P2), 
where c; and c, are arbitrary constants and ;(x) are functions satis- 
fying the conditions indicated above. If we introduce the new variable 
u = e™* in place of x and put p(x) = y(u), transforms (307) and (308) 


become 
Otto 


f(s) = [uyudu yu = | ards. 


a—ic 


If we were to discuss in the same way the Fourier transform (302), 
instead of a vertical strip in which f(s) is a regular function we should 
have a horizontal strip (parallel to the real axis) in which f,(a) is regular 
(a = st). For the rest, the results would be the same apart from a 
constant factor in front of the integral. 


45, Convolution of functions. Let gy (x) and p(x) be two continuous 
functions defined for x > 0. The convolution of these two functions 
is defined as the function p(x) given by 


Pa (2) = | pı (t) pa (£ — t) dt. (313) 
0 


This function is defined for x > 0 and is also continuous. On intro- 
ducing the new variable of integration t = x — t in place of t, we can 
write p(x) as 


x 
ps (x) =fp (% — t) p, (T) dr. (314) 
0 
The convolution of two functions is generally denoted by the symbol 


P3 = PË Po 


whilst it follows at once from (313) and (314) that the convolution is 
independent of the order of the functions, i.e. p? pı = pi po The 
operation of obtaining the convolution is also called convolution 
(folding, faltung). 

Let functions ¢,(x) and ¢,(x) be subjected to transformation (312), 
which is absolutely convergent in a half-plane o > a. We show that 
(312) is also convergent for p(x) in the same half-plane, and that the 
following expression holds: 


Ly (PPa) = L (P1) L (P2) (315) 
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i.e. convolution in the domain of functions p(x) corresponds to simple 
multiplication in the domain of the transformed functions: 


= fey, (a) dx. (316) 
0 


To prove this, we write down the product on the right-hand side of 
(315): 


f e- p (u) du f ey, (v) dv, (317) 
o o 
where the variables of integration have been denoted by u and v. 


We can write this product as an absolutely convergent double integral 
over the first quadrant of the (u, v) plane: 


f e-™g, (u) du- § ep, (v) d 
ò 


ee 


= e St p, (u) p, (v) du dv. 
0 


The fact that (317) can be written in this way follows at once from 
the absolute convergence of the integrals appearing in it. We can see 
this simply by performing the integration over a finite interval (0, m) 
in these integrals, transforming the product into a double integral, 
then letting m tend to infinity and making use of the usual definition 
of improper double integral [II, 86]. We introduce the new variables 
of integration x = u + v and t = v into the double integral. We arrive 
at the absolutely convergent double integral 


f f ep, (x — t) p, (t) dt dz, 
B 


for which the domain of integration is defined in the old variables by 
u > 0; v > 0, or in the new variables by t > 0; x — t > 0, i.e. the 
domain of integration on the (t, x) plane is the part of the first quadrant 
lying above the bisector t = 2. We obtain on reducing the double 
integral to two quadratures: 


f o-u g, (a) dau f e-M%p, (v) dv = f o=% [ f p, (€ — i) pa (0) di] de, 
0 0 ? : 


which proves (315). 
We can write for the function p(x): 


| ps (2*)| < f lya (œ — Dll (ldt, 
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which implies the inequality 
m m x 
f e-* | pa (x) |da < fdz f e |p, (x — t)| |e, (t) | de, 
0 0 0 
or, on carrying out a Dirichlet transformation [II, 79]: 
m ‘ m m 
{ e= | ga (£) | < f| pe (t) | dé f e-™* | p, (x — t) | dz, 
0 0 t 


On replacing x on the right-hand sides by the new variable of inte- 
gration t = 7 — t, we get: 


m m m—t 
{ e~°* | pa (£) | dæ < f e~% | p, (t) | dé- f e~*| g; (T) | dr, 
o 0 0 

or, all the more: 
f e7% | ps (x) | da < f e=” | p (t) | de- f e~ |g, (t)| dz, 
0 0 0 


i.e. the absolute convergence of integrals (317) in the half-plane o > a 
implies the absolute convergence of the same integral for p(x). We 
observe that the reduction of the double integral over a quadrant to 
two quadratures is easily justified in the usual way, by first considering 
a finite part of the quadrant above the bisector t = v, then passing 
to the limit. The assertion that (315) holds is usually called the con- 
volution theorem. 

We can introduce the concept of convolution and prove a convolution 
theorem for two-sided Laplace transformations in exactly the same 
way, i.e. the following proposition holds: if p(x) and p(x) are con- 
tinuous functions defined in the infinite interval (—°o, + °°), and 
the integrals L,(g,) and L,(p.) are absolutely convergent in a strip 
a < o < #, the integral 


+0 


s(t) = f p(t) pa (x — t) dt (318) 


0 


is absolutely convergent for any real x. The Laplace transform of the 
function p(x) will be absolutely convergent in the strip mention- 
ed, and the convolution formula holds: 


L, (p3) = Ly (Py) La (p2) - (319) 
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46. Volterra equation of special type. Let us take the Volterra 
equation with a kernel depending only on the difference of the two 
arguments: 


g(t) =f (a) + Í K(i) pidt. (320) 


Suppose that the continuous functions f(x) and K(x) tend to zero as 
æ —> -+2 and satisfy for large z: 


|f(a)| < Ae~®™; |K (x)| < Be-™, (321) 


where the constants A and B > 0, whilst constants a and b > 0. 
Let fọ and K, be the upper bounds of | f(z) | and | K(x) | for x > 0. 
On applying the method of successive approximations to equa- 
tion (320) [43], we obtain for g(x) with x >0 the inequality 
| p(x) | < f,e%*. It is clear from this that a one-sided Laplace trans- 
formation with o > max (a, b, K,) is applicable to g(x), f(z) and K(x), 
and we obtain the transforms 


® (s) = Li (p); F(s)=L,(f); Ls) = L (K), (322) 


which are regular in the half-plane o > Ky. On applying a one-sided 
Laplace transformation to both sides of (320) and using the convolution 
formula, we have: 
® (s) = F (s) + L (s) ® (s), 
whence 
® (s) = Ty (323) 
We saw above that the function (s) must be regular in the half- 
plane o > Ky. Hence it follows, in view of the complete independence 
of Z(s) and F(s), that the denominator in the fraction written above 
cannot have zeros inside the half-plane. We obtain by inversion of 
the first of expressions (322): 
otic 
p (2) => f (eds (o> K,). (324) 
o—ico 
Thus, on defining functions F(s} and Z(s) by formulae (322) and 
p(s) by (323), we obtain from (324) the solution of equation (320) in 
the explicit form. We remark that, when determining the func- 
tion g(x) in the finite interval (0, l), we make use in equation 
(320) of the values of f(z) and K(x) in this interval and can 
therefore continue these functions outside the interval in any 


150 INTEGRAL EQUATIONS [46 


manner, and in particular, in sucha way that they satisfy the conditions 
indicated above. We can further suppose them to be identically zero 
for sufficiently large positive x. 

We show that all the iterated kernels also depend only on the dif- 
ference (x — t) for equation (320). We have [43]: 


x 
K, (a, t) = | K (x —t,) K (t, — t) dt. 
i 
We bring in the new variable of integration t = ¢, — t in place of t,: 
x—t 
K, (x,t) = f K (a —t — 1) K (t) dr, 
ô 


whence it follows at once that K(x, t) is a function of the difference 
(x — t), i.e. K(x, t) = K,(x — t). 

The proof is similar for the succeeding iterated kernels. We can 
therefore say, by virtue of (293) with å = 1, that the resolvent of 
equation (320) depends only on the above difference. On writing the 
resolvent as R(x — t), we can use (295) to write the solution of equa- 
tion (320) as 


9 (2) = f(x) + fRe—or dt. (325) 


On applying the Laplace transformation to both sides of this equation 
and introducing, together with (322), the notation 


M (s) = L, (E), (326) 
we obtain 
® (s) = F (s) + M (s) F (s). 
By using (323), we can find M(s) in terms of the known function 
Ls): 
L(s) 


and inversion of (326) gives us the resolvent R(x): 


R (2) = giy | M(s) eds. (328) 


The solution follows on substituting in (325). 
This method of solving (320) is also applicable to a system of Volterra 


equations: 
x 


p ' 
pi (x2) = fi (£) + 2 | ae bene (J =1, 2, ..., p). 


0 
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Application of the Laplace transformation to both sides gives us 
p . 
D; (s) = Fi (s) + > La (8) Dy (8) (= 1, 2, ..., P). 
k=1 


We obtain the ¢;(s) on solving this system of first degree equations, 
and the solution of the original system is obtained as 
o+io 

5 fo, (s)e*ds. 

a—to 

We observe that conditions (321) for kernel K(x) and the function 
f(x) can be considerably weakened. It is sufficient to require that a 
positive constant c exist such that /(z)e"™ and K(x)e™™ are bounded 
in absolute value for æ > 0. Expressions (324) and (328) now hold for 
all sufficiently large o. This is proved simply by multiplying both 
sides of (320) by e~™ and introducing the new required function 
p(x) = o(x)e"™, the function f(x) = f(zje"* and the kernel 
K(x) = K(x)e™™. 


g; (2%) = 


47. Volterra equation of the first kind. We have so far been con- 
cerned exclusively with integral equations of the second kind. As we 
shall now see, Volterra equations of the first kind can easily be trans- 
formed into equations of the second kind, given certainly supplement- 
ary conditions. Let us take the Volterra equation of the first kind: 


(Kew) p (f) dt = f (2), (329) 


where it follows directly from the actual form of the equation that the 
given function f(x) must satisfy the condition f(a) = 0. On differen- 
tiating the equation with respect to x and dividing by K(x,2z), we arrive 
at the following equation of the second kind: 


Ù Ky (2,1) __ £@) 
pla) + | ee pdt— see (330) 


where we assume that f'(x) is continuous and K(x, x) # 0. A discussion 
of the general case can be found in H. Muntz’s Integral Equations. 
By using the condition f(a) = 0, we can easily return from equation 
(330) to equation (329), i.e. these equations are equivalent, so that 
(329) has a unique solution. We now take an equation of the first kind 

with a kernel of the form 
K (x,t) = h 


(0<a<1), 
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where H(z, t) is a continuous function having a continuous derivative 
with respect to x. Abel’s equation, which we have already considered, 
belongs to this type. We shall discuss the integral equation 


x — t)l-a 


| EEr od =o, (331) 


where the lower limit of integration has been taken as zero, as in 
Abel’s equation. On multiplying both sides of this equation by (z — x)“, 
integrating with respect to x from x=0 to x =z and applying 


Dirichlet’s formula [II, 79], we arrive at the integral equation: 


z 
f y(t) dt | wea = Tel dx = f a dz, (332) 


(z — @)* (x — t) 7e (z 
0 
the kernel of which is given by 
(x, t) 
= | eE air, 


This kernel is no longer singular, as may easily be seen by a trans- 
formation of the variables of integration: instead of x we introduce a 
new variable 0 defined by 


_z+t z2z—t 
t=- + 5 cos 0, 
whence we obtain 
‘ H(A + => cose, t) sind (333) 


dð, 


. K, (2, t) = J (1 + cos 6)1~2 (1 — cos @)4 


whilst this in turn shows that the kernel K,(z, t) is continuous, in view 
of the continuity of the kernel H(z, t) and the uniform convergence 
with respect to z and ¢ of the integral written above. By using expres- 
sions from the theory of gamma functions [III,, 71, 72], we can write 

fa -+ cos 6)?! (1 — cos 6)~* sin 0 d0 = 


sin ma’ 


and (333) gives us 
K, (2,2) = H (2,2) —— 


sin na ` 


The new continuous kernel K,(z, t) will therefore satisfy the con- 
dition K,(z,z) #0 provided the corresponding condition is satisfied 
by A(z, t), ie. H(x, x) #0. It also follows directly from (333) that 
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K,(z, t) has a continuous derivative with respect to z, provided the 
continuous derivative H,(2, t) exists. In the same way, when the con- 
tinuous derivative f'(x) exists, it follows at once from 


fF Iæ a, far (x) 
= | oip a eae i 


that the right-hand side of equation (332) has a continuous derivative: 
f f (a) 
(x 
A = ee od P 
Í 1 (2) J ( x 


Thus, given our assumptions, equation (332) has a solution g(x). 
It remains to prove that this function in fact satisfies the original 
equation (331). We substitute p(x) in the original equation and form the 
difference 


H (z, 
o (x) = f(a) — i Gains P(t) at 


On multiplying both sides by (z — x)~*, integrating with respect 
to x between the limits 0 < x < z and applying Dirichlet’s formula 
[II, 79], we obtain by (332): 


fo) an, 


(z — ax) 
On multiplying both sides by (u — z)*~’, integrating with respect 
to z from z = 0 to z = u and changing the order of the integration, we 
have with any u: 
ia 
{ w(x) dx = 0, 
0 as 
whence it follows at once that w(x) = 0. 
Now let the function K(x, t) featured in (329) depend only on the 
difference (x — t), i.e. we consider an integral equation of the first kind: 


(Kw — t) p(t) dt =f (x). (334) 
0 


We multiply both sides by e~™ and integrate with respect to x 
from x=0 to x=. On introducing the one-sided Laplace transforms 


of the given functions f(z) and a and the required function ọ(x): 
$ (s) = L (9); F(s)=L,(f); L{(s)= L (E), (335) 
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we obtain by the convolution theorem: 
L(s) (s) = F (8). (336) 


Suppose that the kernel K(x, t) satisfies the condition K(x, x) # 0 
mentioned earlier, which in the present case becomes K(0) # 0. This 
guarantees the existence of a solution of equation (334). We can 
further suppose, as above, that f(x) and K(x) vanish for large positive 
x. Using the fact that f(x) is arbitrary, we can say as in [46] that L(s) 
does not vanish for values of s with sufficiently large real parts. 
Expression (336) gives us ®(s), and the solution of (334) is obtained 
in the finite form by applying the inversion formula to the first of 
equations (335): 


et © (s) ds. (337) 


The method indicated above is applicable also to equation (331) if 
H(z, t) depends only on the difference (x —t); it is easy to justify for 
this case the use of the Laplace transformation and of the convolution 
theorem if 0<a< 1. 


48. Examples. 1. We take the equation 


p (2) =f (æ) +f (æ — t) p(t) de. (338) 
0 
Here, K(x) = x and 


L(s) = f e` ado=—, 
0 


where the real part of s is assumed positive. Formula (327) gives 


1 
M (8) = P11?’ 
and, by (328), the resolvent is given by 
otio 
Rio) = f Keu WSi (339) 
Qu J 82 —1 
a—ico 


where øg is any sufficiently large real number. 

We consider the integral over the closed contour of the s = o + ti plane, 
consisting of the straight segment o = 0), where o, > l, and the semicircle 
lying to the left of this straight line and having as itscentre the intersection 
of the straight line with the real axis. On introducing the new variable of integra- 
tion s, into integral (339) in accordance with the formula s — g, = i8, we obtain 
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a contour of integration on the s, plane consisting of a segment of the real 
axis and a semicircle with centre at the origin. On using Jordan’s lemma [III, 
60] and the fact that x > 0, the integral over the semicircle is seen to tend to 
zero as the radius tends to infinity, whence it follows at once that integral 
(339) with o > 1 is equal to the sum of the residues of the integrand at the 
points s = +1, i.e. 

L 
“2° 


R(x) = -5 (e* —e™*), 


and, by (325), the solution of equation (338) can be written as 


x x 


pla) =fa) +e f ete eo f yaar. 


0 0 


2. In the case of the equation 
x 
p (x) = f (x) + f ~ p (t) de (340) 
0 


we have K(x) = e*, and consequently: 


= (1—~s)x = 1 
L(8) i. da JET 
whence 
i i o+ico s 
(3) 
M (8) = 73 and R(x) = 37 { z233% 
o—iæo 


On applying the residue theorem as in the previous example, we obtain 
R (z) ='e*, 


and the solution of (340) becomes 


x 
g (x) =f (£) + e* fo j (t) dt. 
0 


3. We have already had the following formula, containing the Bessel func- 
tion J,(x) [ITT,, 53]: 
f eH 7 (ke) dk a 
4 Vo? +2 


whence it follows that 
fe J, (a) dex =o Seen 
F $ yit 


On making use of the asymptotic inequality for Bessel functions [IIL,, 113], 
we can assert that (341) holds if the real part of a is positive. 


(341) 
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Let us take the integral equation 


x 
g (a) = f (2) + AS J, (@ — t) p(t) dt. (342) 
0 
Here, K(x) = AJ (x£), and, by (341): 
L (8) ae and M (8) = aes A 
yi+s# yi+s8—A 

so that the resolvent is given by 

otic 

R(x) = s f a zd 

Pra yits— 

or 
1 G+ ico vite re o+iœ ; 
= 8—8 e e+ sx 
R(x) = are f Tae “Ot oa mi f poppe. 3- 
o—i% i o—jo 


The second of these last integrals can be evaluated by the residue theorem, 
as above. Let us transform the first integral. Along with (341), it can be shown 
that, for a positive integer n: 


r 2 (VIF — a)" 
ay (2) de = Ite) 
J e Ma (2) TE 


and integration of this last equation with respect to a from a = s to a = + œ 
gives us 


[om Zale) as MMF-a" 
x n 
0 
On the other hand, we obtain by using the residue theorem: 
17T a 1 e 
eee, Sx = > ae Ba 
oe | ioe ys? ds TET sin (Y1 — 22). 


a—i 


We can therefore write 


L (2°) =Vl+s?*—s L 


sin 1 — Aa) _ 1 
Vi- 2% 1— 2? + 8? 


Application of the convolution theorem gives 


L sin (V1 — 2a) x J, (x) _Vl+e—s 
‘| vie z re are 


so that we obtain for the integral appearing in R(x): 


rae 7 
l+s— eee 
274 ie 5e ede =y] £ ral sin[V1 — 2? (x —t)]- 


G—ico 


J, (t) dt 
t , 
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and the resolvent of equation (342) becomes 


R (£) = o , f aT=ze- ee 
+Acos (V1 — #a) + —<—— a z sin (V1 — A?z). 
4. Let us take the equation of the first kind: 
x 
f tp (t) dt =x. (343) 


0 
On applying a one-sided Laplace transformation to both sides, we obtain 


se] = “32 » Le p (8) > 
and 
l gs 1 
= AE ees ENS 
TEENETE 
o—ic 
5. We take the equation 
fx (z — t) p(t) dt = sin æ. (344) 
0 
On taking into account that 
1 1 
L {J (#)] = rr and L, (sin x) Fi (345) 
we obtain 
1 1 l 
jeai” FFI ie. ® (s) = FESC 
so that 
oria sx 
P (2) = 2m y. Tey” 
a—i i + 


or, on using the first of formulae (345): 
g (x) = J, (2), 


i.e. substitution of this solution in (344) gives us 


x 
f Ja (a — t) J, (t) dt = sine. 
0 


6. We take a kernel which becomes infinite at t = a: 
x 
1 
wa)=/@) +4 | ae vO at (Q<a<]l) 
0 


and construct the corresponding resolvent, though without justifying the applica- 
tion of the above method to this singular case. 
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We evaluate L(s) and M(s): 
L(s) =A i 
6 


e7* 
a de = ar (1 — a) sl, 

__Ar(i—a) sel 
MO) 3 a= a) eh 
and obtain for the resolvent: 

otic 

1 f e% AI (1 — a) s9—1 
2ni 1l — AT (1 — a) 82-1 


a—iæ 


R (z) = 


ds (x >0), 


where ø is a sufficiently large positive number. 
Series expansion gives us 


AD (1 — a) 82-1 n 2 
Tora aert ~ SV A — aye" 
n=l 


and the problem reduces to evaluating the integral 
C+ foo 
En J e%s2—1) ds. 
2ni J 
O—[0co 
We substitute sx = 1, suitably modify the contour and use (154) of [III,, 


74]; this gives us 
S+ice 


l. | e% 32-1) ds = 
2zi 


o—~—iæ 


ghi—a)-2 
Tin —a)]’ 


whence 
= [ar (1 — a) oe] 
R (œ) = 2 ain — a] 


n= 


49. Weighted integral equations. We have employed the usual 
concept of integral in our discussion of the theory of integral equations 
with continuous kernels. By starting from a different concept of 
integral, we can repeat the entire theory or at any rate part of it. We 
have already referred to the possibility of constructing a theory of 
integral equations on the basis of the Lebesgue integral. The essential 
point is that the integral concerned in constructing the theory should 
have all the properties already utilized above. We shall mention 
in this section a new concept of integral, on the basis of which the whole 
of the theory which we described at the start of this chapter can be 
retained. The results below are due to Kneser.t 


t Kneser, Rendiconti del Circolo Mat. di Palermo. 38, 1914 and Die Integral 
Gleichungen und ihre Anwendung in der mathem. Physik, 1922, p. 117. 
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We shall confine ourselves to an elementary case. Let f(x) be con- 
tinuous in the finite interval [a, b], let x, (p = 1, 2, ..., m) be fixed 
points of the interval, and a, positive numbers. We define the integral 
of f(x) over [a, b] as the sum of the ordinary integral and the sum of 
the products of the values of f(z) at the points x = x, with the numbers 
ap. We shall distinguish this integral from the ordinary one by a stroke 
over the integral sign. The above definition gives the formula 


REA} 


f (£) dz = fi (x) dz + Saf (x, (346) 


p=1 


The following usual properties of the integral follow at once: 


b 
STA (x) +f, (x (ldzm fh te) de-+ fate) 


b b 
{ ef (x£) da = c f f (x) da. 


Further, we can change the order of successive integrations over the 
interval [a,b], i.e. 


b b 3 b 
{ [È E (s, t)dt]ds = f [ | F (s, t) ds] dt. 


For, direct use of definition (346) shows that both sides of this last 
equation are expressible as 


b b m b m 
f f F(s,tdsdt+ Sf [F (s, xp) + F (2p 8)] ds + © F (£p a). 
a a p=la p.q=1 

We have not so far used the fact that the coefficients a, are positive. 
This becomes important for the next property. If f(z) > 0, integral 
(346) also has a non-negative value, and can only vanish when f(z) = 0. 
Precisely the same property holds for an iterated integral. Hence 
follows the usual Buniakowski inequality for the new integral. If 
| f(z) | < m, a positive k exists such that 


b 
| { f(x) dx| < km. 
a 
With a, > 0, we can obviously take k = (b — a) + a + ... + ap 


It follows from the last property that, as usual [I, 145], a uniformly 
convergent series can be integrated term by term. Our new integral 
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can be used in a word-for-word repetition of the entire theory of 
integral equations with continuous kernels. If K(s, t) = K(t, s), we 
obviously have 


(Ke, ‘)o(t)dt= {Kt s) ọ (t) dt. 


The integral equation 


j 
P (s) = f (s) +2 f K (8, t,) p (t) dt (347) 


is clearly equivalent to the following equation with the ordinary 
integral: 


b i m 
g(s) =f(s) +å jk (s, t) p (t)dt +A > 4, K(s, Xp) P (Xp) - (348) 
a p=1 


The eigenvalues and eigenfunctions are determined as usual from 
the homogeneous equation: 


b 
=, | K (s,t) p (t) dt. 


The eigenvalues can be assumed orthogonal in the case of a sym- 
metric kernel: 


b 
f Pi (s) Po (s) ds = 0, 
or ° 


Jno s) ds + Sone, ) Pa (%p) = 0. 


The Hilbert-Schmidt and Mercer theorems clearly remain in force. 
Equations of type (347) are called weighted integral equations. 


Let us consider an example. We take the symmetric kernel K(s, t}, equal to 
s with s < ¢ and equal to ¢ with s > t, [0, 1] being taken as the basic interval. 
Suppose that m = ] in (346) and that the one extra term on the right-hand 
side is taken with æ = l, i.e. 


Rtg, 


b 
f(x) dx = f f(z)dz +af (1) (a>0). 


The homogeneous equation 


1 
p(s) =4 f K(s,t) y(t) de 
0 
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can be rewritten as 
s 1 
p(s) =A ty (t)dt + ds f y(t) dt + Asay (1). (349) 
(i s 
Differentiation with respect to s gives 
1 
p’ (8) =å f p(t) dt +2ag (1), (350) 
s 


and further differentiation leads to 
g” (8) + Ap (s) = 0. (351) 


The two boundary conditions: y(0) = 0 and ’(1) = Aap(1) follow from 
(349) and (350). Conversely, the solution of (351) satisfying these conditions 
is easily seen to be a solution of integral equation (349). If a = 0, we get an 
ordinary integral equation, and the boundary conditions (0) = 9’(1) = 0 
do not contain the parameter 4. On putting A = w?, we have by virtue of the 
first boundary condition: p(s) = C sin ys, whilst the second condition yields 
an equation for mw, viz.cos uw = apsin p. 


Equations of a more general type have been discussed by Lichten- 
stein. 

Let B be a domain on the plane and / its contour. Lichtenstein 
considered equations of the form 


p(M) +4 f f K,(M,N)¢(N)doy + 
B 


+A f Ka (M,N) o(N)dsy +4 X K, (M, Px) p (Pi) =f (M), (352) 
l k=1 


where Px are fixed points belonging to the closed domain B. This 
equation can be written in the ordinary form if a new kernel and new 
differential are introduced: let M belong to the closed domain B and 
let N be different from the P. We put: 


K,(M,N) if N isinside B ee in B 
doy = 


K (M, N) = : ; 
K,(M,N) if N ison l 


dsy on l, 


and let 
K (M,N) = K,(M, P,) and dwy = 1, 


if N coincides with P,. Equation (352) now becomes 


p (M) +4 f K(M,N)¢(N) doy =f (M) 
BHI 


+ Studia Mathematica, vol. ITI, 1931. 
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and the entire Fredholm theory can be repeated. We merely remark 
that the solution of the adjoint equation 
y (M) +å f K(N,M)y(N) doy = f (M), 
B+l 

with continuous f( M) will in general now have breaks in its continuity 
on reaching the contour / and at the points P,. The same can be said 
of the solutions of the homogeneous adjoint equation. 

The previous results also hold in three-dimensional space. Another 
metod of investigating weighted integral equations has been given by 
N. M. Giinther.f 


50. Integral equation of the first kind with Cauchy kernel. We 
now start an investigation of certain elementary integral equations 
in the one-dimensional case in which the integral is understood in the 
sense of the principal value [III,; 26]. We shall make use here of the 
results previously obtained, relevant to the principal value of an 
integral of Cauchy’s type [IJJ,; 26, 27, 28]. The foundations of 
the theory of such singular integral equations were laid in the works 
of Poincaré and Hilbert. The theory has since been substantially de- 
veloped by Soviet mathematicians. A systematic treatment of the entire 
theory in the one-dimensional case may be found in N. I. Muskhelish- 
vili’s Singular Integral Equations (Singulyarnye integral’nye uravne- 
niya), Moscow, 1946, and in N. P. Vekua’s Systems of Singular Integral 
Equations and Certain Boundary Value Problems (Sistemy singulyar- 
nykh integral’nykh uravnenii i nekotorye granichnye zadachi), Moscow, 
1950. A work surveying a wide field is S. G. Mikhlin’s Singular Integral 
Equations (Singulyarnye integral’nye uravneniya) (Uspekhi matemat. 
nauk, III, sec. 3 (25), 1948). 

We shall assume in future, when speaking of a smooth contour, 
that its equations are: x = 2(s), y = y(s), where s is the arc length 
and the functions g(s), y(s) have continuous derivatives up to the 
second order. 

We start with an integral equation of the first kind with the 
Cauchy kernel: 


a 10) (353) 


TtT— 


where L is a smooth closed contour, and /(é) is a function given on L 
satisfying a Lipschitz condition. 


+ Studia Mathematica, vol. IV, 1932. 
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We shall assume that the required function (rt) also satisfies the 
Lipschitz condition. 
We obtained in [III,; 28] the formula 


Bai, aie Ji 2D de r|d =o (7), (354) 


from which it follows at once that the function 


al E dé (355) 


satisfies equation (353). It is easily seen that the solution of this 
equation is unique. For, on multiplying both sides of (353) by 
(1/a#)-1/(&—3), integrating with respect to¢ and taking (354) into account, 
we obtain (355). In brief, (354) and (355) are consequences of each 
other, by virtue of (354). We remark that it follows directly from (355) 
that w(t) satisfies the Lipschitz condition provided this condition is 
satisfied by f(&) [III,; 27]. 


51. Boundary value problems for analytic functions. Before proceeding 
to the solution of integral eqations with Cauchy kernels, let us con- 
sider some boundary value problems for analytic functions. We first of 
all introduce a new concept and prove an auxiliary theorem. 

Let a function f(z) be regular in the neighbourhood of z = œ. We 
say that it is of finite order at infinity if its expansion in the neighbour- 
hood of z = co has the form 


f= (a t+t+A+...) (0), (356) 


and the integer m (positive, negative or zero) is called the order of f(z) 
at infinity. If m < 0, f(z) is regular at the point z = œ, whilst if n > 0, 
z = œ js a pole of f(z). When m < 0, we have f(œ) = 0. 

THEOREM. If f(z) is regular throughout the z plane and is of finite order 
at infinity, f(z) ts a polynomial. 

In the present case expansion (356) holds throughout the z plane 
and the expansion cannot contain negative powers of z because z = 0 
must be a point at which f(z) is regular. Hence, with m > 0 the function 
f(z) will be a polynomial, whilst with m = 0 it is constant (a polynomial 
of zero degree). In particular, the constant can be zero. A function 
identically zero is also taken to be of finite order at infinity. Its order 
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is taken equal to zero, as in the case of a non-zero constant. The 
present theorem is in essence a generalization of Liouville’s theorem 
[III,, 9]. 

Let Z be a smooth closed contour. We shall solve the following three 
boundary value problems. 

PROBLEM 1. To find the function y*(z), regular inside L, and the 
function p-(z), regular outside LZ and of finite order at infinity, such 
that both functions are continuous up to L, and satisfy the relation- 
ship on L: 

pt (t) — g7 (t) = f (1) (t on L), (357) 


where f(t) is a complex function given on L, satisfying the Lipschitz 
condition. 
The formula: 


po (2) = = li He) -dr (358) 


2ni 


defines the function p? (z), regular inside L, and gg (z), regular outside 
L and vanishing at infinity. By the formulae for the boundary values 
of a Cauchy type integral [III,, 28]: 


gt (0) =- 4 (0) + 


2ni J Ert ” 
L 


i f (359) 
yo (t) = — >i) Seer zai, ft dé, 


we see that gg (2) and yo (2) satisfy (357), i.e. (358) gives a solution of 
Problem 1. It is easily seen that yg (z) and go (z) also satisfy the Lip- 
schitz condition [III,, 27]. It is obvious that 


9 (2) = an fF dr + P (g), (360) 


where P(z) is an arbitrary polynomial, also gives a solution of Problem 
1, where gt (tr) and p~(t) satisfy the Lipschitz condition. 

We show that this formula gives all the solutions of Problem 1. 
Let pt (z) and g-(z) be any solution of the problem. It follows from 
(357) and the same relationship for p(z) that 


pt (t) — pù (1) = g7 (1) — po (T) (ton L), 
i.e. the differences 


gt (2) — p? (2); p7 (2) — go (2) 
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have the same values on L, i.e. they define a function which is regular 
throughout the plane [III,, 24] and is of finite order at infinity. 
By the theorem just proved, the differences must be equal to the same 
polynomial P(z), whence (360) follows. 

If we lay down the condition g-(°o) = 0, we must put P(z) = 0 
in (360). We now state a second problem, first considered by Hilbert; 
it will be assumed in future that z = 0 lies inside L. 

PrRoBLEM 2 (Hilbert’s homogeneous problem). To find g*t(z) and 
y~(2) under the previous conditions, such that the condition 


pt (t) =g (t) p- (7) (t on L) (361) 
is fulfilled instead of (357), where g(t) is a complex function given on L 
which is non-zero and satisfies the Lipschitz condition. 
Let k be an integer equal to the increment of the amplitude of g(t) 
when the point t makes a circuit round L, divided by 2x: 


1 
k = > [argg(t)]- (362) 
The amplitude of the function 
Jo (1) = t* g(r) (363) 


does not receive an increment when t makes a circuit of L, and 
log g,(t) is a continuous function on L. We now assign some definite 
value to the logarithm. 

It is easily shown that log g,(z), like g,(r), satisfies the Lipschitz 
condition, and the proof will be omitted. We form the function: 


Pu (2) = e ®, (364) 
where 
1 flog g, 
w (2) = 55 f ME.) ar, (365) 


These expressions define functions which differ in general for z 

lying inside and outside L: 
ty 20 @, = op (2) 

yo (2) =e ; Ww (z)=e ’ (366) 

and we can show directly, by using expression (359) for the boundary 

values of the Cauchy integral, that functions (366) satisfy the relation- 

ship on L: 
Yo (T) = go (1) Yo (1). (367) 


We introduce the new functions, regular inside and outside L: 


of (2) = yt (2); Go (2) = 2-* yy (2). (368) 
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It will be seen by using (363) and (367) that f(z) and go(z) are 
a solution of the homogeneous Hilbert problem. It follows from (365) 
and (366) that w,(co) = 0 and y°(co) = 1, and we can assert, by 
(368), that the order of go (z) at infinity is (—k). 

We remark further that pġ (z) does not vanish anywhere, whilst 
py -(z) can only vanish with z = œ. If P(z) is any polynomial, the 
functions 

vt (2) =P (z) ed (2); Y7 (2) = P (2) p5 (2) (369) 
are also a solution of the homogeneous Hilbert problem. If m is the 
degree of P(z), the order of gg at infinity is equal to (m — k). In this 
case, g*(z) and p-(z) satisfy the Lipschitz condition, as in Problem 1. 

We show further that expressions (369) yield all the solutions of 
the problem. For, let yt(z) and g-(z) be any solution. The ratios 


(2) glz) 

PLO’ rA om 
are regular inside and outside L respectively, and the second is of 
finite order at infinity. In addition, these ratios coincide on L. Con- 
sequently, the ratios define a function which is regular throughout 
the plane and has a finite order at infinity, so that the function is a 
polynomial by the above theorem, and expressions (369) now follow 
for pt (z) and p~(z). 

PRoBLEM 3 (Hilbert’s non-homogeneous problem). To find y*(z) 
and y~(z) under the above conditions such that the condition 


pt (t) = 9 (t) p7 (t) + f (1) (t on L) (371) 


is satisfied instead of (361), where g(t) and f(t) are given functions on 
L satisfying the Lipschitz condition, and g(t) # 0. 

Let yg (z) and gq (z) be the non-zero solution constructed above of 
Problem 2. It follows from (361) that g(t) = pè (1) : yp (t), and by 
substituting in (371), we can rewrite this condition as 

P(t) g(t) __ e 

a Ge) EE)’ ee 
i.e. we have arrived at the first problem for the ratio y(z)/g9(z), whence, 
by (361): 


ee) lf f@® - 
Po (2) =a | aae at +P) (373) 


where P(z) is any polynomial, and finally: 


9 (2) = oe oem tP ere) (874) 
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We have to take pọ (z) instead of p(z) for domains lying inside L, 
and po (z) for outside domains. Expression (374) gives the general 
solution of Problem 3. The functions yg (2) and go (z) are given by (368), 
and the number k by (362). The first term on the right-hand side is of 
order (—k — 1) at infinity, and the second of order (m — k), where 
m is the degree of polynomial P(z). As in the previous problems, 
gt(t) and g~(t) satisfy the Lipschitz condition. 

We now consider the question of the solutions of Problem 3 that 
vanish at infinity. In other words, we seek the solutions of negative 
order at infinity. We take the cases: k>0, k= 0 and k <0. If 
k > 0, the first term of the right-hand side of (374) is of negative order 
at infinity, whilst the second will be of negative order when and only 
when m < k, i.e. in the case k > 0, (374) gives the general form of the 
solutions of Problem 3 that vanish at infinity if P(z) is taken as any 
polynomial of degree less than k. In this case we have an infinite set 
of solutions of Problem 3 that vanish at infinity. The general solution 
contains k arbitrary constants (the coefficients of P(z)). 

If k = 0, the first term is of negative order at infinity as before, 
whilst we have to take P(z) = 0 in the second term. The solution of 
Problem 3 is now obviously unique. If k > 0, it is easily seen, in view 
of what has been said regarding the orders of the terms on the right- 
hand side of (374) that we have to take P(z) = 0, and in addition, 
terms containing 2~*~', z~*~?, ..., 2° must be absent in the first term, 
i.e. there must be no terms containing 27}, 272, ..., z—* in the ex- 
pansion of the integral 

1 T gma T z? frji 

dai) gi oean Imi, FOr- J Hee + oo 
which holds for sufficient large | z |. This leads to the following neces- 
sary and sufficient condition for Problem 3 to have a solution vanishing 
at infinity: 


CI) a = = 
Jaor? (s=0, l, ..., k—1). (375) 


When this condition is fulfilled, the solution vanishing at infinity is 
unique and is given by (374) with P(z) = 0. 
52. Integral equations of the second kind with Cauchy kernels. 


We consider the equation 


A(é)g(@) +22 [ 2. ar = 719), (376) 
L 
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where A(é), B(é) and f(£) are given functions on L satisfying the 
Lipschitz condition, and we assume that 


A(é)+B(é)#40 and A(é)—B(é) #0 (E on L). (377) 


The solution ¢(£) will be sought among functions satisfying the 
Lipschitz condition. We introduce the function 


t= 


© (2) =z |2 dt. (378) 
L 


It follows from (359), with the previous notation, that 
g ($) = Ot (£) — D- (&), (379) 
1 
=| Ee. dr = D+ (£) + D- (é). (380) 


L 


Substitution in (376) gives us: 
[4 (&) + B(E)] D+ (6) — [4 (6) — BE] D= (4) = f (£) (381) 


or 
A ($) — B ($) p- tE) 

O=zaTEea®? O tIO+EG nee 
i.e. ®(z) must be a solution of Problem 3 that vanishes at z = œ and 
satisfies condition (375). Conversely, suppose that such a ®(z) exists. 
On defining y(&) in accordance with (379), we have (378) [51] for 
@(z), from which (380) follows. After defining ®+(&) and ®~(£) from 
(379) and (380) and substituting in (382), we get (376). The solution 
of equation (376) is therefore equivalent to the solution of Problem 3 
with boundary condition (382). The function 9(&é) is now given by 
(379). It remains to turn back to the results of [51], in order to obtain 
the complete solution of the problem. In accordance with (362), we 
bring in the integer 


17. A()— Be) 
k= se ETETE Ol (383) 


which is called the index of equation (381). 
Let ®,(z) be the non-zero solution of Problem 2, under the condition 


_AlE)— BE) p- 
OO =azQrBe? | 


which we obtained in [51]. We take the three cases: 
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(1) k > 0. We now have: 


D(a io 
P (2) = -Zai J (AG) FEO aH ATT Pea) Pole), (384) 


where P;_,(2) is an arbitrary polynomial of degree (k — 1). 
(2) k = 0. The solution is obtained from (384) with P,_,(z)=0, i.e. 


f(r) 
@ (2) = Po) ) OF BME MED (385) 


(3) k < 0. The necessary and sufficient condition for Problem 3 
to be soluble is that 


Ets) 2 =0, 1 k—1 86 
TaoTao ao =) PENE iek S) 
and if this condition is satisfied, the solution is given by (385). 
By using (374) and (379), we can now obtain the solution g(¢) of 
equation (376). Here we have to make use of the formula for the jump 
of a Cauchy type integral. We have, with k > 0: 


Dt (E) + Dr 


p ($) = sa ee © FE + [PE (8) — D ()] Pra + 
Di (8) — Dz (8) f(z) 
ta | AM FEO MEH a 


(387) 


where P;,_,(z) = 0 with k = 0. When k < 0, if condition (386) is 
fulfilled, we get the same result, though with only P,,(é) = 0. 
It follows at once from this that the homogeneous equation 


A (8) 9 (8) + =O) lt 20 dt = (388) 


has the general solution, with k > 0: 
P (£) = [DF (£) — Po (8)] Pr~: ($), (389) 


whilst with k < 0 equation (388) has only a zero solution. Expression 
(389) yields k linearly independent solutions of (388): 


= [OF (6) —@ (HJ (s=0, 1, 2,...,k—1). (390) 


Thus, with k > 0 non-homogeneous equation (376) is soluble for 
any /(€), and homogeneous equation (388) has k linearly independent 
solutions. With k = 0, equation (376) is soluble for any /(&) and has a 
unique solution, whilst homogeneous equation (388) has only a zero 


170 INTEGRAL EQUATIONS [53 


solution. With k < 0 we have (—k) conditions (386) for (376) to be 
soluble and if these are fulfilled (376) has a unique solution. The homo- 
geneous equation has in this case only a zero solution. The results 
obtained here are different from those that we had when solving ordin- 
ary Fredholm equations. 

We remark that the pits of the first kind: 


Pri ars = gar =f) 


is obtained as a particular case of equation (376) with A(é) = 0 and 
B(é) = 1/2. In this particular case k = 0. 


53. Boundary value problems for the case of asegment. We now consi- 
der the problems of [51] for the case when we have a segment [a, b] of 
the real axis instead of a closed contour L. In future we shall always de- 
note by ®(z) a function which is regular outside [a, b], is of finite order 
at infinity, is continuous up to [a, b] from above and below, except- 
ing possibly at the ends, and satisfies close to the ends the condition 


A 
19 (2)| < Gaye (391) 


where A and a are constants, 0 < a < 1 and c is one of the ends, i.e. 
c =a or c =b. We shall write ®t(¢) and ®-(¢) for the boundary 
values of ®(z) from above and below on [a, b]. 
PROBLEM 1. To find ®(z) such that, with a < < b, where f(E) is 
a given function satisfying the Lipschitz condition on the closed segment 
[a, b]. 
D+ (£) — D- (£) = f (8). 


As in [51], the expression 


b 
ol) =z |4 dr + P (2), (392) 


where P(z) is an arbitrary polynomial, gives a solution of the problem. 
Condition (391) is immediately seen to be satisfied from the fact that, 
close to the ends, ¢(z) has the form E 27]: 


D (2) = + ÉC log —— + F (2), 


where F(z) has a finite limit as z > c. It can be shown that (392) gives 
all the solutions of the problem. The proof is as follows. Let ®,(z) and 
®,(z) be two solutions of the problem. It is sufficient to show that the 
difference œ(z) = (z) — ð (z) is a polynomial. As in [51], this 
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difference is regular throughout the plane, excepting possibly at 
z = a and z = b, and has a finite order at infinity. It remains to show 
that w(z) is regular at z = a and z = b also. 

We use the fact that w(z) satisfies inequality (391) close to z = c. 
It is easily shown that, given this fact, w(z) is also regular at z = c. 
To see this, we only need to repeat the proof of the theorem of [III,, 10]: 
if f(z) is regular and single-valued in the neighbourhood of z = a and 
bounded in modulus, it is also regular at z = a itself. Here, the con- 
dition | f(z) | < M can be replaced without detriment to the proof 
by condition (391), ie. | f(z) | < C/e* (0 <a <1). 

The solution of Problem 1 satisfying the condition (2) = 0, is 
obtained from (392) with P(z) = 0. 

We shall consider the following problem in the particular case when 
g(f) = —1. 

Proste 2. To find the ®(z) such that, witha < E < b: 

Ot (£) + È- ($) = 0. (393) 


On taking into account the fact that Vz — c changes sign when z 
makes a circuit round c, we can write the following solution of Problem 
2: 

1 
ð 2) aaa; 394 
oo = ece n (oa 
where the value of the radical is fixed in any manner. This solution 
differs from zero throughout the finite plane and (2) = 0. 
A further solution will be 
P (z) 
@ zj) = 5s 395 
(i V(2—a) (@— b) en 
where P(z) is an arbitrary polynomial. This formula gives all the 
solutions. For, if ®(z) is any solution of the problem, it is readily 
shown as in Problem 1 that the ratio O(z) : ®,(z) is a polynomial, 
whence (395) follows. 
PROBLEM 3. To find D(z) such that, witha < E < b: 


Ot (£) + D- (6) = F (8). (396) 
where f(E) is a given function satisfying the Lipschitz condition on the 


closed segment [a, b]. 
Since ®,(z) satisfies condition (393), we can rewrite (396) as 


DH (8) AE 
Sa E BH’ 


i.e. we have Problem 1 for the function D(z) : ®,(z). 


(397) 
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We defined the value of the radical in (394) so that e.g. the ex- 
pansion of ®,(z) in the neighbourhood of z = co starts with z—-!. The 
radical /(& —a) (€—b) will now be pure imaginary with a positive 
factor for i on the upper side of the cut [a, b]. On taking this value 
for the radical, we can rewrite condition (397) in the form 


DE D- ($) L 
ot () a =I VE a) (€ — b). (398) 


We show that the function 
VE — a) (6 — 4) (399) 


satisfies the Lipschitz condition with index half on the closed segment 
[a, b]. We make use here of the obvious inequality 


Va+p—Va<J]B| for a>0, a+fB>0. (400) 
Let £ and 7 belong to [a, b]. On putting 
a = (n — a) (b— n); a+ $= (Ẹ— a) (b — $), 

we obtain from (400): 

(=a) (b4) — V-a) bn) < Vla +E =E abn] 

= Viia +b) — E+E n), 
whence, on observing that £+ 7 > 2a, we have: 
VE —a) (6-8 — Vin — a) b — n) < Vba Vn = £l. 


We could have shown in exactly the same way that 


Vin — a) (6 — n) — VE —a) b — &) < Vb —a Y]n = $], 


| Vin — a) (6 — n — VE- b= | < y= ay [n — E], 


whence it follows that function (399) in fact satisfies the Lipschitz 
condition with index a = 1/2 on [a, b]. Consequently, the whole of 
the right-hand side of (398) also satisfies the Lipschitz condition 
(III,, 27]. On solving Problem 1 for ®(z) : (z) with the boundary 
condition (398), we obtain 
b 
1 f(t) ¥(@ —a) (6—7) P) 
MEN a5! TZ ee ¥(z—a) (6—2)’ 
a 


(401) 
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where, as usual, P(z) is an arbitrary polynomial. On using the inequality 
for the Cauchy integral close to the ends of the segment, it is easily 
shown that function (401) satisfies condition (391). If we wanted to 
obtain a solution satisfying the condition ®(co) = 0, we should have 
to put P(z) constant in (401): 


= TOET) (t — b) 
a mena ean J fag ee 
C 
As 402 
i re ae 


A supplementary condition can be laid down in the solution of 
Problem 3, that ®(z) be bounded in the neighbourhood of the ends of 
the segment. Now, we should have to take, instead of the solution 
(394) of Problem 2: 


z) = (z — a) (z — b) , (403) 
and we obtain, instead of (401): 


_V@=a) SPD P f(z) d 
WA 2ni ee ATE 
+ P (2) (z — a) (z — b). (404) 
To obtain a solution satisfying the condition (c0) = 0, we have 
to put P(z) = 0, and in addition, the condition must be fulfilled: 


f(z) 
=0Q. 405 
Sigman on 


If we demand that the solution be bounded only at the end z = a, 
we must take instead of (403): 


ole = E, 


and we obtain, instead of (404): 


z—a t—b Ai 
(2) AEN E gore 


+P f2=$. (408) 
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In this present case, given any /(&) there is a unique solution satis- 
fying the condition ®(co) = 0: 


ð (2) = 5 S E a (407) 


z z— b T—Q4aT—Z2 


We shall not dwell on the proof of (404) and (406). It may be found 
in the work already cited by N. I. Muskhelishvili, which we have in 
fact followed in these last sections. 


54. Inversion of a Cauchy type integral. We now consider the 
problem of inverting the integral 


1 
ni 


panD ecic uos 


Roe 


We proceed as in [51]. After pce the function 


1 f 20) 
P (2) = Lje 
a 


satisfying the condition (œ) = 0, we obtain: 
g (£) = D+ ($) — D- ($), (409) 


b 
D+ (£) + 9-( = | ear. (410) 


m 


Equation (408) is therefore equivalent to the following: 
+ (2) + D- (8) = f (8) (a < È< b). (411) 


This is Problem 3 of [53] with the supplementary condition (œ) = 0. 
Having constructed the solution of this problem, we obtain ọp(¢) in 
accordance with (409). After using (402) and the formula for the bound- 
ary values of a Cauchy type integral, we finally obtain 


b roa eh 
l EWG a(b) C 
<TR d nn 
aiy (§ — a) (§ — 6) or “+ We=ay G8) 


(412) 


ọ ($) = 


We remark that this function satisfies the Lipschitz condition only 
on any closed interval lying inside [a, b], and not on [a, b] itself, and 
it may increase indefinitely as § approaches either a or b. If condition 
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(405) is fulfilled, a solution of (408) may be obtained which is bounded 
at both ends: 


p (E) = VE — a) ee ETEA f yeer Se rai we 


A detailed treatment of this inversion problem may be found in 
Muskhelishvili’s work. 


55. Fourier’s integral equation. We turn now to a study of certain other 
singular integral equations for which the earlier fundamental theorems on 
Fredholm equations may prove to be invalid. These are equations with an 
infinite domain of integration (or interval of integration, in the one-dimensional 
case). 

The construction of a more general theory of integral equations embracing 
examples of such singular equations requires a departure from the class 
of continuous functions and the employment of a more general concept of integral. 
We shall do this in Vol. V. We confine ourselves here to brief indications of 
the practical side of the subject, and leave the precise statement of the final 
theorems to Vol. V. 

We start with the Fourier transformation for the case of an even function, 
and we shall be chiefly concerned in what follows with a kernel depending on 
a difference. 

We recall Fourier’s formula, proved earlier in [II; 160]. If f(s) is continuous 
and absolutely integrable in the interval 0 < s < œ, and has only a finite 
number of intervals of increase and decrease in any finite part of this interval, 
by constructing the function 


fi (8) = Ji (t) cos st dt, 
0 


we can express f(s) in terms of f,(s) by the formula: 


f(s) = |= fa (t) cos st dt. 
o 


On adding the last two formulae, we obtain 


f(e) +A (8) = =J [f (t) + fi (t)] cos st dż, 
d 


i.e. whatever the choice of function f(s) satisfying the above-mentioned conditions. 
the function g(s) = f(s) + fi(s) is an eigenfunction of the integral equation 


p(s) =A fe (t) cos st dt, (414) 
0 


corresponding to the eigenvalue 4 = y2 : Yx. 
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By using the fact that f(s) is arbitrary, it can be shown that, given the value 
of A indicated, homogeneous equation (414) has an infinite set of linearly 
independent eigenfunctions. This special feature is due to the fact that the 
interval of integration is infinite. 

Let us prove this. If we put f(s) = e7” (p> 0), it is easily shown that 
f(s) = V2 p Yn (8? + p?). With the given A, we get a solution of equation (414) 
containing an arbitrary parameter p, which can take any positive values. The 
integral equation with kernel sin st can be considered in precisely the same 
way in the interval [0, oo]. 


56. Equations in the case of an infinite interval. By using the two-sided 
Laplace transformation or the Fourier transformation, we can apply the method 
of [46] to the case of a Fredholm equation of the form 


+o 
plæ)=i(@)+ J Kæ igt d. (415) 


All the previous formulae remain valid here, and all we have to do is replace 
the one-sided by the two-sided Laplace transformation everywhere. In addi- 
tion, we have to offer a justification of the transformations used. Apart from 
the conditions imposed on f(x) and K(x), we have to indicate the class of func- 
tions in which the solution g(x) of equation (415) is sought. 

We shall assume that f(z) and K(x) are continuous and that the integral 
exists: 


+o 
f |K(a)|da=A. (416) 


We show that equation (415) can have only one bounded solution if the con- 
stant A satisfies the condition A < 1. If two bounded solutions were to exist, 


the homogeneous equation 
+o 
y(z)= f K(@—t)y(t)dt (417) 


would have to have a bounded solution different from zero. This leads to a 
contradiction. For, let 6 be the strict upper bound of | y(x) | in — œ < x < + œ. 
Whatever the small positive ¢, an x exists such that | y(x) | > 6 — e. Substi- 
tution of such an x in equation (417) gives 


+o +o 
ô—e< | {[K(a—2t)||y@)|dt<6 f |K (x)|dr= ôd, 


ico. ô — £e < OA. This contradicts the fact that A < 1 and that e can be taken 
as small as desired. If f(x) is a bounded function, i.e. | f(x) |< M, it can be 
shown, on the assumption that A <1, that a bounded solution exists, by 
using the usual method of successive approximations. If we introduce a para- 


meter into the equation: 
+œ 


p(n =f) +4 J Kiæ—t) pt dt, 
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the above condition (A < 1) becomes 
Ja] <47. (418) 


In addition to the bounded solution, there can clearly exist continuous solu- 
tions g(x) which are unbounded in — œ < x < + œ. Instead of the condition 
that the solution be bounded, the condition is sometimes laid down that the 
integral of | p(x) | or of | p(x) |? exists over the infinite interval — œ < x < +o. 
The condition for the existence and uniqueness of the solution in this sense, 
using the Lebesgue integral, may be found e.g. in Titchmarsh, Introduction 
to the Theory of Fourier Integrals (p. 304). 

We now take the homogeneous equation: 


+o% 
p(z)= f K(æ—t)p(t)dt (419) 
and seek its solution in the form 
p (x) = e™, (420) 


where a is a constant. We substitute in (419): 
+o 
e% = f K(æ—t)e*dt. 


We replace t by a new variable of integration: t, = x — t. On cancelling by 
e™ and replacing the letter ¢, by the letter ¢, we obtain an equation for a: 


+o 
fK(ije "dt =1. (421) 


If this equation has a root of multiplicity r, differentiation of the equation 
with respect to a gives: 


+o 
SKWe dt=0 (k=1, 2, ..., r— 1). (422) 
It follows from (421) and (422), with the aid of the previous change of vari- 
ables, that the functions 


e7, TO", ec T OC (423) 


as well as function (420) are solutions of equation (419). It is obviously assumed 
here that a is such that the integral on the right-hand side of (419) has a mean- 
ing. It can be shown that these functions exhaust all the solutions of equation 
(419) belonging to the given class of functions. A strict statement of this result 
may be found in Titchmarsh’s work (p. 305). 

It may be mentioned that the solution ef% will be bounded in the interval 
oo <a” < -+o when and only when a is pure imaginary. 


57. Examples. Let us elucidate the above with the aid of some examples. 
l. Suppose that, in equation (415), 
je“ for «<0 


IBD SO S v xr>0 


(424) 
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i.e. the equation has the form 


g (z) =e '*! +4 de® | oh o (t) de. (425) 
x 


We find the Laplace transforms for functions (424): 


+o 0 +o 
F (8) = f 7*7 '*idw = f o&79ž dg + f e7 1+9 * ay 
= or ò 
1 1 1 
Eat Ire Iep 
0 
Lead | ottas =i. 


We have assumed when determining F(s) that the complex variable 
s = g + ti belongs to the strip —1 < g <1, and the inequality o <1 was 
required when determining L(s). In accordance with (323): 


2 


TOS rar eta er 


so that 


Otic 
eX 


2 : 


T—loo 


It follows from (310) or by writing an inequality directly for the last integral 
that a bounded solution is obtained if we take g =0 for the line of integration, 
i.e. the imaginary axis. We assume here that the point (1 — 4) does not lie 
on the imaginary axis. Suppose that the point lies to the right of the imagi- 
nary axis, i.e. that the real part of (1 — A) is positive. With «> 0 we apply 
the residue theorem precisely as in [44], the pole s = —1 being to the left of 
the line of integration: 


—x 


pa) = 74e (x > 0). (427) 


With x < 0, in order to arrive at Jordan’s lemma, we have to describe the 
semicircle to the right instead of the left of the line of integration [cf. IL, 61]. 
After finding the residue at the point s = 1 — A, we obtain 


g (x) = sen (x <0). (428) 


If the point (1 — 4) lies to the left of the imaginary axis, both poles will 
lie on the left, and we get the bounded solution 


2 
p (z) = (e™* — et 4) (x > 0) 

2A (429) 
g (x) = 0 (a <0). 
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We assume here that 42. With 4 = 2 the integrand in (426) has a double 
pole at s = —1, and we obtain 


igs * 0 
ra=] Fa Coa (430) 


On returning to equation (425), we obtain: 
v(a) = f e ‘pyar, 


whence 
p (x) = — eo“ (x). (431) 
With x > 0, equation (425) becomes 
— y’ (x) =e ™ + Ap (a), 
so that, if A Æ 2: 
e ax 
y (x) = ane kA GA (x>0). 


Similarly, we obtain with 2 < 0: 
1 = 
y(a)=— -y +07 (@<0). 
The continuity of y(x) at « = 0 implies that 
2 1 
0,=0,+ ai + TT 


and finally, on taking (431) into account and putting C = C, A, we obtain 


g (2) = 5 > 7 e™* 4+ 0e- (æ >0) 
2 (432) 
g (x) = (5 + o) Ax (z <0), 


where C is an arbitrary constant. The case 4 = 2 has to be treated separately, 
and we shall not dwell on this. Solution (427) and (428) is obtained withC = 0, and 
solution (429) with C = 2: (2 — A). If the real part of å is negative or zero, we 
have to put C = 0 in expressions (432), since otherwise the integral appearing 
in equation (425) loses its meaning. If (1 — A) is pure imaginary or zero, solu- 
tion (432) will be bounded with any C. In this case: 


and condition (418) has the form | 4| < 1. There is seen to be an infinite set 
of bounded solutions even with 4 = 1. The presence of an arbitrary constant 
in expressions (432) shows that the function 


@ (x) = e077 x (433) 
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must be a solution of the homogeneous equation: 


o (x)=å f čo (t)dt, (434) 
x 


if the real part of å is positive. In the present case equation (421) becomes 


0 


A 
Af ota ma, i.e. =1 or a =l —å, 
l—a 


— o 


whence we in fact obtain solution (433) of equation (434). Every å with a positive 
real part is thus seen to be an eigenvalue of equation (434). The corresponding 
eigenfunction (433) will not be bounded in the interval (— co, + oo), except 
when (1 — A) is pure imaginary or zero. As in Fourier’s integral equation [55}, 
the deviation from the theorems proved in the general theory of integral equa- 
tions is explained by the unbounded nature of the interval of integration. 


2. We take the equation 
+o 
g (x) =f (2) +å f e™'* =" p(tyde. (435) 


Here, the kernel is symmetric. We apply a two-sided Laplace transformation 
to the function 4K(x) = 4e~!*! (see the previous example): 


+o 
L(s)=A J e~e * da = 


— o 


2A 
1— s? 


(—l<o<l). 


We now form M(s), in accordance with formula (327): 


2A 
M@- jaa 
and the resolvent from formula (328): 
a O e 
e 
R(x) => f pone” (436) 


In the present case: 


A = f o™* dr =2, 


and condition (418) becomes 


M (437) 


We shall assume that this condition is satisfied. The real part of (1 — 2A) 
is now certainly greater than zero, and on writing y 1—24 for the value of 
the radical, the real part of which is positive, we obtain from (436): 


A 


ia xı VI-A , (438) 


R (2) = 
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Formula (488) follows from (436) by the residue theorem as in the previous 
example, the cases x <0 and x > 0 being considered separately. It can be 
obtained in another way. We only need to put x = yyl— 2A and 
s = o: YI — 2A in the expression 


+o 2 
—SX | Xi pata 
f e “e dz = Tos’ 
which gives us 
+a y 
remy 2y1— 2} 

=Y o7 1Y VIZ2 dy = A 

Í Pe eee eas eer ear 


Inversion of this two-sided Laplace transformation leads us at once to expres- 
sion (438) for integral (436). Having found the resolvent (438), we obtain by 
analogy with (325): 

+o 
f ext VITA f (t) dt. (439) 


p (x) = f (x) + 


yi—=24. 
If f(x) is bounded in the interval (— œ, + œ), this formula obviously gives a 
bounded solution of equation (435). This will hold not only under condition 
(437), but for any å except for the case when (1 — 2A) is zero or a real negative 
number, i.e. except when å > 1/2. 
Equation (421) becomes in the present case: 


+o 
ASe Me de = 1, 
=% 
i.e. 
2a 


l — a? 


=] or a= + Vl — 2A, 
so that the homogeneous equation 
+2 
w (x) =A Se '* w(t) de (440) 


has the solution 
w (a) = Cie! 172 4 0, ~VI-2ax, (441) 


When 4 = 1/2, the equation in æ has a double root a = 0, and we have 
instead of (441): 
w (x) =C,+ Cx. 


For the integral to have a meaning when expression (441) is substituted 
in the right-hand side of (440), we have to require that the positive real part 
of YI — 24 be less than unity or that this real part be zero. If 1 — 2A < 0, 
i.e. A> 1/2, (441) yields a bounded solution of equation (440). With 4 = 1/2, 
an orthogonal solution of equation (440) will be an arbitrary constant. In this 
case all the real values 4 > 1/2 will be eigenvalues of equation (440), to which 
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there correspond bounded eigenfunctions. When å > 1/2, the eigenfunctions 
can be written, by (441), as: sin 7/22 —1 and cos 724 — 1. If the real part 
of 71 — 2/ is positive and less than unity, (441) gives an unbounded solution 
of (440) with any choice of arbitrary constants O, and C,. 

3. The homogeneous equation 


= y (t) 
pia =a | PP at (442) 
ò 
reduces, with the aid of the substitutions 
z=, t=e0; el: wie’) = g (8) (443) 
to the form 
w (z) 
hi T 
g(—)=4 | — az, (444) 


2 cosh +- (€—1) 


— 0 


The corresponding equation (421) becomes 


+o 
e7% 
A j =s eN, (445) 
1 
<= 6 2 cosh -y-t 


where the existence of the integral requires the assumption that the real part 
of a lies inside the interval (— 1/2, 1/2). The last integral is evaluated by introdu- 
cing a new variable of integration x = e: 


+o to œ 
ea A e7% g(t.) 


1 
aa 2 cosh —- t -% e2 +e 2 


On putting —(a + 1/2) = b — 1, ie. b = 1/2 — a, and using the familiar 
integral [TIT,, 62]: 


œ 
go 


Gi n 
FE Fry gy 
l+z2 sin bx cos az ’ 
0 
we can rewrite equation (445) as 
aÀ 
cos az g 


where we have to take the roots whose real parts lie inside the interval 
(—1/2, +1/2). If A= 1l : x, the equation has a double root a = 0. Equation 
(444) now has the solution 9(¢) = O, + C; ¢, and by (443), we get the fol- 
lowing solution of equation (442): 


v (2) = AEDES, 


where C, and C, are arbitrary constants. 


n 
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58. The case of a semi-infinite interval. When the basic interval of integration 
in an integral equation with a kernel depending on a difference is (0, + 0) 
instead of (— œ, +- œ), the problem becomes more complicated. Equations of 
this type have been investigated by Wiener and Hopf (Sitz Preuss. Akad., 
1931), V. A. Fok (Matem. sb., vol. 14, 1944), and I. M. Rapoport (DAN SSSR., 
vol. 59, no. 8, 1948). The last work establishes the connection between this type 
of equation and Hilbert’s boundary problem. We shall follow this method, 
confining ourselves to general indications of the way in which it is used. 

We consider the equation 


P(x) = f(a) + | K(@— Heide. (446) 


The function K(x) is given in the interval — œ <x < + œ and f(x) in the 
interval 0 < x < + oo. It is required to find g(x) for 0 < x < + œ. We shall 
assume that the given functions are continuous and that, for some real c, the 
products 

K (ae, f(xye"™ 


are absolutely integrable and have a finite number of intervals of increase and 
decrease for —œ <a” < + œ and 0< x < + œ respectively. 

We complete the definition of f(x) for « < 0 by putting f(x) = 0 for x < 0, 
and seek the g(x) such that equation (446) is satisfied throughout the interval 
— co <x < -+ co. We shall also assume that g(x) e-™ is absolutely integrable 
for — œ < x < + œ. l 

In order to apply the convolution theorem for the two-sided Laplace trans- 
formation, we must have the limits of integration — œ < æ < -+ œ. We proceed 
as follows. We introduce the functions 


= O (x>0) __ f— (x) (> 0) 
wae cy POS eae (447) 
Equation (446) can now be written as 
re 
P: (2) — p- (x) = f(a) — | E (æ — t) p- (t) de. (448) 


We introduce the two-sided Laplace transforms 
DF (8) = L (p); D (8) = La (p-); F (8) = La (f); L (8) = L (K), 


putting s = c + ti. In view of our assumptions regarding the absolute con- 
vergence of the integrals, these transformations are realizable, and, by (448), 
we obtain 


gt (s) — D- (s) = F (8) — L (s) DT (s) (s =c + ti). (449) 


Since f(x) = 0 for x < 0, we have 


e *} (x) da, 


ie] 
€ 
Ii 
oun? 
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and the last integral is absolutely convergent if the real part of s = o + ti 
satisfies the inequality Rs = ø > c, whilst the function F(s) is regular to the 
right of the straight line o = c and is continuous up to this line [44]. Similarly, 
since we have assumed the absolute convergence of the integral 


+o 
f e7 * g (x) da, 


the integrals 


+o 


fe “p, (2)dx and fe “p_(x) dx 


must be absolutely convergent if ø satisfies respectively o < c and Ø > c, 
and we can assert that p+(s) must be regular in the half-plane Rs = 0 < c, 
and g (8) in the half-plane Rs = ø > c, where both functions must be continu- 
ous up to the line c = c. It can also be shown that both functions must tend 
to zero in these domains as | s] — + oo. Equation (449) relates the boundary 
values of the functions gt(s) and g` (s) on o = c. On writing the former as 


D*+ (8) = [1 — L (8)] D7 (8) + F (8), (450) 


we see that a non-homogeneous Hilbert problem is obtained (see [51]). Problem 
(450) differs from problems (371) only in the closed contour L, containing the 
origin inside it and an infinitely remote point outside, being replaced by the 
straight line s = c + zti. This change leads to certain modifications in the for- 
mulae. The factor z~* of (363) is replaced by 


( — a (a<c; >c), 


the amplitude of which receives the increment (—2kz) on an upward displace- 
ment along the straight line ø = c. Formula (363) now becomes 


a 


9. (8) = (= ) [1 — L(s)}, 


where 


k = — farg [1 — L (8) petiz 


(here and later we assume that 1 — L(c 4- ri) Æ 0). Instead of (368) we have 


a 


— ayk 
pi (8) = vò (8); po (8) = f = 3) Yo (8), 


and instead of the polynomial P(z) the fraction 


P (8) 
(s — pt 
since we now have to apply the generalized Liouville theorem to a function 
regular everywhere except at s = £. 
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We assume that functions Z(c + rti) and F(c + ti) satisfy the Lipschitz condi- 
tion and write down the solution of Problem (450) vanishing at infinity 
[ef. (379)]: 


cio 
pa (8) F (x) Pra ls) [®t (8) (Rs < c) 
ni | p aa tt eM O=(o-@) eoa CD 
C— 1 
Here 
_ [oi (s) (Re<c) 
(0) = [Pe (Rs>o)’ 
i C+ feo Lk dr 
—a 
pio) = expa f g {(E=$) -rn 
c—i% 
s—a\* ae t — ay“ dt 
w= (55) eps | we [(F3) OFS; 
CL 


(expa = 6"), 


P,_,(8) is a polynomial with arbitrary coefficients of degree not higher than 
k — 1; when k < 0 we have to put Pp- (8) = 0. 

In accordance with the results obtained at the end of [51], we have three 
cases: 

k > 0. Problem (450) has a solution depending on k arbitrary constants. 

k = 0. The problem has a unique solution. 

k < 0. The integral in (451) must have a zero of order (—k) at s = ĝ, com- 
pensating the pole of the factor [(s — a)/(s — 8)]~* appearing in p; (8). This leads 
to the necessary and sufficient conditions for solubility: 


C+Hico 


ee, 0,1 —k— 1). 452 
leee 0 (m ye E ) (452) 


C— {%0 


Having found the function Ø- (s) in accordance with (450), we find by inver- 
sion formula (308) the function g(x) with x > 0: 
O+ico 
f esx- (s) ds (o>c,a>0). (453) 


o—jco 


1 
27i 


P (x) = — p (x) = 


It can be shown that the product p(x) e~“ is absolutely integrable on the interval 
0< x< +æ. After writing the inversion formula for ®+(s), we can find 
g(x) for x < 0. 

Let us state the result of the investigation. If k is a number equal to the 
increment of the amplitude of the function 1 — L(s) when s varies from c — i, 
toc +1, divided by 2x, in the case k > 0 equation (446) has k linearly inde- 
pendent solutions; when k = 0 the equation has a unique solution, zero for 
the homogeneous equation; when k < 0 the necessary and sufficient conditions 
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for the equation to be soluble are given by (452). If (452) are fulfilled, the equa- 
tion has a unique solution. When k> 0 the homogeneous equation (446) 
(f(x) = 0) has & linearly independent solutions, which are obtained if we put 
F(s) = 0 in (451). 


59. Examples. 1. Let us consider the symmetric kernel 


Je~* (x > 0) 


K (a) = 407 '*! = fix (a <0)’ 


where 4 is a real parameter. We can take as c any number satisfying 
—1 <c < l. The function L(s) becomes 


C] 0 
L(s) =A J e e dr +A f e7 *e* dr = a ze 
0 —o 
and 
__ (8—4,) (s — 22) =- 
1—L(s)= U ler)” (454) 
where 


Ing=+VI—2 = (RA, > Rh). 


The number k will depend on å and on the class of solutions, characterized 
by the number c. If Rà, <c and RA, <c, then k= +1; if Ri, >c, and 
Rh, <c, then k = 0; if RA, > c and RA, > c, k = —1. 

(1) The case A < 0. With any c, |c| <1, we have k = 0, since A, > 1 and 
å < —1. Problem (450) becomes 


= (s — 4,) (s — 22) 
(s— 1) (8 +1) 


Due to the special simplicity of coefficient (454) this problem can be solved 
without using a Cauchy type integral. It is obvious that 


D+ (8) D7 (8) + F (8). (455) 


s—À 8+1 
¢ (8) = 1; z(e) = ; 
pò (8) Tal Po (8) s— i, 
We rewrite condition (455) in the form (372): 
s— 1l ,. s— h p-n a — I 
si DF (8a) sF D- (8) sE F (8). (456) 
The product 
s—l 
s— À Ee) 


can easily be expressed as a difference of the form (357) on the assumption 

that F(s) is regular for Rs > c: 
s—l ÀA — laa 
wae O) sann 


Hence [cf. 51]: 


(4, — 1) F (A) — (8 — 1) F (8) 
s— À : 


8—d, (A, — 1) F (A,) — (s — 1) F (8) 
rh al ()= s—A, : 
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so that 
Pye e Uae DF oy, aa 
and the solution of the equation 
pla) =f) +4 Fem ow ar (458) 
with A < 0 becomes 
p (z) = — p- (2) = = fe iat a = et DPA as, 


(2) We take the case 0 < å < 1/2 and suppose that c satisfies the conditio: 
y1 2 <c <1. We have A, <4, <c, whence k= +1. The function on 
the right-hand side of (455) can have a simple pole s = 1 in the domain øg > c 
and must tend to zero as | s | — œ. It is easy to see that we must put 


z A 
oF o= EAEE o- Rm, 


where A is an arbitrary constant. We find that 


Z &— 1 (@+1)A 
® = — ——— F (8) + — > 

=~ pcena + eae a) 
and the solution of equation (458) with 0 <4 < 1/2 and yI—24 <e <1 
will be 


ape oi A vee +1 

py eee one E sx ST as 

Pao J (8 — 2) (8 — a odi 2ni f 7 (8 — 4,) 8 — Ag) 
O—jco o~—[ æ 


The second term is the solution of the homogeneous equation. On adding a 
semicircle of large radius to the left of the line of integration, and applying Jordan’s 
lemma and the residue theorem, we obtain the solution of the homogeneous 
equation in the form 


jin gael at" eax se —Virmx 
° ia 2y1— 


(3) The case 0 < å < 1/2, —y1—24 <c <y —24. We have k=0 
for this narrower class of solutions. The method of solution is the same as 
in case (1). 

(4) The case 0 < å < 1/2, —1 <c < —y] — 24. The class of solutions is 
still narrower (k = —1). The method of solution differs from that of case 
(1) only in the fact that the expression in square brackets in (457) must now 
vanish for s = /,. We find from this the necessary and sufficient condition for 
equation (458) to be soluble in the present case: 


(4, — 1) F (Ay) — (tp — 1) F (Aq) = 0. (459) 
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(5) The case A> 1/2, 0 <c <1 (k = 1). The method of solution is the same 
as in case (2). The solution of the homogeneous equation with A> 1/2 can 
be written as 


sin vx 
Po (£) = cos vx + oa 


where +»? = 24 — 1. With å = 1/2 the homogeneous equation has the solution 


% (x) =l +r. 


(6) The case A> 1/2, —1 <c <0 (k = —1). The method of solution is 
the same as in case (4). We get a solution vanishing at infinity if condition 
(459) is satisfied. It can be shown that this condition is equivalent to 


x 


| (cos ve + 


sin vx 


) fle) de =0 
or 


x 
N (1 + a) f (z) da =0. 


2. We take a homogeneous equation, the kernel of which is given by (Milne’s 
equation): 


> ant 
K (2) = | 4. 
Ix] 


This function tends to infinity of order log x at x = 0. This fact does not prevent 
the application of the previous method. We form the function L(s): 


fe a 
L(s) = fed f |o 
|x] 
1 ee ret 1 ° sx ret 
=z fol j kajer fo | fa dx. 


The repeated integration in the first term is equivalent to finding the double 
integral over the part of the first quadrant of the (x, ¢) plane in which ¢ > xv. 
By changing the order of integration, we can rewrite this first term as 


a She 


t <o 
(S—1)t _ ai 
L jl f erasa = k fe e at. 
2 t t 2s t 
0 0 


The last integral can be evaluated say by differentiation with respect to the 
parameter s, and we get: 


1 i eS)! ao! 1 
ò 


dt = log (1 — 
2s og (1 — 8), 


t 2s 
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where the real part of s is assumed less than unity. The second term in the 
expression for L(s) is evaluated in the same way, and we obtain 


1 l+s 
L (8) = log $= 


Soe (s=o+71; —l<o<)), 


where we have to take the value of the logarithm which vanishes for s = 0. 
On expanding the logarithm as a power series, the equation 


is seen to have a double root s = 0. It can be shown that it has no other roots, 
for which the real part lies inside the interval (—1, 1). 
If we take 0 <c < 1, the number 


TAN a4 


1 1 
k= zy fare[i — z; 8 Te | ete 


and we can find the solutions from (451) and (453) with F(a) = 0. 


60. More general equations, The more general equations 


oo 0 
g (x) =f (2) + | Ki (@—t)p(t)dt + f K(x — t) p(t) de (460) 
0 — o 


and 


g (x) = f (x) iTine-newawe>o,| 
=e (461) 
p (2) -10+Tie—nenarecoy] 


are reducible to the Hilbert boundary value problem. If all the functions are 
absolutely integrable, the methods of solution for these equations are similar to 
the methods of [58] (see I. M. Rapoport, Sb. tr. Inst. matem. AN SSSR, 
no. 12, 1949; Yu. I. Cherskii, Uchen. zap. Kaz. in-ta, vol. 113, kn. 10, 1953). 
The problem becomes more difficult if exponential growth is permitted in 
the required function. 

Let the kernels in equation (460) be such that the functions K,(x) e~* and 
K(x) e* are absolutely integrable in the interval — œ < x < + oo; the function 
f(x) e~*! is also assumed absolutely integrable. The solution p(x) can increase 
to infinity, but in such a way that the product g(x) e~! remains absolutely 
integrable. Using notation (447), we rewrite (460) as: 


+b, 22 
P: (x) — J Ko (2 — 1) p, (H) at — f, (@) 
+. 

=p- (x) — J K(x — i) p- (t) d — f (x) = w (x). (462) 


The new unknown function is easily shown to have the property that the 
integral 


To (x) 0% dx 


— a% 
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is absolutely convergent for —1 < ø < 1. On writing 
D+ (8) = Li (p); D7 (8) = La (p-); FY (8) = Ls (f4), 
F- (8) = L; (f.); L (8) = L: Kı); Lz (8) = L: (K3), 
2 (8) = L; (0), 
we obtain two conditions from equation (462): 


+ (8) — La (8) DH (s) — F+ (s5) =9 (s) (s =—1 + rti), 
S- (8) — L (8) D7 (8) — F~ (8s) =Q(s) (8 = +1471), 


The unknown functions ®+(s), ®-(s) and Q(s) are regular in the domains 
Rs < —1, Rs < +1 and —1 < Rs < +1 respectively, and vanish at infinity. 

Problem (463) is a non-homogeneous Hilbert problem [cf. 51], the contour 
L being made up of the straight lines Rs = —1 and Rs = +1. 

This and other cases for equations (460) and (461) are treated in detail in 
an article by F. D. Gakhov and Yu. I. Cherskii (Izv. Akad. Nauk SSSR, 
20, 1956). The latter considered these equations for the general case of growth 
or decrease of exponential order of kernels K,(x) and K,(x); he also showed 
that, if (460) has a further term consisting of a completely continuous operator, 
the equation reduces after Laplace transformation to a singular equation, 
the theory of which may be found in the cited work by Muskhelishvili. Post- 
graduate students of Rostov university have developed a theory of systems 
of equations of type (460), a theory of integro-differential equations with kernels 
depending on a difference, etc. 

Krein and Hochberg have shown that the Lipschitz condition that we imposed 
on functions L(s) and K(s) in [58] is not essential. 

The treatment of the last three sections is due to Cherskii. 


(463 


CHAPTER II 


THE CALCULUS OF VARIATIONS 


61. Statement of the problem. We shall consider some concrete prob- 
lems that indicate the aims and ideas of the calculus of variations. 
Suppose we have a non-homogeneous isotropic medium at every point 
(x,y,z) of which a velocity v(x, y,2z) is defined, independent of 
direction. We try to find the time required for a point moving with 
this velocity to describe a given curve l. The elementary path ds will 
be traversed in time ds/v, and the entire curve l will be traversed in 
a time given by the integral: 


ds 
T= | ea (1) 


We fix the extremities (£o Yo Zo) and (£u Yı 2,) of the curve l, 
and let the curve itself vary. The magnitude T will now vary in 
relationship to l. We say that T is a functional of the curve l. Given a 
definite choice of l, the functional 7 will have a definite numerical 
value. One of the problems of geometrical optics is the following: 
given the ends (£o, Yo, Zo) and (2, Yı 2,), to find J such that the func- 
tional T has a minimum value. Suppose we take x as the parameter 
in the equation of l, so that y and z are functions of x. Integral (1) 
now becomes: 


Xı 
T= [REV ae, (2) 
v (x, Y, 2) 
Xe 
where y’ and 2’ are the derivatives of the above-mentioned functions 
of x. The problem amounts to seeking functions y(x) and 2(z) such 
that (2) has a minimum value, whilst the required functions must 
satisfy the following conditions: 


Y (£o) = Yo: 2 (£o) = Zo; 


y (z) =Y; 2(%) =z. 
191 
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In the case of a plane, functional (2) becomes 


A 
— (+y? 
a O dz, 


and the problem amounts to finding the function y(x), satisfying the 
two boundary conditions: 


Y(%) = Yo; Y (2) =y- 

We now consider the problem for a multiple integral. Given a 
closed curve / in space, we want to stretch a surface over it which 
has a minimum area. Let å be the projection of J on the (x, y) plane 
and B the domain bounded by å. The equation of the required surface 
can be written explicitly as z = z(x,y). The surface area is now 
given by 

s= J | VI +3 +F ġdedy, (3) 


where z, and zy are the partial derivatives of z(x,y) with respect 
to v and y. 

Given a definite choice of surface, 9 will have a definite value in 
other words, S is a functional of the surface. The problem amounts to 
choosing the function z(x, y) such that S has a least value. The boundary 
conditions in the present case consist in specifying the values of the 
required function on the contour 2. These values must yield the 
ordinates z of the contour J on which the surface has to be stretched. 

The fundamental problem of the calculus of variations is in fact 
seeking the maximum and minimum values of functionals of curves 
and surfaces, expressed by certain definite integrals. This problem is 
analogous to the problem of the differential calculus of finding the 
maxima and minima of a given function. As we know, this latter 
problem is directly bound up with the problem of seeking the extrema 
of a function, i.e. seeking the values of the independent variables 
for which the function takes its greatest or least values in comparison 
with all the neighbouring values. We shall treat the problem for 
functionals in a similar manner. For instance, in the case of functional 
(2) we shall seek the curve J such that the value of T for this curve 
is not greater than its values for all curves sufficiently close to J. If, for 
a certain curve or surface, the functional has values not less than 
(or not greater than) its values for all neighbouring curves or surfaces, 
we simply say that the functional has an extremum for this curve 
or surface. 
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We shall give below a strict statement of the problem and shall 
define the concept of closeness for curves and surfaces, which 
play the part of the independent variables of the ordinary differential 
calculus. We know that the equation f'(x) = 0 has to be solved in 
order to find the x for which the function f(x) has an extremum. 
It is shown in the calculus of variations that the curve y = y(x) or 
surface z = z(x, y), yielding the extremum of a certain functional, 
must satisfy a certain differential equation. Our first problem is to 
obtain this differential equation. Satisfaction of the equation rep- 
resents the necessary condition for an extremum of the functional, 
just as the equation f'(x) = 0 is the necessary condition for a given 
function f(x) to have an extremum for a certain value of x. In order 
to deduce the required equation we need two lemmas, which are 
given in the next section. 


62, Fundamental lemmas. Lemma 1. If the integral 


f F (æ) (x) dz, (4) 


where f(x) is a fixed function continuous in the interval [£,, x], vanishes 
for every function n(x) which is continuous together with its derivative 
and vanishes at the ends: (to) = n(x) = 0, then f(x) is identically 
zero in the interval. 

Let us suppose the contrary. Let f(x) be non-zero at some point 
x = € inside the interval, e.g. f(€) > 0. Since f(z) is continuous it 
will be positive in some interval [£5, é,] containing the point é and 
lying inside [£o 2,]. We now define the function n(x) as follows: 


0 fora < £ < Š 
n (x) = } (x — £)? (x — $)? for & <g< é, (5) 
0 for §£,<x< z. 


The function n(x) thus constructed satisfies all the conditions of 
the lemma. For, by construction, (29) = n(2,) = 0. The product 
(x — &,)* (a — &)? and its derivative with respect to x vanish for 
x= ğı and x = &,. Outside the interval [&, č], n(x) is identically 
zero. Hence it follows that the function and its derivative are con- 
tinuous throughout [%po, xı]. On recalling that n(x) is identically zero 
outside [,, &], we can write integral (4) as 


& 
J f(a) (x — £)? (a — &)2 dz, 
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whence it follows that it has a positive value, since the integrand is 
continuous and positive inside the interval of integration. But the 
integral must vanish by hypothesis. This contradiction proves the 
lemma. 

There is a similar lemma for a double integral. 

Lemma 2. If the integral 


$ J Fæ yn (æy) dee dy, (6) 


where f(x, y) is a fixed continuous function in the domain B, vanishes 
for every function n(x, y) which is continuous together with its first order 
partial derivatives in B and vanishes on the contour | of B, then f(x, y) 
is identically zero in B. 

Suppose that f(x, y) is positive at a point (&, 7) inside the domain B. 
It will now be positive in some circle with centre (&, 7) and radius 0 
lying inside B. We define n(x, y) as follows: 


0 for (x — È)? + (y — 1)? > @ 
[(x — &)? + (y — 0)? — @?]? for (x — &)? + (y — 9)? < @?. 
It is easily shown that n(x, y) satisfies all the conditions of the lemma, 
whilst integral (6) reduces to the integral over the circle of a con- 
tinuous positive function, i.e. is positive, which contradicts the 
hypothesis of the lemma. 

We remark that both lemmas still hold if we impose stronger 
restrictions on the function 7, e.g. require that it has continuous 
derivatives up to some order n. The proof remains as before and it 
is sufficient merely to replace the power 2 say in formula (5) by (n + 1) 
or (n + 2). We remark also that the lemma can easily be proved 
for triple integrals and in general for integrals of any multiplicity. 


nai) =| 


63. Euler’s equation in the elementary case. We take the elementary 
functional: 


J= { F(x, yy’) dg. (7) 


where F is a given function of all three arguments. We shall assume 
it to be continuous together with its derivatives up to the second order 
in a domain B of the (x, y) plane and for any values of y’. 

The functional J has a definite numerical value if we fix the function 
y = y(x), or what amounts to the same thing, the curve y = y(x), 
which we shall always assume to belong to the domain B. 
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Let the values of the function y(x) be given at the ends of the 
interval of integration: 


Y (£o) =Y Y(2) =Y. (8) 


We shall assume that the required function has a continuous derivative. 
The class of functions having a continuous derivative in the interval 
[£o XJ will be referred to as class C, (and similarly, the class of 
functions having n continuous derivatives will be called C,,), and we 
shall assume that all the functions mentioned in future belong to 
this class. We define an e-neighbourhood of the curve y = y(x) as 
ali the possible curves y(x) which satisfy the inequality 
| y(x) — y(x) | < £ throughout [£o %1]. Sometimes we shall add the 
further inequality | yj(7) — y’(x) | < £, ie. we require an e-closeness 
of the slopes of the tangents as well as of the ordinates. We shall occa- 
sionally speak of the «-closeness of zero order in the first case, 
and of an e-closeness of the first order in the second, when both 
inequalities are satisfied. 

DEFINITION. A functional J is said to attain a relative extremum 
for the curve y(x), lying inside the domain B, belonging to class C, and 
satisfying condition (8), if the magnitude of the functional for y(x) 
is not less than (or not greater than) its magnitude for any other curves 
of class C, belonging to an e-neighbourhood of y(x) and satisfying con- 
dition (8). 

This concept of relative extremum is completely analogous to the 
concept of maximum and minimum of a function [I, 58]. The concept 
of absolute extremum can be brought in, in addition to that of relative 
extremum. Suppose we have a class D of functions y(x) for which 
integral (7) has a meaning. The functional J is said to attain an 
absolutely extremum in class D for the curve y(x) if the value of 
the functional for y(x) is not less than (or not greater than) its values 
for all the other curves of class D. 

We shall only be concerned for the present with relative extrema 
and leave a brief discussion of absolute extrema to the end of the 
chapter. For brevity, we shall simply speak of extrema instead of 
relative extrema. In the following sections we shall discuss functionals 
differing from functional (7). The problem of both relative and absolute 
extrema may be stated for these latter functionals. This will not be 
mentioned explicitly each time and we shall be concerned at the start 
only with relative extrema. 
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Let us deduce the necessary conditions to be satisfied by y(x) in 
order for functional J to have an extremum. We take any function 
n(x), vanishing at the ends of the interval of integration, and in 
addition to the y(x) which has to yield the extremum of the functional J, 
we form the new function y(x) + a7(x), where a is a small numerical 
parameter. This new function satisfies the same boundary conditions 
as y(x). On substituting it in functional J, we obtain as a result of 
integration a function of the parameter a: 


x 
J (a) = f F (x, y (x) + an (x), y’ (x) + an’ (x)) de. (9) 
Xo 
Given any positive «, the function y(x) + an(x) lies in the e-neigh- 
bourhood (even of the first order) of the curve y(x) for all values 
of the parameter a sufficiently close to zero. Consequently, since 
y(x) gives an extremum of functional J, function (9) must have an 
extremum for the value a = 0, so that its derivative must vanish 
for a = 0. On differentiating under the integral sign and denoting 
the derivatives by subscripts, we have: 


J (0) = f [F (yy) n (2) + Fy (y y’) n (@)] do. 


On integrating by parts, we can write: 
xy 
t d Ş 
J’ (0) = [Fy n (a) + f n(x) |F, Sae F, ] dz. (10) 
Xe 


The term outside the integral vanishes, since by hypothesis n(x) 
vanishes at the ends of the interval, so that 


J’ (0) = fr (x) [F, SS Fy dx =0. 


By applying the fundamental lemma, we can assert that the curve 
y(x) yielding an extremum of integral (7) must satisfy the following 
differential equation: 


dpo; (11) 


Ea y 


On expanding the total derivative with respect to x, we can write 
this equation as 


Eyy y" + Fy y + Fy — F, = 0, (12) 
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where, for instance, Fyy is the second order partial derivative with 
respect to x and y’. This equation is due to Euler and is generally 
known as Euler’s equation. It is a second order differential equation 
and its general solution contains two arbitrary constants which must 
be determined from the two boundary conditions (8). 

The product J’(0) a, which is the differential of the function J(a) 
for a = 0, is usually called the first variation of functional (7) and 
is written as 6 J. On taking (10) into account, we can write 


Xı 
ôT =J' (0)a = [Fy òy} + | (Fy — -5 Fy) dyde (13) 
Xe 


(ôy = an (x)). 

It may be remarked that we have also used the second derivative 
y"(x) in deducing equation (11), so that, strictly speaking, we assume 
when establishing the necessary condition for an extremum that y(x) 
belongs to the class C, of functions having continuous derivatives up 
to the second order. 

It can be shown by suitable modification to the lemma that if y(x) 
of C, satisfies the condition 


J’ (0) = f [Fyn (z) + Fyn! (x)] da = 0, 


for any choice of n(x) having a continuous derivative and vanishing 
at =z, and £ =£, where Fy. #0 on y= y(x), then y(x) 
belongs to C, and must therefore satisfy equation (11). 


64. The case of several functions and higher order derivatives. 
Euler’s equation may readily be written for the case when the functional 
depends on several functions, as was the case, for instance, in func- 
tional (2). 

We shall confine ourselves to the case of two functions: 


J= f F(w,y,y',2,2')de. (14) 
Xo 


We construct two functions closed to y(x) and 2(x): 


y (x) + aq (x); z(x) + a (x), 
where n(x) and m(x) are arbitrary functions which vanish at the 
ends of the interval. On substituting these in integral (14) we obtain 
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a function J(a, a,) of a and a, and the necessary conditions for y(x) 
and 2(x) to yield an extremum of functional (14) are that the partial 
derivatives of J(a, a,) with respect to a and a, vanish at a = a, = 0. 
We use working precisely similar to the above and find the following 
expressions for these partial derivatives: 
X 

J, (0,0) = Fy n+ | n0 (F Se Jaz 

al = y xo J n y da y ’ 


Xo 


f (15) 
Xx d 

Ja (0,0) = [Fy mb + | m 0) (F — $ Fe) de, 
Xo 


and since the terms outside the integrals vanish, it is seen as above 
that the necessary conditions for y(x) and 2(x) to yield an extremum 
of (14) are that they satisfy the following system of two second order 
equations: 

d 


d 
F, — a Fy =0; F: — -zz fr = 0. (16) 


Apart from these equations we also have the boundary conditions: 


Y (%) =Y Y(T) =Y 2 (%o) = 2; 2 (2) = 2, 
containing the fixed ends of the required spatial curve. 
By (15), the variation of integral (14) is given by 


6J = J,(0,0)a+ Ja (0,0) a, = 


= [Fy dy + Fy dz} + f (z, -= Fy) dy + (r; AE F,) éz| dx 


17 
(dy = an (2); 62 = a, m (2). ue 


In the case of a functional dependent on n functions: y(x), ..., 


Yn(@): 
x 
J = È F (£, Y Yi Yas Ys - - -Yn Yn) d7, (18) 
Xe 


the necessary conditions for an extremum are given by a system of n 
equations of the second order: 


Fy, — 4 Fy, =0 (k=1,2,...,2), (19) 


whilst the boundary conditions for the fixed ends take the form: 
Yu (T) =YP; (= YP (k=1,2,..., n). 
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The first variation of functional (18) has the form: 
n 
= X Ja (0,0, ...,0) y= 
k=l 


> Pybus i | > (Fn E 2 Fy) Oy, dx (20) 


(SY = ak Ng (2). 


We now take the case when the integral contains derivatives of 
the required function of order higher than the first: 


J= È F(z,y,y', ..., y™) dx. (21) 
As above, we construct a neighbouring curve y(x) + an(x), substitute 


in integral (21), differentiate with respect to a and put a = 0. We thus 
obtain: 


J’ (0) = f [Fyn (æ) + Fyn (a) +... + Fyw (a)] dx. (22) 


We transform all the terms on the right-hand side except the first 
by integrating by parts several times: 


f Fyw 1 (x) dx =| Fy» ni) (x) — = yand (x) +... + 
Xe 
(x) + 


x k 
e eee (23) 


Xo 


+ (- yes 


We assume that n(x) and its derivatives up to order (n — 1) vanish 
at the ends. In view of this, the terms outside the integrals fall out; 
on equating J’(0) to zero, we get the condition: 


70) =f ne[r,— So Py +... (= 1) ir Fyn] dx = 0, 


which, by the fundamental lemma, leads to the following Euler 
equation: 


d a" 
By — ae Fy t-t (— 1)" aut Fy = 0. (24) 
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This is a differential equation of order 2n. Its general solution con- 
tains 2n arbitrary constants, and we must also have 2n boundary 
conditions. In the simplest case these conditions reduce to specifying 
the function and its derivatives up to order (n — 1) at the ends of 
the interval. It follows from these boundary conditions that the corres- 
ponding magnitudes for n(x} must vanish. We remark further that 
all the functions appearing in the above formulae are assumed con- 
tinuous, so that, for instance, the required function y(x) is assumed to 
belong to class C,,, of functions which are continuous with their deri- 
vatives up to order 2n. 


65. The case of multiple integrals. Ostrogradskii’s equation. We now 
deduce the necessary condition for an extremum in the case of a 
multiple integral. Such conditions were first indicated by M. V. 
Ostrogradskii in his work On the Differential Equations of the Isoperi- 
metric Problem (“O differentsial’nykh uravneniyakh zadach izope- 
rimetrov’’), published in the Memoirs of the Petersburg Academy of 
Sciences, vol. IV, ser. 5, 1850. 

We consider the double integral: 


J= Ss F (z, Y, U, Uy, Uy) dx dy, (25) 


where ux and uy denote the partial derivatives of the function u(x, y). 
We seek the function u(x, y) which is continuous together with its 
derivatives up to the second order in the domain B, has given values 
on the contour J of the domain and yields an extremum of functional 
(25). We form the neighbouring functions u(x, y) + an(z, y), where 
n(x, y) is an arbitrary function which vanishes on l. On substituting 
this function in integral (25), differentiating with respect to a and 
putting a = 0, we get the following expression for the first variation 
of the functional: 


ôJ = Ja (0)a =a f if (Fun + Fune + Fu, ny) da dy. 
B 


We transform the last two terms by using the familiar Riemann 
formula: 


S (GE - Sde dy = f P de + Qay, 
B L 
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which gives us: 


| [Pate Fun) de dy = f S [E ah.) + FoF) | de dy — 
B B 
— f fn (Pu + a Fa) da dy 
B 
z Í nF u dy — nF u, de — J fola Fa, + ie F.,) da dy. 


We thus find the following expression for the first variation: 


ôJ = Jou (Fu, dy — Fy, dx) + f J (r. aiun r Fu) du dz dy 
(26) 
(du = an (x, y)). 


This first variation must vanish in the case of an extremum, or on 
using the fact that n(x, y) vanishes on l, we can assert that the double 
integral on the right-hand side of (26) must vanish. Hence, by the 
fundamental lemma, the following equation (of Ostrogradskii) is 
obtained for the required function u(x, y) that yields an extremum 


of functional (25): 
ð 
Or 


ə 


F, — = — By 


F, Pu, =0, (27) 


or in the expanded form: 


F uuz Uxx F 2F uu, Uyy F F ayuy Uyy + F uzu Uy + 
+ Fuut, + Pru, + Fyx,—Fy,=0. (28) 


We have obtained a second order partial differential equation which 
has to be satisfied inside the domain. As already remarked, the 
boundary condition consists in specifying u on the contour l. 

In the case of a multiple integral dependent on several functions, 
we get a system of such equations. In the case of a triple integral 
and a function u(x, y, z) dependent on three independent variables, 
an equation of the following form is obtained: 


ð a Q 


Pu — a Gy Fy ~ Ge Fu = 9- (29) 
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If the derivatives of u(x, y) up to order n appear under the integral 
sign, Ostrogradskii’s equation becomes: 


3 a oid 02 
Fu — Gq Pua Gy Puy T Gage Puce + Gey Pow + 
3? F 7 mor F 
+ oy Uy 9 (— 1) Oy" Uyy...y 0. (30) 


Throughout the above discussion we have assumed as usual that all 
the functions present are continuous. In addition, we have assumed 
that the transformation of a double to a line integral is permissible 
when deducing (26); this is bound up with the behaviour of the 
partial derivatives uy and uy in the neighbourhood of the contour / 
of domain B. We shall return to this question later when considering 
the problem of absolute extrema. 

It may be remarked further that the functions satisfying equation 
(24) or (27) or, to be more precise, the geometrical shapes correspond- 
ing to them, are usually called extremals of the problem. These are 
curves in the case of a single integral, and surfaces in the case of a 
double integral. Since the Euler and Ostrogradskii equations are merely 
necessary conditions for the respective functionals to have an extre- 
mum, we naturally cannot assert that every extremal gives an extre- 
mum of the functional in comparison with all the sufficiently neigh- 
bouring curves or surfaces. 


66. Remarks on the Euler and Ostrogradskii equations. Let us first 
take Euler’s equation (11) in the simplest case. Suppose that function 
F does not contain y. The equation becomes: 


and has the obvious first integral F, = C. If F does not contain x, 
it is easily shown that the first integral exists: 


F—y Fy =C. (31) 
For: . 


d + t n n , r n 
g Ey Fy)=Fyy + Fy y” — Fy y — Fyy y? — Fyy y y” = 


= — y’ (Eyy y” + Fyy— Fy). 
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Since F does not contain x, the factor in —y’ is the left-hand side of 
Euler’s equation, and consequently, in view of this equation: 


d F = 
a; (F-y Fy) = 0, 


i.e. we in fact obtain solution (31). 
If F does not contain y’, Euler’s equation (11) becomes: 


Fy, (x,y) = 9, 


i.e. we have a finite, and not a differential equation. It gives us one 
or several curves, and not a family depending on two parameters, 
as was the case for the differential equation, and we cannot in general 
satisfy the boundary conditions. 

We now consider the cases when Euler’s equation becomes an 
identity. Suppose that F = A(x, y) + B(x, y) y’, where we have the 
identity: 

0A OB __ 


Sp ie =o (32) 


It is easily shown that the left-hand side of equation (11) now 
becomes identically zero, whilst integral (7) can be written as: 


J = f [Adx + B dy]; (33) 
L 


here, by (32), J does not depend on the path, i.e. has the same value 
whatever the choice of curve / joining the points (£o, Yo) and (£i Y1), 
this being explained by the fact that Euler’s equation is an identity. 
It will be readily seen that we can write in this case: 


; d 
F (x,Y, Y) = -iz C (SY) 


where G(x, y) is defined as integral (33) with variable upper limit. 

In the same way, if the integrand in integral (21) is the total 
derivative with respect to x of a certain function that depends on 
(x, Y, y’, ERER go): 


, d , 
F(z,y,y', away Y™) =a l EVY <e YD), 


Euler’s equation (24) reduces to an identity. 
We now take functional (25) and suppose that the integrand has 
the form 
0A 0B 


F (x,y, U, Uy, My) ag age 


Ou (34) 
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where A and B are certain functions of (x, y, u). It can be shown 
by direct substitution that Ostrogradskii’s equation now becomes an 
identity. This is due in essence to the fact that, by Riemann’s 
formula, the double integral of (34) is equal to the integral over the 
contour: 


f (Ady — B dz) 
i 


so that the value of the double integral is completely determined 
by the values taken by function u on the contour l of domain B. 
If we fix the value of u on the contour l, the double integral over B 
will have the same value whatever the choice of function u. 

Expressions of the form (34) may be termed expressions of a 
divergence type. It will be observed that, if we add to the integrand 
of any functional (25) an expression of a divergence type, this will 
have no effect whatever on Ostrogradskii’s equation, i.e. the new 
functional will have the same Ostrogradskii equation as the previous 
one. This follows at once from the fact that the left-hand side of 
equation (27) is a linear homogeneous form in F and its partial 
derivatives. 

We have seen that, if the integrand in integral (25) is an expression 
of a divergence type, Ostrogradskii’s equation becomes an identity. 
The converse can also be proved. 

If the integrand F contains partial derivatives of order higher 
than the first, condition (34) is, as above, necessary and sufficient 
for Ostrogradskii’s equation (30) to reduce to an identity. But A 
and B may now contain partial derivatives of the same order as F. 
For instance: 


F= Uxx Uyy Užy TE (ux Uyy)x a (ux Uxy)ys 
and it is easily shown that equation (30) now reduces to an identity. 


67. Examples. 1. We take functional (21), putting v(x, y) = Vy: 


a 
J= | Tity” as. (35) 

ey 
The so-called brachistochrone problem leads to such a functional; the problem 
is to find the curve among all those joining two given points (x9, Yọ) and 
(£ Yı) such that a freely falling material particle traverses the curve in the 
shortest time. It is assumed that the y axis is directed vertically downwards, 


67] EXAMPLES 205 


i.e. in the direction of the force of gravity. The integrand in functional (35) 
does not contain x, and we can write down at once the first integral of Euler’s 
equation: 


DETE ye 
Vy VyVi+y? VO,’ 
or 
C,—y ‘ 
nA, 36) 
Y J ( 
On putting 
y= a — cos t), 
whence 


, 


= Q: u’ Sin u 
y= Fo in U, 
we find after substituting in (36) and simplifying: 


St q — cos u) du = + dg, 
so that: 
C, ‘ C, 
z= +- (u — sinu) +03 y= (l — cosu). 


Tt is clear from this that the extremals of functional (35) are cycloids. The 
constants C, and C, are found from the given initial and final points. If one 
of these points is the origin we must put C, = 0, and the origin is obtained 
when the parameter u is zero. It may be observed that the problem now has 
a special feature in that y’ = dy/dx becomes infinite at u = 0, as is easily 
shown, whilst the denominator in the integrand of (35) vanishes. If we return 
to the variable u in the integral, the singularity at u = 0 disappears. 


2. Let (u, v) be coordinate parameters defining the position of a point on 
a surface, and let 
ds? = E (u, v} du? + 2F (u, v) du dv + G (u, v) de® 


be the square of an elementary arc on the surface [IT; 130]. 
The geodesics on the surface are defined as the curves given by the necessary 
condition for a minimum of the integral 


uy 
f VE F 2Fv F Ge? du, (37) 
Ug 
which expresses the length of the curve, v being assumed a function of u along 
the curve. Euler’s equation becomes 


1 Ey+2F,0' +G,v” d F + Gv’ 


rere! c =. 
2 VE +2Fv -+ Gv? du VE +2Fv + Ge? 
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Woe consider a sphere with centre at the origin and unit radius: 
x = sin ĝ cos g; y = sin ĝ sin p; z = cos 8. 
Now, 
ds? = dé? + sin? 0 dg’, 
and integral (37) becomes 
a VF sin op? as, 
o 


where g’ is the derivative of g with respect to 6. The integrand does not contain 
p and we therefore have the solution: 

_ sin? 69’ 

yI + sin? 0g? 

Putting C, = 0, we get the obvious solution g = const. In other words, 
the geodesics of a sphere are the meridians, i.e. the great circles passing 
through the poles of the sphere, at which 6 = 0 and x. In view of the arbitrary 
choice of pole, all the great circles of a sphere are obviously geodesics. 


3. We consider the problem of geometrical optics in space: 


Xi ———_—____— x1 
(IEY Ez a Tauy?aes 
J= DEEE de= | niya VTE yede (38) 


Xo Xo 


in the case when the velocity v or refractive index n = 1:v do not depend on 
z. 

If we write Euler’s equations for integral (38) and solve them for y” and 2”, 
we get: 


ny” = n (1 +y? +2); nz” = nm (1 +y? +2"), (39) 
and it can easily be seen that the first integral is 
n=OVl ty? F2. (40) 


If n does not contain the variable y, the first of equations (39) gives y” = 0, 
i.e. y = 0, x -+ C, so that every extremal is a plane curve lying in a plane 
parallel to the z axis. If we put v = yz, we get the brachistochrone problem 
in space, with gravity acting along z axis. 

We now put n = 1:2, and consider the half-space at points of which 
z has a positive value. On substituting a = 1:z and y = C, x + C; in (40), 
we obtain a first order equation with separable variables for z: 


Cz dz 
Vi—(1 + C3) C22 


T, 


whence 
1 


(2— 03}? + Ci (2—0 +2 = FONO 
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On introducing the new arbitrary constant C? = 1/[C*(1 + C})] in place of O, 
and the constant O; = O, + C,C, in place of C,, and observing that, since 
y =0, 2 +0: 


the previous expression can be rewritten as 
(£ —C,)? + (y — 0%)? + 2 = 0}. (41) 
The extremals of the integral 


i pa ee, 
A DETETA 
z 
Xo 


are therefore semicircles, formed by the intersection of spheres (41) with centres 
in the z = 0 plane with the planes y = C, x + C, perpendicular to the z = 0 
plane. 

The result obtained can be given an interesting geometrical interpretation. 
If we define an element of length, i.e. a metric, in the half-space z > 0 by the 
expression 

de = Vda? + dy? + dz? 
z 
integral (38) will express the length of a curve in this metric. In view of the 
presence of z in the denominator of the integrand, the length of a curve will 
increase indefinitely as it approaches the z = 0 plane, i.e. this plane will be 
the plane at infinity for a geometry in this metric. 

The above-mentioned semicircles will play the role of straight lines in this 
geometry. In addition to these semicircles, we shall refer to the half-straight 
lines perpendicular to the z = 0 plane as straight lines in this geometry. These 
half-straight lines are degenerate cases of the semicircles. We shall call planes 
the hemispheres with centres in the z = 0 plane or the half-planes perpendicular 
to the z = 0 plane. Given these definitions of points, straight lines and planes, 
this new geometry is easily seen to satisfy the axioms of ordinary Euclidean 
geometry, apart from the axioms about parallel straight lines, i.e. we have a 
simple realization of a Lobachevskii geometry in the half-plane z = 0. We 
remark that x cannot be taken as the independent variable in the case of a 
straight line perpendicular to the z = 0 plane. In order not to restrict 
the choice of independent variable, we must seek the equations of extremals 
in the parametric form: x(t), y(t), z(t). The integral given above now takes the 
form: 


J = 


(phe a n 

= 2 2 2 

| Yai tyi tèt at. 
h 
We shall consider later the fundamental problem of the calculus of variations 
in the case when curves are specified parametrically. Given such a parametric 


specification, the half-lines mentioned above will also be extremals of the 
integral J. 
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In the plane case, we have an integral of the form 


wa Vda? + dy? a 
z= Í da? + dy = {Uru de, 
y Yy 
Me Xo 


and the extremals becomes circles with centres on the x axis, or straight lines 
perpendicular to this axis. In the half-plane y >0 the semicircles and half-lines 
mentioned will play the role of straight lines, and we have the realization of 
a Lobachevskii plane geometry in the semicircle mentioned. In particular, 
one and only one extremal will pass through any two points M, and M, of the 
semicircle. 


4. Suppose we want to find the curve joining points M, and M, of the 
XY plane such that it forms the surface with least area when revolved about 
OX. The area of the surface of revolution is given by the integral [I, 106]: 


M, x, oo Ss 
S=2n f y Vda? + dy? = 2x f y V1 +y” da, 
Me Xo 


and, on throwing away the factor 2x, we arrive at the extremal problem for 
the integral: 


xX ane anaes 
J=JSyVity?de. 
Xo 
The integrand here does not contain v, and we can write solution (31) of 
Euler’s equation: 


Taa a a Ody 
yVit+y TETA =C,, whence Woh =O = de. 


Integration gives us 


x — 0; =C, log (y + Vy? — C?) — 0, log C, 
or 
x-C. 


2 
ytVy? -—CH=C,e% , 


and finally: 


x— C0, 
C, ° 


x-Cg XC? 
y sal C te ® Jeo, cosh 


The extremals are therefore catenaries, with axes of symmetry parallel to 
OY [I, 178]. It can be shown that, in the present problem, there is not always 
one and only one extremal passing through two given points M, and M,. 
There may be two, one or no extremals, depending on the positions of the 
points. 

As we saw above, the geodesics on a sphere are its great circles. If points 
M, and M, of the sphere are not the ends of the same diameter of the sphere, 
they can be joined by two arcs of one and only one great circle. Whereas if 
M, and M, are at the ends of the same diameter, they can be joined by an 
infinite set of semicircles of great circles. 
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Euler’s equation is merely a necessary condition for an extremal of a func- 
tional, so that we cannot assert that any extremal obtained in fact provides 
an extremum of the functional. We shall indicate some sufficient conditions 
later. In the case of geodesics on a sphere, the minimum distance will be given 
by the lesser of the two ares of a great circle joining points M, and M,. There 
is no curve on the surface, joining points M, and M,, which gives a maximum 
distance between the points. We can obviously always draw a curve as close 
as desired to a given curve joining M, and M, such that its length is greater. 


5. We consider the problem of the extremum of the integral 
J= S\ VI Fu} + uf de dy. 
B 


We have seen in [61] that the problem of finding the surface of least area 
stretched over a given contour leads to this problem. If we stretch a surface 
over the contour it is quite obvious that we can stretch another surface as 
close as desired to it over the same contour such that the second has a greater 
area. Thus in the present case the extremum of the integral can only be a 
minimum. On substituting the integrand in (27), we obtain the following second 
order differential equation for the required minimal surface: 


r (1 + gq?) — 2spg +i (1 +p?) =0 (42) 
(P = Ux; q= Uy; T= Uy, 8 = Uy, t= Uyy). 
We recall that the mean curvature of the surface is given by [II, 134]: 
4#=3(e+e)- EN = 2EM F OL, 
2\R, k 2 (EG — F?) 


where E, F,..., M,N are the coefficients of the first and second Gaussian 
forms. When the equation of the surface is given explicitly, we have [II, 131]: 


E=1+p; F=p; G=1+g; 
L = PEA > M EE ; N= on) , 
VITHE Vi+p+¢ Vi+p + @ 
and equation (42) expresses the fact that the mean curvature must be zero 
at all points of the minimal surface. This result was obtained earlier with the 
aid of variation of the elementary area of the surface [II, 139]. 

Equation (42) is a second order partial differential equation with two inde- 
pendent variables, analogous to Laplace’s equation. We show that solutions 
of (42) can be obtained with the aid of analytic functions of a complex variable 
by a similar method to that used earlier to find solutions of Laplace’s equation 
[III,, 2]. It follows at once from (43) that we have H = 0, if the condition 
E = G = N = 0 is fulfilled for the surface. Let r be the radius vector of the 


surface, with components (x,y,z). The above condition can be written as 
(XI, 130}: 


(43) 


72 72 
ry = ry = Trym = 0, 


where m is the unit vector normal to the surface. This condition is certainly 
satisfied if we subject r to the conditions: 


72 š 2 ” 
ry = 0; ry = 0; Tuy = 0. 
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The first two are scalar equations and the third a vector equation. They 
can be written in the developed form as: 


Oa \? oy \? dz y Oa \? Oy \? oz y o 
(ae) + Con) +a) =o Cae) +l) t =o ew 
Ca dy Oz 
Qu Ov "Gude ~ Gude °° (45) 
Equations (44) are obviously not fulfilled if the derivatives of the coordinates 
with respect to u and v have real values. Suppose that the coordinates are 
analytic functions of the complex variables u and v. 
Equations (45) show that (x, y, z) must be expressible as sums of functions 
of u only and v only [II, 164]: 


T= gp (u) +y (0); Y= p (u) + Ye (w) z= Hs (u) + Y (v), (46) 
where, by (44), we must have 


3 3 
> p (u) = 0; > ¥s" (v) = 0. 


s=1 s=1 
We put u = @ + oi. In order to have a real surface, we suppose that y,(v) 
has values which are the complex conjugates of g (u). To be more precise, we 
shall assume that v = ọ — gi and that functions y,(v) have complex conjugate 


values with respect to p (u) at points symmetric with respect to the real axis. 
Expressions (46) now become 


x = Ro, (u); Yy = Rp: (u); z= Rg, (u), 
where R indicates the real part. By including the factor 2 under the sign of 
the real part and of the functional relationship, we can rewrite our expressions 


as 
x = Rg, (u); y =Rp, (u); z= Rp; (u), (47) 


where the analytic functions g (u) must satisfy 
3 
Z p (u) =O. (48) 
s=1 


In the parametric representation (47) the roles of the real parameters aro 
played by ọ and g, i.e. the real and imaginary parts of the complex variable 
u. We can take one of the functions g (u) as the independent variable. For 
example, we can put t = p,(u) and assume that the first two functions are func- 
tions of the complex variable ¢. They must be connected by the relationship: 


P(t) +" () +10. 


The set of minimal surfaces obtained by us is thus seen to depend on a single 
analytic function. For instance, we can write: 


z= Ro); y=Ri f VIF Od; z= Rt, 


where ¢,(¢) is an arbitrary analytic function of the complex variable t. 
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We can write the expressions more symmetrically as 


z= Riff (u)—uf (Sr), 


y= [fw ur w+ rw), 


z = Ri [F (u) — uf” (u)], 


where f(u) is an arbitrary analytic function. It is easily shown that the function 
under the sign of the real part in fact satisfies relationship (48). 


(49) 


6. Let us consider the functional 


D (u) = $ f (ud + uf) dx dy, (50) 
B 


where B is a bounded domain of the (x, y) plane. By (27), Ostrogradskii’s equa- 
tion has the form for this functional: 


Uyy F Uyy = 0, 


i.e. we obtain Laplace’s equation. We can justifiably expect that func- 
tional (50) is minimized by the harmonic function, having the given boundary 
values on the contour / of domain B, rather than by any other function 
continuous in the closed domain B, having continuous first order partial 
derivatives inside B, and taking on / the same boundary values as the harmonic 
function. We have no strict proof of this assertion, however, since Ostrogradskii’s 
equation only gives the necessary condition for an extremum, apart from which 
we must remember that the existence of continuous second order derivatives 
of the required function was assumed when deducing this equation. We shall 
assume that B is a circle with centre at the origin and unit radius. 

We know that, given any continuous values on the contour, there exists 
a unique harmonic function v solving the Dirichlet problem for the given contour 
values. But we can by no means assert how the first derivatives of this function 
behave on approaching the contour, so that we cannot assert that functional 
(50) has a finite value for the harmonic function obtained. It turns out, 
in fact, that continuous boundary conditions can be specified on the contour 
such that functional (50) is equal to (-+- œ) for the harmonic function in 
question, i.e. to be more precise, if we take integral (50) over a concentric circle 
C, of radius r, less than unity, as r— 1 this integral increases indefinitely. 
It can be shown that in this case (50) becomes (-+ œ) for any function with 
continuous first order derivatives and the same boundary values. 

In general, the following theorem holds: if, given the boundary values on the 
contour l, functional (50) has a finite value for some function u, it also has a finite 
value for the harmonic function v with the same boundary values, where D(v) < D(u) 
and the sign of equality only holds when u coincides with v. 

The proof of this proposition will be given below; we shall prove it for the 
time being with the supplementary assumption that the harmonic function 
v has bounded first order partial derivatives inside the circle. Integral (50) 
obviously has a finite value for this function. We can write the function u as 
u =v 4+ 9, where 9 vanishes on the boundary and has continuous first order 
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partial derivatives inside the domain. Functional (50) can be written for this 
function as 


D (o +p) =D (0) + DP) +25 f (wx Px + ry Py) de dy. (51) 
B 
We apply Green’s formula to the circle B, with radius r < 1: 


f [ (oxo + vy Py) da dy = — {J g dv dx dy + fogeas. 
B, B, ¢, 
Since v is a harmonic function, the double integral on the right-hand side vanishes, 
whilst in the line integral over the circle C, of radius r < 1, when r tends to 
unity g tends to zero uniformly with respect to the polar angle and 9v/dn 
remains bounded; the latter integral thus obviously vanishes in the limit. 
The integral on the left must therefore also vanish, and (51) can be written as: 


D (w +g) =D (v) + D (p). 


But we obviously have D(y) > 0, where the sign of equality can only hold 
when 9 vanishes identically in the circle B. Hence we in fact have D(v) < D(u), 
where the sign of equality only holds when u coincides with v. 


68. Isoperimetric problems. Let us recall the problem of the relative 
extrema in the case of functions of several variables [I, 167]. A pre- 
cisely similar statement can be given in. the calculus of variations of 
the problem of the extrema of a functional on the assumption that 
the required function must satisfy certain supplementary relationships. 
In particular, let us pose the problem: among all the curves y(x) for 
which the integral 


Xı 
J= f G(x,y,y')dz =a (52) 


Xe 


has a given value a, find the one that gives the extremum of the 
integral 


J = fr (x,y, y’) dz. (53) 


Xo 


This is usually known as the isoperimetric problem. The name owes 
its origin to the particular problem of this type in which it is required 
to find the closed curve of given length a which includes the greatest 
area (the circle). The problem may be reduced to an ordinary problem 
(without a constraint) of the calculus of variations with the aid of 
the following theorem: 


68] ISOPERIMETRIO PROBLEMS 213 


EULER'S THEOREM. If the curve y(x) yields an extremum of integral 
(53) under the constraint (52) and the usual boundary conditions (8), 
and if y(x) is not an extremal of integral (52), there exists a constant 
A such that y(x) is an extremal of the integral 


xX 
f H (x,y, y')}dz, where H=F+AG. (54) 


We bring into the discussion a function close to y(x): 


y (x) + a M (x) + a, N (x), (55) 


where a, and a, are small parameters, whilst n(x) and m(x) are 
functions with the usual properties and vanishing at the ends of the 
interval of integration. We substitute this function in integral (52): 


x 
Jı (a4, Oy) = f| G(x, Y + aM + tnay Y + ani + an) de. 
Xo 


We can write with the aid of the usual working: 
Xi 


-j 6-0) bona 


a,=a,=0 


a, 
ða; 


Xe 


Since y(x) is not an extremal of integral (52), the difference 
G, — (d/dx) Gy., is not identically zero in the interval (xp, 2,), and 
a function 7,(x) can obviously be chosen so that the integral 


x 
f (6, - -£ &) mae 
Xe 
differs from zero. 

We return to the equation J,(a,,a,) =a. It is satisfied for 
a, =a, = 0, since y(x) is a solution of ourproblem by hypothesis, 
and, in view of our choice of n, the partial derivative of J,(a,, az) 
with respect to a, differs from zero for a, = a, = 0. Hence, by the 
implicit function theorem [I, 159], the equation J,(a,, a) = a defines 
a, as a function of a, for all a, sufficiently close to zero, the derivative 
of a, with respect to a, being evidently given at a, = 0 by 


da, 
da, 


won] (ae C )nde mk 6 


Xe 
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We substitute function (55) in integral (53) and differentiate the 
integral obtained with respect to a,, remembering that a, is a function 
of a: 


daJ 
da, 


aeiee 
Xo Xo 


By using expression (56) for the constant k, we can write 


x, Xı 
Pi Late l (7, -4 Fy) n, de + a (G, -4 ay) n, dz, 
where : ' 
Xı X 
A= J (7, — 4 Fy) mae ‘| (6, — $ Gy) made, 
or ; i 


dJ 


da, 


% 
won | (Pe Fy) +4(G-$4,)] nae. 
x 
Since y(x) gives an extremum of integral (53) subject to the con- 
straint (52), we must have dJ/da, |a =0 = 0, whence, on recalling 
that 7,(z) is arbitrary, using the fundamental lemma, and setting 
F 4+ 2G = H, we obtain the equation 
H, “dy Yy ’ 

which is Euler’s equation for integral (54). The general solution of 
this equation will contain three arbitrary constants, namely: two 
constants of integration and the constant A. These constants must 
be determined from the two boundary conditions and condition (52). 

A point should be noted regarding the result obtained. On multiply- 
ing the integrand of (53) by an arbitrary constant the extremals of 
the integral obviously remain as before, and in view of this we can 
write the function H in the symmetric form H = A, F + å, Œ, where 
4, and A, are constants. Since F and G appear symmetrically in the 
expression for H, we can say that the same extremals are obtained 
if we seek the extremum of integral (53) subject to the condition that 
integral (52) retains a constant value, as are obtained if we seek the 
extremum of integral (52) subject to the condition that integral (53) 
retains a constant value. This is the so-called reciprocity principle in 
its simplest form. We are assuming here that constants 4, and A, differ 
from zero, i.e. we exclude the curves which are extremals of integral 
(52) or (53). 
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We shall explain by means of examples the meaning of the require- 
ment in Euler’s theorem that y(x) must not be an extremal of integral 
(52). The isoperimetric problem has the following form in the more 
general case: to find the functions yz) (i = 1, 2, ..., n) yielding 
the extremum of the integral 


x 
J = È F (2, ys Yi - - -s Yn Yn) Ae, 
Xe 


subject to the constraints: 


x 
$ Gs (2, Yn Yi +++ Yn Yn) dT = a (s= 1,2, P) 
Xe 
and the boundary conditions: 


Yi (%) =YV; Y(t) = YP ($= 1,2,...,2). 

When there is also a supplementary condition that guarantees as 
above the applicability of the implicit function theorem, we can say 
that the functions y;(z) yielding the solution of the problem must 
be extremals of the integral , 


xX, p 
d H (£, Y Yis -< -Ym Yn) dz, where H = F EÈ 2G, 


and the A, are constants. The proof of this assertion is similar to the 
above. We remark that the number of constraints p may in fact 
exceed the number of required functions n. 


69. Conditional extremum. We shall now discuss problems in which 
the supplementary constraints have a different form from (52). We 
start with the simplest case: to find functions y(x) and 2(x) yielding an 
extremum of the integral 

x4 
J={ F(z,y,y’, 2,2’) dx (57) 
Xe 
and satisfying the equation 
G (x,y,z) =0 (58) 
together with the boundary conditions for the fixed ends: 


Y (£o) = Yo; 2 (£0) = 2p, 

Y (%) = Yı; 2 (%1) = 2, 
where the coordinates (£o, Yos Zo) and (ti, Y 21) must evidently 
satisfy equation (58). 
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This amounts geometrically to finding the curves on the surface 
(58) giving an extremum of integral (57). It would be possible to 
find z from (58) as a function of x and y and sustitute this function 
in integral (57); we should then arrive at an ordinary problem of the 
calculus of variations with one required function y(x) and no con- 
straints. Let us use this idea to deduce the equation which must 
be satisfied by functions y(x) and 2(x) that provide the solution of 
the problem. We shall assume that the partial derivative G, is non- 
zero along this solution. Equation (58) will now be soluble with re- 
spect to z, and we obtain z= g(x, y). After substituting this expression 
in integral (57), this latter becomes 


J = f F (x, Y, Y, P, Px + Py y') dx. (59) 


Xe 

The plane curve J, formed by the projection of our spatial curve 
on the (x, y) plane, must yield an extremum of integral (59) with 
fixed ends, and must therefore satisfy Euler’s equation for this 
integral. Let us carry out the preliminary working for forming this 
equation. We shall write [F] for the integrand in (59). This function 
depends on (7x, y, y’). We shall write F without the square brackets 
for the previous function F(z, y, y’, 2,2’), so that [F] is obtained 
from F as a result of the substitutions z = g(x, y) and 2’ = px + px Y’. 
We have: 


IEF n. OLF 
m Fy + F.9, + Fe xy + Pyy) gar = By + Fe yi 
d Ə[F d d 
‘dx pa = dz Py + Py ay Fe + Fy (Pxy + Pyy). 
Euler’s equation for integral (59): 
aF] 4 3LF) o 
dy dz Oy’ ~~ 
becomes by virtue of the above expressions: 


F, +9,(¥:-— 4 Fe) — & Fy =0- 


On the other hand, differentiation of equation (58) with respect to 
y gives: 


G, + Ge, =0, 
and elimination of gy from the last two equations leads us to 


($ rp- r): 0, = ($ Fe — F): 0 
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Along the extremals, both sides of this last equation represent the 
same function of x, which we shall write as A(x), so that we now have: 


< Fy — [Fy + 4(@) GJ =0, 
Š Fy — LF, +4 (a) @,] =0. 


These are the necessary conditions for an extremum. It is easily 
seen that they can be written as follows: 


à 
dg 


d 


Ft—Ft=0; 3 FE—Fr=0, (60) 


where 


Ft = F+A(x)G, (61) 


i.e. the extremals of the problem must be unconditional extremals 
of the functional with integrand F* given by (61). We remark that, 
in the present case, we have the factor A(z), i.e. a function of v, instead 
of the constant factor å that figured in the isoperimetric problem. 
After eliminating the function A(x) and one of the required functions, 
say 2, from (58) and (60), we obtain a second order differential equation 
in the single function y(x). The two arbitrary constants obtained 
when this is solved must be determined from the two boundary 
conditions. 

The above discussion can be carried over to problems of a more 
general type with any number of required functions and constraints, 
the number of constraints being less than the number of required 
functions in any given case. The problem of finding the extrema of 
the integral 


x 
f F (x, Yı» Yi <e Ymw Yn) dx (62) 


Xe 


subject to the constraints: 


G, (£, Yr) «++ Yn) = 9 (s = 1,2,...,p) (63) 
and the boundary conditions: 
Yi(%) =9; y(t) =P (6=1,2,...,n) (64) 


leads to the equations 


FRO FR=0 (6=1,2,...,0), (65) 
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where 
Ft=F + $2, (2)6, (66) 
s=1 
and 4,(z) are functions of 2. 

It is assumed here that at least one of the functional determinants 
of order p, formed from the partial derivatives 0G,/dy,, differs from 
zero when the functions yielding an extremum of integral (62) are 
substituted for the y;. 

Constraints (63), which contain no derivatives of the required 
functions, are usually called holonomic constraints. The assertion 
made above is still valid for non-holonomic constraints of the 
form 

Gs (8, Yas Yis <- -Yn Yn) = 0 (s = 1,2, ...,p) (67) 


i.e. given certain supplementary conditions, the functions y; yielding 
an extremum of integral (62) subject to constraints (67) must satisfy 
the equations 


SFR —FR=0 (6 =1,2,...,0), (68) 
where 
k 
BO F + DA (e) Os (Yo Yi > + Yr Yn) (69) 
s= 
System (68) differs in one essential from the analogous system for 
the case of holonomic constraints. Since functions (67) contain 
in the present case the derivatives yj, the functions Fy; will contain 
A;(z), and equations (68) will contain the derivatives of the A,(x) 
with respect to x. Finally, equations (67) and (68) give a system of 
(n +- p) differential equations with (n + p) unknown functions y; 
and A,(x), of the second order in y; and of the first order in A,(x). 
We bring in functions z,(x) given by 


zi (x) = yi (x) (@=1,2,...,n). (70) 


After substitution, equations (67) give p holonomic constraints for 
the functions y; and z, whilst (68) and (70) become a system of 
2n equations of the first order with (2n + p) functions y; 2; and 
4,(z). After solving (67) for p of the y; and z; and substituting these 
expressions in (68) and (70), we obtain 2n first order equations for 
2n of the yj, 2;, 4;(x). The general solution of this system will contain 
2n arbitrary constants, which must be determined from the 2n boun- 
dary conditions. 
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70. Examples. 1. Among all the curves of length } joining two given points 
A and B, find the curve which, in conjunction with the straight line AB, 
contains the greatest area. We take the x axis through A and B and let £o, 2, 
be the abscissae of these points. We assume that, for the required curve, y 
is a single-valued function of x in the interval [x£ xı]. The problem amounts 
to finding the greatest value of the integral 


fy de (71) 


Xo 


subject to the constraint: 
Mo ' 
§ VI Fy” de =l. (72) 
Xe 


The latter integral gives the length of the curve y(x) between the points 
x = 2%, and v = z. Its extremals will obviously be straight lines. This can be 
verified at once by forming the Euler equation for the integral. If 1 < x, — x, 
there is no curve satisfying (72). If l = x, — Xp condition (72) is satisfied only 
by the straight line AB. The problem is meaningless in both cases and we shall 
assume in future that l > x, — x Here: 


F* =y +4y1 +y”, 


and F* does not contain z, so that the first integral of the corresponding 
Euler equation will be: 


oe dy’? 
F*— P$ = à y1 2 —— = =}, 
y Ly y + +y Vitg” 
whence 
,„_ YE- (y— bF 
or 
(y—b)dy ar 
Vi? — (y =b} ; 


integration gives 
(œ — a} + (y — b} = #, 
i.e. tho extremals are circles of radius | A |. 


Let w be the angle subtended at the centre of a circle by AB, i.e. 


£; — £ = 2A sin > and l= åw. 


We have the equation for w: 


a @ w 
sin y i p F (a, — xo) : l, 
which always has a solution, given the above condition. By using the reciprocity 
principle, we can say that, among the curves bounding an area of given size, 
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the arc of a circle has an extremal (obviously maximum) length. We remark 
further that, if 1 > x(x, — x,)/2, y will not be a single-valued function of x. 

It can be shown by using the result obtained that, if a closed curve of given 
length bounds a maximum area, the curve must be a circle. 


2. It is required to find the position of equilibrium of a heavy homogeneous 
cord of length / with fixed ends under the action of gravity. Let gravity be 
directed along the negative y axis. The equilibrium position is defined by the 
requirement that the centre of gravity of the cord be as low as possible. We 
shall take it as obvious that any straight line parallel to the y axis meets the cord 
in not more than one point. The problem amounts to finding the extremum 
of the integral [cf. example 4 of sec. 67]: 


FA x 
f yds= f yYIF yde 
Xe Xe 


subject to the constraint: 
Xt 
f Vity?de=1 (73) 


Xe 


and the boundary conditions: y(x.) = Yo, y(x,) = Yı. Here, 
Fe =y Yi Fy? +4Vl Fy”, 


and the first integral of Euler’s equation becomes 


B a or dy = dt 
Yi +y”? Vuta a’ 
If we put 
z -z 
(ehk=fobesal te 


the equation is easily solved and gives: 


Z4o —(2 +0) 
y-+4=acosh (= +b) ge te ŽL {a>0), 


x 


i.e. the extremals are catenaries. The constants a, b and 4 must be determined 
from the boundary conditions: 


Yo += a cosh (Ze +); u +å=a cosh (Z +0) 


and condition (73). On subtracting one boundary condition from the other 
and transforming the difference between hyperbolic cosines into a product, 
we got: 


Yi — Yo = 2a sinh y sinh v, (74) 
where 


Zıt% Eon 
H= 2a +b; Pa 


Ti — To 
2a ` 
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After substituting the value found for y in condition (73), this latter becomes 


inh [2 — sinh | 22 = 
a [sinh ( P +b) sinh (2 +)| 1, 
or 
2a cosh u sinh v = 1, (75) 


We obtain, by (74): 


tanh p = te. (76) 


The number J must obviously satisfy the inequality 


l > V(x — &)? + (Yr — Yo)? > | Yi — Yob 
and equation (76) has a unique root. We obtain from (74) and (75): 


VE — (yı — yp)? = 2a sinh », 


or 
; 2 TO 2 
sinh v eon yi (yı Yo) i (77) 
v Tı — To 
But 
sinh x 


x? xi 
x Lf 3! + 5! rs 
is a monotonic function increasing from l to (+ œ) for 0 < <œ, taking 
every value greater than unity once and only once, so that equation (77) has 
a unique positive root. After v and p have been found, there is no difficulty in 
obtaining a, b and A. 


3. We consider an elastic homogeneous rod which is straight in the non- 
deformed state. We know from the theory of elasticity that its potential energy 
in the deformed state is proportional to the integral over the rod of the square 
of its curvature. Let the rod, of length l, be constrained at the points (x, Yo) 
and (x, y,). We take as the independent variable the length of rod s measured 
from (ao, Yo), and write 6(s) for the angle formed by the tangent to the rod with 
the x axis. The curvature is given by the derivative 6’(s), and the integral 
whose extremum we require will be 


l 


f ods. (78) 
0 
As we know, 
da . dy. 
ae = cos 6; ds = sin 6, 


and the two connecting equations are obtained: 


I I 
f cos 0 ds = z, — £p, f sin 0ds = y, — yo- (79) 
0 0 


In addition, fixing the rod at its ends is equivalent to specifying 6(s) for s = 0 
and s =l: 
9(0)=a; 0) =b. (80) 
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In the present case: 
F* = 02 4 2, cos 6+ A, sin @, 
and this function does not contain the independent variable s, so that the first 
integral of Huler’s equation is obtained directly: 
627 =O + å, cos 0 + Asin 6. 
We bring in the two new constants: 


h=O+VETR; e= AEA, 
0 +R +R 


and the new variable 9 in place of 6: 


0S v 
p 2 ? 


where we have put 8, = arc tan 4,//,. The above first integral of Euler’s equa- 
tion becomes in the new notation: 


See Wb pee 
a = Vi-k sin? 9 , 


whence we obtain s in terms of p as an elliptic integral: 
2 dy 

= ——<—<——— + 8 

Vh J V1 — k? sin? p 


The constants k, h, 6, and s, have to be determined from conditions (79) 
and (80). We obtain the Cartesian coordinates of the points of the rod from the 
relationships 


= = cos 6 = cos (2p + 0,); Ba = sin 0 = sin (29 + 8,) 


simply by using the expression for ds, which gives: 


dpe 2 cos (29 + 9) > ae 2 sin (2p +8) a 
VhY1 — k? sin? p Vhyl1 — k? sin? g 


whence x and y can now be found with the aid of quadratures. 


4. We consider the problem of finding the geodesics on a given surface: 
G (x, Ys 2) =0. (81) 

This amounts to finding the extrema of the integral 

xX ey a 

$ Vity? +27 de 

X 

subject to the constraint (81). Equations (60) become in the present case: 
d y’ d z 


a E 1G, = 0; — AG, =0. 82 
dz Yityt+et == 7 de Vipyepes 7 i 
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In order to see the fundamental geometrical property of geodesics, we totally 
differentiate equation (81) with respect to a: 
G+ Gyy’ + G,2’ = 0. 

On multiplying both sides by 4 and replacing 4G, and AG, by their expressions 
from (82), we arrive after some rearrangement at: 

d I 

às fe a a 
which is analogous to equations (82), the fractions under the sign of differentia- 


tion with respect to x being equal to the direction cosines of the required 
geodesic, so that we can rewrite these equations as 


dcosB _ . dcosy _ 
de MC ae = 


— AG, = 0, 


a ee AG 3 AG. 
By using the formula dæ/ds = cosa, we can replace differentiation with 
respect to x by differentiation with respect to s and hence obtain: 


dcosa _ . dcos _ . deosy _ 
Sap gy en ae 


where u = À cos a. But, as we know from [II], 125], the left-hand sides of these 
last equations are proportional to the direction cosines of the principal normal 
to the curve, and the right-hand sides to the direction cosines of the normal 
to the surface, whence it follows at once that the principal normal along a geodesic 
is at the same time the normal to the surface. 


HG, 


5. Let us take the brachistochrone problem in a resistive medium: among 
the curves joining two given points A, B, find the curve such that a material 
particle descending it with given initial velocity takes the least time; the medium 
has a resistance expressed by a given function R(v) of the velocity. 

It follows at once from mechanical considerations that the required curve 
must lie in the plane through the straight line AB and the vertical through A. 
We take this plane as the (x, y) plane and the y axis vertically downwards. 
Let (£o Yo) and (x,, Yı) be the coordinates of A and B. The increment in the 
kinetic energy during motion along the curve will be due to the positive gravity 
force and the negative work of the resistance, i.e. 


ye 
dy = g dy — R (v) ds, 


where g is the acceleration due to gravity and ds = Yda? + dy?. Taking v 
as the independent variable for the functions v and y, we have: 


vw’ — gy’ + REVI + y? = 0. (83) 
and the problem amounts to finding the extrema of the integral 
Mg oo a Bao 
a 72 
| yi ty dx 


Xo 
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subject to the non-holonomic constraint (83), v and y being the required 
functions. 

The usual boundary conditions amount to specifying the functions at the 
ends of the interval: 


Y (2) =Y; Y(t) = Yr (84) 


v (Ta) = Vo; v (x) =v. (85) 


The first of conditions (85) is equivalent to specifying the velocity of departure 
of the particle from the point A. The second amounts to specifying the velocity 
at the final point of the curve and is not unique from the mechanical point 
of view. We shall return to this question later. Following the usual method, 
we must write the Euler equation for the functions: 


F* =V1+y?H +4 (a) ov’ — å (a) gy’, (86) 
where 


H=+ +2 (2) R (o). 


The function F* does not contain y and its Euler equation with respect to y 
has the obvious first integral Fy = 0, or 
Hy 


Wage ee (87) 


whilst the Euler equation for F* with respect to the function v will be 


VIFV? H, +4 (2) — * [2 (@)0] =0, 
or 
wh’ (x) 


= H,. 88 
l+y” Se 


We thus have a system of three equations (83), (87) and (88) for the functions 

y, v and A. By differentiating directly the difference H? — (C + gå)? with 

respect to x and using the above three equations, the existence may be seen of 
the following solution: 

H? — (C + gi? =a’, (89) 


where a is a new arbitrary constant. We can find A as a function of v from the 
last equation: A = A(v). On dividing (87) by (88), we get 


_ C+ ga)vda 
dy = ” HH, % (90) 
By (87) and (89): 
,_ +g 
y ’ 
whence 
dz = 2” då : (91) 
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On substituting 4 = A(v) in the right-hand sides of (90) and (91) and carrying 
out the quadratures, we have: 


z=d+o(v,a,C); y=e+y (v,a,C), 


where d and e are arbitrary constants. The last two equations give the para- 
metric form of the required brachistochrone, with v playing the part of para- 
meter. The arbitrary constants have to be determined from boundary conditions 
(84) and (85). As we shall see later, the last of conditions (85) must be replaced 
by the condition: 
F w leat = 0, 

which expresses the fact that the velocity v can have arbitrary values at x = æ. 
By (86), the above condition has the form 4v |,_,, = 0. On assuming the velo- 
city different from zero, we obtain A |x_x, = 0. 


71. Invariance of the Euler and Ostrogradskii equations. When 
seeking the extrema of a function of a single variable y = f(x), we 
can change the independent variable from x to &, where x = (&) 
and ¢(é) is assumed to be monotonic and to have a non-zero derivative. 
The differentiation rule for a function of a function gives: 


T= ag. (92) 


The necessary condition for an extremum in the new independent 
variable will be f'(x) »’(&) = 0, and, since p’(¢) # 0, this new con- 
dition is equivalent to the earlier f'(x) = 0. A formula analogous to 
(92) can be obtained for the left-hand side of Euler’s equation in 
various cases. We start by considering the elementary functional 


J = f F(a, y, y’) dx (93) 


Xo 


and introduce for brevity a special notation for the left-hand side 
of Euler’s equation: 


On introducing the new eee variable $, we can write: 
r dy/dé d 
Peny) = FL.» ie] oera) 


and the integral J becomes in the new independent variable: 


x A 
J F (æy, y’) de =e (euS mE dé. 
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We introduce the neighbouring function y +- aņ and carry out the 
usual working to obtain 


x 


ar TEF, ; 
ae | Peyton y' + on) de lao = | [Fiy nde. 
Xo 


Xo 
This expression in the new independent variable can also be 


written as 


Ëi 

0 dy dy \ dx 

aa | P(E y + an Geto) ae 
é 


ŝi 


on adding the two results obtained, we can write: 


x 


f s-e, ae} ae 


Xo 


whence, in view of the fact that 7 is arbitrary, we have by the 
fundamental lemma: 
da} dé 
[Fl,=|% ly a (94) 
where the symbol on the right must be developed on the assumption 
that the independent variable is &, i.e. 


dx dg d da 
[PaL = ae % — ae eE) 


Formula (94) is completely analogous to (92) as we mentioned 
above, whilst Euler’s equation [Ø dz/dé], = 0 is obviously equivalent 
to the Euler equation [Ff], = 0. All this can be generalized to the 
case when the integrand contains several required functions. 

Let us consider a functional for the case of two independent 
variables: 


J = SJ F (x, Y, U, Ux, Uy) dx, dy. 


We introduce instead of (x, y) the two new independent variables 


(&, n): 
x = x ($, n); y =y (£ n), 


on the assumption that the functions written have continuous 
derivatives and that the functional determinant corresponding to 
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them does not vanish. We transform the integrand to the new inde- 

pendent variables: 

F (x, Y, U, Up Uy) = F [x (6,0), y (E 0), U, Ug Se + Ug ter Ug Sy + tyny] 
= © (È, N, U, Ug, Uy) - 

On introducing, as above, the neighbouring function u + an, 


differentiating the integral with respect to a and putting a = 0, 
we have: 


[J Whendedy= f f [epenn o 
B B, 


where B, is the result of transforming domain B by the replacement 
of the variables, D(x, y)/D(é, 1) is the usual notation for the functional 
determinant, and the symbol [ ], denotes the left-hand side of 
Ostrogradskii’s equation, for example: 


0 a 

[Pa = Pa — Gy Pus — By 

On carrying out the change of variables in the integral on the 

right-hand side of (94,) and using the fact that 7 is arbitrary, we 

obtain the following ‘transformation formula for the left-hand side 
of Ostrogradskii’s equation to the new independent variables: 


vi D(a#,y)] D(é,7) 
[F]u=|9 DE m |. D(z,y) ` 


Fy 


v 


A precisely analogous formula is obtained in the case of a larger 
number of independent variables. Ostrogradskii’s equation [F], = 0 
is equivalent to Ostrogradskii’s equation [® - D(x, y)/D(&, )], = 0 in 
the new independent variables. 

It is possible to carry out-a simultaneous change of the inde- 
pendent variables and the functions. For instance if we replace 
(x, y) by the new variables (&, 7) in functional (93): 


a=@(En); y=y(én), 


we get the function 7 = /,(&) in the new variables in place of the 
function y = f(x). On transforming functional (93) to the new variables, 
we obtain: 


é i 
= VE Yn ' P ; 
tajep (£, n), p (6,7), A Eor | et Pade f DEd, 
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and, as above, Euler’s equation [F], = 0 will be equivalent to Euler’s 
equation [®], = 0. 

We investigate in the next section the Euler equation when the 
functional relationship y(x) is given in the parametric form. 


72. Parametric forms. When we seek the extrema of a functional, 
the demand that the required curve have an explicit equation y = y(x) 
may substantially restrict the problem, since it may happen that 
straight lines parallel to the y axis cut the curve yielding the 
solution in more than one point. We shall next consider the general 
case of a parametric form of the equation of the required curve. 
Assuming that x and y are functions of a parameter t, we can rewrite 
integral (93) as 


t 
J= J F (z, Y, L je dt, (95) 
where x’ and y’ are the derivatives with respect to t, and ¢, and t, 
the values of the parameter corresponding to the ends of the curve. 
The integral J has form (95) for any choice of parameter t. 

We observe that the integrand does not contain the independent 
variable ¢ and is a homogeneous function of the first degree in x’ 
and y’. Let us consider in general an integral: 


J = | F(x,y,2',y’) dt, (96) 
te 


in which the integrand does not contain the independent variable ¢ 
and is a homogeneous function of the first degree in x’ and y’, i.e. 


F (x,y, ka’, ky’) = kF (x,y, x,y’). (97) 

We show that integral (96) now retains the same form whatever 
the subst tution for the parameter t. We introduce anew parameter t 
instead of t by putting t = z(t), with the assumption that 1’(t) > 0, 


so that t increases as ¢ increases. On transforming (96) to the variable 
T, we get: 


T, 


J= f F(x, y, xt yti) tdr, 
and we can write with the aid of (97): 
f F(x, Y, mt, yiti) tdr = f F(x, y, x, yi) dr, 


Te To 


i.e. integral (96) retains its form on changing the parameter. 
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We remark that the role of k in formula (97) has been played 
by qti, so that it is sufficient to require that identity (97) holds for 
k> 0. We shall assume that condition (97) is fulfilled for integral (96). 

We recall that, when defining the closeness of curves specified 
explicitly, we required the closeness of the ordinates of the curves 
corresponding to the same abscissa. In the general case of parametric 
forms, closeness can be defined independently of the choice of 
parameter, viz, we can say that a curve J lies in an -neighbourhood 
of zero order of a curve ļ, if a continuous one-to-one correspondence 
can be established between points of J and 1, such that the distance 
between corresponding points does not exceed &. A first order &€- 
closeness can be similarly defined. 

We now turn to deducing the necessary condition for an extremum. 
Let a curve l yield an extremum. We choose some parametric equa- 
tion of the curve l, such that the equation of lis x(t), y(t). We take a 
neighbouring curve x(t) + an(t), y(t) + a,n,(t), where corresponding 
points have the same value of the parameter. On substituting the 
equation of the neighbouring curve in integral (96) and equating 
to zero the derivatives with respect to a and a, at a = q = 0, 
we can show as usual that the functions (t) and y(t) must satisfy, 
whatever the choice of parameter t, the system of two Euler equa- 
tions: 


F,-£F,=0; Fy- $ Fy =0. (98) 


These equations do not contain the parameter explicitly. It may be 
noted, in addition, that it is in the nature of things that one of the 
functions x(t) or y(t) can be assumed arbitrary. For, if we carry out 
the change of parameter t(t), we get x[t(t)] and y[t(t)] and, since 
the choice of t(t) is arbitrary, we can assume one of these functions 
to be an arbitrary function of +t. If this is taken into account, we 
can justifiably expect that the two equations (98) reduce to one. 
Let us prove this. 
On differentiating both sides of the identity 


F=2Fy+y' Fy, 
expressing the property of a homogeneous function F [I, 154], with 
respect to x, Y, x’, Y’, we get: 
F= Py HY Py; Fy x Fy +y Pyy A 
O= 2 Pye ty Pyy; 0 =x Fey +y Fyy. 
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We find from the last two equations: 


be te T 


where F, denotes the common value of the three ratios. On returning 
to equations (98) and carrying out the differentiations, we can write 
them as 

F> x Py —y Fy — 2" Fey — y" Fey = 9, 

F,— x Pyy — Y FE yy — 2” Pyy — y" Byy =Q. 
On replacing Fx, Fxy and Fy, in these equations in accordance 
with (100), and Fx, Fy in accordance with (99), they are transformed 
to the following: 

yT=0; xT=0, 

where 


T = F,(x,y,2',y') (2 y” — y x") + Eyy — Fyw. 


We assume that x’ and y’ do not vanish simultaneously, so that 
the last two equations in fact reduce to one: 


T = F(x, y, x,y’) (x y” — y’ x") T Fy = Pyy =0. (101) 


To this single equation with two required functions, which is equi- 
valent to system (98), a further equation may be added, characterizing 
the concrete choice of parameter t; for instance, if we choose as t 
the length of arc s of the required extremal, the additional equation 
will be x” + y”? = 1. On recalling the expression for the radius of cur- 
vature of a plane curve [I, 71], equation (101) may be rewritten as 

1l Fy — Pye 

R aye F 


(102) 


Everything that has been said can be extended without difficulty 
to functionals depending on curves in n-dimensional space. Let us 
take the integral: 


t, 
J = È F (ay, tis .. +, n Bp) dt, (103) 
h 


where 2; are functions of t, and x} are derivatives. As above, we assume 
that the function F is a homogeneous function of the first degree in 
the zi. Integral (103) does not vary in this case however the parameter 
tis changed. As above, it is easily shown that the necessary conditions 
for a curve in n-dimensional space (2,, ..., Z,) to give an extremum 
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of integral (103) are represented by the Euler equations: 


d 


Py — = Px, = 0 (104) 


or 
n n 
— >%s Pyx, — X ts Pyx; =0 (=1,2,...,n). 
s=1 s=1 
It is readily seen that the left-hand sides of these equations are 
connected by the following relationships: 


n 
= > x Fry — 2 Lits Pex, — > xix Fax = 0. (105) 


i=) i,s=1 


For, since F is homogeneous, we can write by Euler’s theorem: 


n 
F= Sti Fy; 


i=l 


differentiation of this identity with respect to x, and a gives: 


It follows at once from these identities that the sum in the middle 
of (105) in fact vanishes identically. Hence, one of the equations in 
system (104) is a consequence of the remainder, and we can add to 
system (104) a further equation characterizing the choice of parameter. 
It may be mentioned that the whole of the above theory can be 
extended to the case of multiple integrals. 


73. Geodesics in n-dimensional space. Let the metric 


n 
ds? = X aj, dx; day (aik = Si) (106) 
ial 


be defined in n-dimensional real space, where the ajx are given functions of 
arguments 2,. These functions are assumed continuous with their first order 
partial derivatives. The specification of metric (106) is equivalent to the fact 
that the length of any curve z,(t) (8 = 1, 2, ..., n) is given by the integral 


hylan. 
J=Sds=J |/ 5 azk dt, (107) 
ta ik=l 
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the expression under the radical being assumed positive for any values of the 
x, and x; provided all the 2, do not vanish, i.e. we assume that the quadratic 
form (106) is positive definite. We are evidently justified in assuming that the 
coefficients ajy and ap; included in the same products of differentials are the 
same, i.e. Qik = Aix. 

Geodesics are defined as extremals of integral (107). This concept is a direct 
generalization of the concept of geodesic on a given surface as described above. 
For brevity, we write p for the sum under the radical sign: 


n 


p= Y Oy vi x. (108) 
ik=1 


We have the following Euler equations for the extremals: 


1 d 1 ; 
2yp * ae (az) =° (i =1,2,... n). (109) 


One equation of this system is a consequence of the rest, and we can add 


a further equation, viz: 
n 


p= > aR rae = l; (110) 
k=l 


let s be the value of the parameter ¢ defined by this supplementary equation. 
It follows at once from (107) that (110) is equivalent to choosing as the para- 
meter ¢ the arc length s of the curve in n-dimensional space. Asa result of (110), 
system (109) is simplified and becomes 


Pu — = py =0 (¢=1,2,...,n). (111) 


It is easily shown that this system has the solution 
p = const. 


For: 


dp u , g rat 
‘de. = > Px ti + > Px; Zi 
8 i=l i=l 
But g is a homogeneous second degree polynomial in the z;, so that we have 


n 
= Px; vj = 29, 
i= 
and hence: 


ae PAA + D2 ae P- 


ize] i=1 


We use this equation to rewrite the expression for dg/ds as 


dp _ dy 5 A _ a s 
de =? ae t+ Aa (Ms — Gem): 


i=l 
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and, by (111), we have dp/ds = 0, i.e. p = const. is a solution of system (111), 
and supplementary condition (110) is obtained if we put the arbitrary constant 
equal to unity. 
We now write out equations (111) in the developed form: 
n n 
Pa— Y Paus — Y Phx 15 = 0, 


s=1 i=l 


or, on substituting expression (108) here: 


l n da pq 2 oo n dapi roy i ” 
F 2 Ox, PT 2 ar STT > Fy X= 0. 
pq=1 i ps=1 S s=1 


Let us consider the second sum. The coefficients of x; Xp and a, x; are not 
equal but can be made so by replacing each by 


5 (3 + oat). 


2\ On, Oxy 


By combining the first sum with the second and changing the sign, we reduce 
our system to the final form: 


z srl (Bap; | ag _ Papy ; 
ad — he 4) Lg = = . . 
RAS “+ 2, 2 ( drg i Izp dxi Jezi AE ED (12) 


The derivatives are taken with respect to the arc length s in these equations. 
The expression in brackets in the second sum is called in differential geometry 
a Christoffel symbol of the first kind and is written as 


1 (Bee 4 Bet — pn) — [2] 
2 \ dx, ap on; i] 


Equations (112) can be written as explicit equations for the aj. Let us 
write a for the elements of the transpose of the matrix || ajx ||- ', i.e. 


i A p 
alt = fk or ja] = (Ilan I, 
where D is the determinant of the matrix || ajx || and differs from zero by 
virtue of the positive definiteness of the quadratic form (106), whilst the Aj, 
are the cofactors of the elements ajy of this determinant. We have the 


following fundamental equations for the elements a‘*; 
n : 
is 0 (hk) 
= 113 
20% fi (=k). R 


On multiplying both sides of (112) by a/', summing over 7 and changing the 
order of summation in the second term, we obtain by (113): 


n 
a+ > ee, xy ay = 0, (114) 
pq=1 td 
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where 


ea = Sal! eae (115) 


7 i=l 


After using relationship (110), Euler’s equations took the form (111), and these 
latter equations now become independent. We have succeeded in solving them 
for the 2%. 

Let us take as an example the problem of finding the geodesics on a 
cylinder. We take the Z axis parallel to the generators of the cylinder and let 
the equation of the directrix in the (x, y) plane be æ = (a); y = (a), where 
the parameter øg is the arc length of the directrix, so that 


p” (6) +y? () = 1. 


We choose the parameter o and coordinate z as the coordinate parameters 
defining the position of a point on the cylinder. Now, 


ds? = do? + dz?, 
so that we have in this case: 
Ay, = Aggq=1; Ay = Gy = 0. 


Equations (114) give us g” = 0 (for j = 1) and z” = 0 (for j = 2), the deri- 
vatives being taken with respect to the arc length s. We therefore obtain: 


o = As + B; 2z=A,s+B,. 


If A #0, we can write the equation of these curves as z = C, o + C,, where 
C, and C, are arbitrary constants. These curves, the complete equations of 
which are 

r= (0); y=¥(o); z=0:10 +0z, (116) 


are the helices which we discussed in [II; 127]. The presence of the constant term 
in the expression for z is clearly of no importance. 


T4. Natural boundary conditions. In discussing the extrema of 
functional (93) we have as yet only taken as boundary conditions 
those imposed by fixing the ends of the required curve, i.e. we have 
specified y(x) and y(xz,). We shall now indicate another type of 
boundary condition. Suppose we are seeking the extremum of the 
integral 


J = f F(z,y,y') da, (117) 
the left-hand end of the required curve being fixed, i.e. the boundary 


condition y(£%) = Yo holds for the left-hand end, whereas no boundary 
condition is imposed on the right-hand end apart from the self- 
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evident condition that this end lie on the straight line x = z, parallel 
to the y axis. We now show that a boundary condition must in fact 
be satisfied at this free end, which is obtained as a direct consequence 
of the condition for an extremum of integral (117). In fact, if a certain 
curve yields an extremum of the integral as compared with all the 
neighbouring curves with free right-hand end, it all the more gives 
an extremum when this end is fixed. But the curve must now satisfy 
Euler’s equation, as we have shown above, i.e. it must be an extremal 
of integral (117). Let us now return to the general expression for the 
first variation of the integral [63]: 


Xı 
d 
ôT = [Fy dy} + f (z, — = Fy) dydx (dy = an). 
Xo 


As above, this first variation must vanish. The term containing 
the integral vanishes, since the function y(x) must satisfy Euler’s 
equation in this case, as we have just shown. The term outside the 
integral must vanish at x = £, since this end is fixed. Thus the 
vanishing of the first variation amounts to having Fy. n = 0 for 
x = tı. At the free end, 7 can be arbitrary so that we finally get 
the boundary condition for the free end: 


Fy |yexy = 9- (118) 


This gives us a relationship between y and y’ at the free end. It is 
easily seen that, for integral (2,), condition (118) becomes y’ = 0, 
i.e. it reduces here to the requirement that the extremal be per- 
pendicular to the straight line x = 2, at the end æ = 2,. Boundary 
condition (118) is usually known as the natural boundary condition. 
On repeating the above discussion for the integral 


x 
JT = È F(z, Y, Yi - - -> Yn Yn) dT, 


Xo 


we obtain the following n boundary conditions at the free end: 
Fy=0 (¢=1,2,...,2). 


We now consider an integral containing second order derivatives: 


Xı 
J = f F(z,y,y',y") de. 


Xa 
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By using (22) and (23), and the fact that n(x) and n’(x) are arbitrary 
at the free end, we obtain the following two natural boundary con- 
ditions at the free end: 


F 


d 
y- Fy = 0; Fy =O. (119) 


y 

We remark that the first of these conditions gives the connection 
between y, y’, y”, y’”’ at the free end. Similarly, in the case of the 
double integral 


J= SJ F (x, Y, U, Uy, Uy) dx dy, (120) 


the natural boundary conditions on the contour l take the form: 


a 
Fu — Fuy = 0, (121) 
where s is the length of arc on the contour J. This follows at once from 


(26) for the first variation of integral (120). 


75. Functionals of a more general type. Let us now consider the 
first variations of functionals which, in addition to the usual integrals, 
contain auxiliary terms that depend on the values of functions at 
the ends of the interval of integration or on the contour of the domain 
of integration. When investigating the extrema of such functionals, 
we arrive at the previous Euler equations, and the extra terms only 
have an effect on the form of the natural boundary conditions. 
By introducing such extra terms we can obtain various forms of 
natural boundary conditions, of importance for applications of the 
calculus of variations to mathematical physics. We shall confine 
ourselves here to certain particular cases. 

We take as a first example the functional: 


J= f F (g, y,y') da — p (Yo) + Y (Y1) (122) 


where y, and y, are the values of the function y(x) at the ends of 
the interval of integration, and p(y) and y(y;) are given functions of 
their arguments, the minus sign being taken in front of p(y) for the 
sake of convenience in future working. By considering the neigh- 
bouring curves y(x) + an(x), substituting in the functional, differen- 
tiating with respect to a and putting a = 0, we obtain the following 
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expression for the first variation: 


x, 


ôJ = $ [Fl ôy dr + fy’ (yy) + Fy [to yy’ (@)]} On — 


= {p (Yo) + Fy [xo Yo ¥' (£o)]} yo. (123) 


If a curve y(x) gives functional (122) an extremum in the case 
of free ends, it must give an extremum all the more with fixed ends, 
i.e. we can take dy, = ôy, = 0 in the last formula, and the funda- 
mental lemma shows as usual that y(x) must satisfy the ordinary 
Euler equation. If both ends are free, dy, and dy, are arbitrary in 
(123), and we obtain boundary conditions of the form: 


p (Y) + Fy leer =0; v (y) + Py lxx = 0- 


On putting say p(y) = Uy — a}, we obtain the natural boundary 
condition at x = £o: 


1 
or Py lenxa + Yo— 4 = 0, 


and Yọ =a in the limit as 1+ œ, i.e. we arrive at the case of a 
fixed end. 

In the case of a double integral, let us take as the extra term the 
line integral over the contour } of the basic domain of integration B, 
the arc length s of the contour being taken as the independent 
variable in this line integral, s being measured from a fixed point 
of the contour. We shall assume that the following appear under 
the integral sign in the line integral: the independent variable s, 
the required function u and its tangential derivative uş, i.e. 


J= + F (x, Y, u, Uy, uy) dx dy + | D(s,u,u,)ds. (124) 


After the usual working we arrive at the following expression for 
the first variation: 


ot = | | [F], du dx dy + 
B 
+ f (Fut — Fu, + Du — -iy Pu) duds. (125) 
t 


It can be shown by arguing as above that the necessary condition 
for u(x, y) to give an extremum of functional (124) with the natural 
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boundary conditions is that u satisfy the ordinary Ostrogradskii 
equation and that the boundary condition be fulfilled on the contour: 


d dz d 
BO eae haa Oe 


uz ds s 


F 


,=0. (126) 


Let us take as an example the functional: 


J= Sf (u3 + 03) dedy + { p(s) ude, 


where p(s) is a function given on l. In this case Ostrogradskii’s 
equation reduces to Laplace’s equation, whilst the boundary condition 


becomes 


d dz 


2u, 5% — 2uy ay + P (8) |= 0. 


If it is observed that dz/ds and dy/ds are the direction cosines of the 
tangent to l, i.e. dy/ds and (—dz/ds) are the direction cosines of the 
outward normal to J, we can write the boundary condition as: 


wu] ı 
On =P (S)- 


We have thus arrived at the problem of integrating Laplace’s 
equation with given values of the normal derivative on the contour of 
the domain, i.e. at Neumann’s problem. If we were to take 


Ø = p(s)u+ q (8) u’, 


we should obtain the boundary condition: 
0 1 
Se + 49(s)ul = — FP (8). 


We remark that there is a further possibility for influencing the 
boundary conditions without changing the Euler and Ostrogradskii 
equations. Instead of adding extra terms to the functional, as above, 
we add an expression to the integrand of the fundamental integral 
in such a way as to leave the Euler and Ostrogradskii equations 
unaffected. Suitable expressions were found in [66]. If, for instance, 
we replace the integral 


Xı 
f F(x,y,y’) da 
Xe 
by the integral 
Xı 
f (E + 4(z,y) + B (z, y) y')dz, 
Xe 
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where Ay = Bx, Euler’s equation is unchanged, whilst the natural 
boundary condition becomes F, + B = 0 instead of Fy, = 0. 
A similar procedure can be used in the case of a multiple integral. 


76. General form of the first variation. We have so far assumed, 
when discussing the first variation, that the interval or domain of 
integration remains unchanged. An expression will next be found 
for the first variation, without this assumption. This will enable us 
to consider the fundamental problem of the of calculus variations in 
the general case of movable ends. We start by considering the 
simplest integral, viz. (117). We assumed previously that the neigh- 
bouring curves y(x) + an(x) differ from the basic curve y(x) in the 
addition of an(x). It will now be assumed that the neighbouring 
curves y(x, a) contain the parameter a in any manner, the fundamental 
curve y(x) = y(x, 0) for which the variation of the integral is calculated 
being obtained with a = 0. Thus, we shall consider 


Xı 
J= f F(x,y, y')dz (127) 
Xo 


and introduce a variable neighbouring curve into it by assuming that 
the limits of integration depend on a: 


Xı (a) 
J(aj = § Fx, y(x, a), y, (x, a)] dx, (128) 


Xp (a) 
the function and limits of integral (127) being obtained with a = 0: 
y (x, 0) = y (x); xı (0) =£; z (0) = a. 
In view of the general definition of variation as the product of a 
and the derivative with respect to a, we can write: 


da, (a) ôy = Oy (x, a) 
= da 


__ dr (a) : on) 
Ly) = -u ano” ôx = da lao 2? ano” 
,__ 9 [ Oy (x, a) _ 4d f ay (a, a) __ do 
ôy =a Oa Jeno? E xl da i ~~ da dy, 


on the assumption that y(x, a) has continuous derivatives up to the 
second order. On differentiating integral (128) with respect to a, 
then setting a = 0 in it and multiplying by a, we obtain the following 
expression for the first variation of the integral: 


xX 
OJ = F (£1, Y1 Y1) 6%, — F (£o, Yos Yo) £o + f (F, dy + Fy dy’) da, 
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or 


x 
ôJ = [F (x,y, y’) da] + f| (Fy dy + Fy dy’) da. (129) 
Xe 
We transform the second term as usual by integrating by parts: 
x: x a 
Í Fy dy’ dz = j Py ay by da = 
Xe Xo 


= Fy (£1, Y1 91) (Y) — Fy (£o Yos Yo) (8Y)o— 


Xy 
d 
Xe 
where (ôy), and (6y), are the boundary values of the variation of 
function y: 
Of (xi, : 
(òy); = KAIR (§=0,1). (131) 


We now find the first variation of the ordinates of the ends of the 
curve, the working being carried out only for the ordinate y, of the 
right-hand end. Obviously: 

i= f [z,(2), aj, 
and when a varies both the arguments of the function f vary, and 
not merely the second as was the case when determining (ôy); thus 
the first variation ôy, of the ordinate y, will be: 


d _f of dx of T 
ôn = [artea], 00 = l i laot + Lae leno = 
= y1 Ox, + (y) (132) 
where y; is the slope of the tangent at the right-hand end of the 
curve. Similarly, we have for the variation dy, of the ordinate of the 
left-hand end: 
SY = Yo ÔT + (dy)o. (133) 
Substitution of expressions (132) and (133) for (ôy), and (dy), in 
(130) gives us the following final expression for the first variation of 
integral (127): 
ÔT = [F (21,9, Y) — Yi Fy (81, Y1, Yi) Oxy + 
+ Fy (£1 Y Y1) 841 — [F (£o, Yor Yo) — Yo Fy (or Yor Yo)] 6% — 


Xı 
, d 
— Fy (£o Yo W) 840 + | (Fy — Gp Fy) ôy de, (134) 
Xe 
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or 


x; 
OJ =[(F — y' Fy) dx + Fy dye + | (Fy — < Fy)dyde. (135) 
Xe 


The right-hand side of (135) is linear in ôv; and ôy; and retains 
its meaning when the neighbouring curves depend on several para- 
meters, the first variation in this case being understood as the first 
total differential with respect to the parameters at their initial 
values, i.e. 


2 Belen a30) 


if the curve in question is obtained from a family depending on n 
parameters with a; = 0 (i = 1, 2, ..., n). 

Working precisely similar to the above leads, in the case of an 
integral depending on n unknown functions: 


Xı 
J = È F (z, Yi, Yis - - -> Yn Yn) dE, (137) 
Xo 
to the following formula for the first variation: 


n ý n 
a= |r- Soins] d+ S [Psika — 
i=l i=l 


x=x, 


N n n 
= [z -— Sy ry by — > [Fy] 59? + 
i=l i=l 


x=x, 
ga 2 Ig — = Fy] ôy; dz, 
or 


n n =X, 
a =|[P— Suits) oe + È Pyy $ 
i=l 


j=l ie Ne 
Sjenin) a 


where z, ôr, dy$°, ôy are the variations of the coordinates 


of the ends of the curve. 
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Let us explain the geometrical distinction between the magnitudes 
ôy, and (ôy) appearing in (132). The coordinates of the right- 
hand end of the neighbouring curves y = f(x, a) will be: x(a) and 
y (a) = fix (a), a]. When a varies, the right-hand end describes a 
certain curve 2. The initial value of a is 
a = 0, so that the increment of a form its 
initial value is a itself. By (132), dy, is 
the differential of y,(a) = f[x (a), a] with 
respect to the variable a, i.e. dy, is the 
principal part of the increment of the ordi- 
nate y,(a) of the right-hand end. This incre- 
ment is represented in Fig. 2 by the segment 
CD. By (131), (ôy); is the differential of 
file (0), a], where we have to put a = 0 
in the first argument x(a) before cal- 
culating the differential. Hence (dy), is 
the principal part of the increment of the 
ordinate at the endz,(0) on passing from the basic curve y(x) to the 


neighbouring curve y = f(x, a). This increment is shown in Fig. 2 by 
the segment AB, 


77. Transversality condition, We assumed when discussing the 
natural boundary conditions that the end of the extremal can be 
displaced along the straight line = x, or x = x, parallel to the y axis. 
Now let it be displaced along any given curve 4 on the (x, y) plane. 

We shall assume for definiteness that the left-hand end (£o Yo) is 
fixed, whilst the right-hand end can move along 4. By arguing as 
previously it can be shown that if a curve y(x) yields an extremum of 
the integral it must satisfy Euler’s equation, i.e. it must be an extrem- 
al. The first variation must vanish: the term containing the integral 
sign will vanish by virtue of Euler’s equation, whilst the term outside 
the integral will vanish at x = x, by virtue of the fixing of the end. 


Equating the first variation to zero thus leads to the following con- 
dition at the moving end: 


[F (x, Y, y’) ae y Fy (x, Y, y’)] x F Fy (x, Y, y’) ôy =0, (138) 


where 6x and ôy are the projections on the coordinate axes of an in- 
finitesimal displacement along the curve 4. If we were to assume both 
ends movable, we should obtain condition (138) at both ends. It is 
sufficient to repeat the previous arguments, whilst recalling that, if 
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the curve yields an extremum of the integral with movable ends, it 
gives an extremum all the more with fixed ends or with one fixed end. 

On writing y’ = dy/dx for the slope of the tangent to the curve å, 
we can rewrite condition (138) as 


Fauyy)+y —y) Fy (zy, y’) =9. (139) 


This condition, which is usually called the transversality condition, is 
thus seen to establish a connection between the slope y’ of the tangent 
to the extremal and the slope y’ of the tangent to the curve A at every 
point of 4. If the equation of å is given implicitly as g(x, y) = 0, the 
transversality condition can be rewritten as 


F— y Fy T Fy, 
Px Py 


(140) 


Let us consider the transversality condition in three-dimensional 
space. The fundamental integral will have the form 


Xı 
J = È F (x,y, y’, z, 2’) dx. (141) 
Xo 


On taking (137,) into account and arguing precisely as above, we find 
that if one of the ends can move along a given surface S, the trans- 
versality condition must be satisfied at this end: 


(F =y Fy —2 Fy) 6u4+ Fy ôy + Fy dz=0, (142) 


where ôx, dy, ôz are the components of the infinitesimal displacement 
along the surface 8. This condition is equivalent to saying that the 
coefficients of dx, dy, 6z must be proportional to the direction cosines 
of the normal to 8. 
If the equation of the surface is given implicitly as g(a, y, z) = 0, 
the transversality condition (142) obviously becomes 
F—y Fp Sere. Fy _ Fy 


= : 143 
Px Py Pz (143) 


It gives us two relationships connecting æ, y, z, 2’, y’. These relation- 
ships are replaced by the two conditions y(x) = Yo; 2(%) = Zo in the 
case of a fixed end. 

In the general case of integral (137) the extremal is a curve in 
(n + 1)-dimensional space (£, Yı ---, Yn), and if its end can move over 
a given hypersurface (x, Yı, ---, Yn) = 0, the following transversality 
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condition must be observed at this end: 


n n 
[P— Èri Fy] + È Fuu =o, (144) 
i=l i=l 
or 
F 5$ F 
aa S' Yi : 
Pa aa (145) 
Px Py, Z Pyn ` 


A particular case must be mentioned. Suppose that the fundamen- 
tal integral has the form: 


X 
za (Wet te 
v (£, Y, 2) 


X 
da = fn (z, y, 2) L 4 y2 + 2 da, 
Xo Xo 
which corresponds to the problem of geometric optics. We show that 
in this case transversality condition (145) is the same as the orthogo- 
nality condition, i.e. the condition that the extremal be normal to the 
surface S. On substituting F = n /1 + y’2 + 7z? in condition (145) and 
doing some obvious cancelling, we get: 
1: Pr =Y’ i Py = 2 iz. 

But 1, y’, 2’ are proportional to the direction cosines of the tangent 
to the extremal, whilst the partial derivatives of p are proportional 
to the direction cosines of the normal to S, and the equations written 
express the above-mentioned orthogonality condition. A similar 


situation obtains for the integral 
x. 


J= f n(x, y) Vl+y? da 
Xo 
in the plane case, except that a curve A in the (x, y) plane replaces 
the surface S. 

We observe further that, if we pass to the parametric form of the 
curve y(x), z(x) in integral (141), so that the integrand takes the form 
D(x, Y, Z, z’, Y’, 2’), condition (145) becomes 

Dy,  D,  G 
Px Py Pz ` 


(146) 


78. Canonical variables. The transversality condition lies at the 
basis of a geometrical theory of extremal problems which is of great 
importance in the calculus of variations. We shall now discuss this 
theory. As a preliminary we carry out a change of variables in Euler’s 
equations, to the so-called canonical variables. Let us start with the 
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case of three-dimensional space, when the basic integral has the form 
pa 
J = È F (z, y, y’, 2, z’) da. (147) 


Xo 
Euler’s equations for this integral are 


d d 
Fy — a> Fy = 0; F, — -jz Fz 50 (148) 
i.e. a system of two second order equations. We replace y’ and 2’ by 


new variables v and w in accordance with the formulae 


v= Fy; w= Fy, (149) 


these equations being assumed soluble with respect to y’ and 2’, i.e. 
the corresponding functional determinant is assumed non-zero: 


D (Fy, Fr) 
D(y’,2’) 


#0 
Instead of F we introduce the new function H: 
H (x, y, z, v, w) =y v +z w — F =y Fy +2 Fy— F, (150) 


and assume this new function H to be expressed in terms of the new 
variables v and w. Let us find the partial derivatives of H(z, y, z, v, w) 
with respect to the last four variables: 


_ dy’ dz’ dy’ dz’ 
Ama a a a a 
or, by (149): 
H,=— Fy. (151) 
Similarly, simple differentiation gives us: 
H,=—F, H,=y; H,=2. (152) 


We can thus write, instead of the two second order equations (148), 
a system of four first order equations in the new variables for functions 
Y, 2, v, w of the independent variable æ: 

dy dz 


dr Te ae 


Rey © je dw 


= Hy as yi ae 


=—H,. (183) 


System (153) is usually known as the canonical system. An expression 
for the integrand F of the functional in terms of the function H follows 
at once from (150) and (152): 


F =vH, + wH,,— H. (154) 


246 THE CALCULUS OF VARIATIONS [78 


The general solution of system (148) or (153) will contain four 
arbitrary constants. Given the usual conditions of the existence and 
uniqueness theorem of the theory of differential equations, we can 
draw through every point (x, y, 2) of space a pencil of extremals by 
assigning arbitrary initial values to the derivatives y’ and z’. Such a 
pencil of extremals will consist of a family of curves depending on two 
arbitrary constants, i.e. on the two initial values of these derivatives. 
In general, we describe as a family of extremals a set of solutions of 
Euler’s equations depending on two arbitrary constants and filling 
a certain part of space without mutual intersections, i.e. such that one, 
and only one, extremal of the family passes through every point 
this part of space. We obtain, with such a family of extremals, 
definite values of y’ and 2’ at every point, and at every point of the 
part of space filled by the family we get definite values of v and w, i.e. 
we can assume that v and w are defined as functions of the coordinates 
(x, Y, 2) at every point of this part of space. These functions v(x, y, 2) 
and w(x, y, 2) are called the slope functions of the family of extremals. 
Let us now show that these functions must satisfy certain equations 
containing the partial derivatives of the functions. In fact, the four 
functions 


y (x), 2(x), v[x, y (x), z(2)]), wl, y(x), 2(2)] 


of the independent variable x must satisfy system (153). On replacing 
the total derivatives dv/dx and dw/dx by the expressions for them, 
the last two equations of (153) can be rewritten as 


d dz d dz 
0, + oy- ta ~ mat en Wy + Wy Ge + ae =T H,. (155) 


If we now use the other two equations of the system, we in fact obtain 
a system of partial differential equations which must be satisfied by 
the slope functions v(x, y, z) and w(v, y, 2): 


v, + H, +0: Hy = — Hy; w,+ wy H, + w,H, = —H,. (156) 


Let us now suppose, conversely, that v(x, y, z) and w(x, y, z) appear 
simply as solutions of system (156) instead of as slope functions of 
a family of extremals. On substituting these functions c¢(z, y, 2) 
and w(x, y, z) in the right-hand sides of the first two equations of 
system (153), we get a system of two equations of the first order for 
y and z. When this system is solved y and z become functions of x 
and two arbitrary constants, say y(x, C,, Cz) and z(x, Cy, C,); on sub- 
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stituting these latter in v(x, y, z) and w(x, y, z), expressions in x and 
two arbitrary constants are also obtained for v and w. 

It may easily be shown that the last two equations of system (153) 
will now also be satisfied. In fact, by using the rule for differentiation 
of functions of a function and the first two equations of system (153), 
we can write: 


dv 
de” “x +H, + v, Hy, 
whence, by the first of equations (156), we in fact obtain dv/dz = —H,. 


The validity of the last of equations (153) can be proved similarly. 

If the extremals y(x,C,,C,) and 2(x,C,,C,) fill a part of space 
without intersections, i.e. form a family of extremals, the functions 
v and w which we have taken as arbitrary solutions of system (156) 
must be slope functions for the family. We have thus shown that, 
given a solution of system (156), we can obtain the corresponding 
family of extremals for which this solution is the set of slope functions. 
We naturally confine ourselves here to the part of space for which 
y(xz, O, C) and z(x, Ci, C) represent the family of extremals, i.e. 
which they fill without mutual intersections. 

It is worth noticing how the transversality condition looks in the 
canonical variables. This was condition (142) in the original variables. 
By using (150) and (152) we can write the transversality condition as 


— Hébz4+-vdy+wdz=0. (157) 


79. Field of extremals in three-dimensional space. We now turn 
to the geometrical theory for the case of integral (147). 

We shall discuss special families of extremals, defined as follows. 
Let J be a curve in space. We shall describe the value of integral (147) 
taken over this curve as its quasi- or J-length. For instance, in the case 
of integral (2), corresponding to the problem of geometrical optics, 
the quasi-length expressed the time in which the point traverses the 
curve J, moving with a given velocity v(x, y, z) in space. 

Let us take the pencil of extremals departing from a given point M, 
in space, and let this pencil form a family in some neighbourhood of Mp, 
i.e. the extremals of the pencil are assumed not to intersect in this 
neighbourhood except at M,. We mark off an arc M,M along each 
extremal from M, such that the quasi-length of the arc is equal to the 
same number ọ for all the extremals. The locus of the points M will 
yield a certain surface which we shall call the quasi-sphere with centre 
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M,. When the number ọ varies, a family of quasi-spheres is obtained, 
depending on a single parameter and filling a certain neighbourhood 
of the point M,. It is easily seen that the extremals of the pencil will 
cut the quasi-spheres transversally, i.e. at every point belonging to 
some neighbourhood of M, the slope functions v(x, y, z) and w(a, y, z) 
of the pencil will satisfy the transversality condition (157), where 
ôx, dy, dz are the components of an infinitesimal displacement over 
the quasi-sphere passing through the point concerned. 

For, on returning to the expression for the variation of functional 
(147) in the general case: 


ôJ = [— H ba + vdy + wéz]¥a% + 
J f(r, — = Fy) ôy + (Fe — a Fe) ae] ôe, (158) 


let the end M of an extremal of the pencil move over the surface of 
the quasi-sphere. The value of the functional J here remains constant, 
by construction, so that 6J = 0. The integrand on the right-hand side 
of (158) vanishes, since the curve taken is an extremal; the term out- 
side the integral sign vanishes at the lower limit, since M, is fixed, and 
hence 6% = dy = 6z = 0 at this point; thus the term outside the 
integral sign must also vanish at the upper limit, i.e. the transversality 
condition must be fulfilled at the point M, as it moves over the surface 
of the quasi-sphere. We observe that the whole of our pencil of extrem- 
als depends on two arbitrary constants, and motion of the point M 
over the surface of the quasi-sphere reduces to variation of the values 
of these constants, which play in the present case the role of the para- 
meters which we mentioned in [77]. 

Let M be a point belonging to the neighbourhood of M,. There is a 
definite extremal joining M, and M, and the value of integral (147) 
along the arc M,M of this extremal is a definite function 0(x, y, z) of 
the coordinates of M. The family of quasi-spheres now obviously has 
the equation 

6 (x, y, 2) =@, (159) 
where ọ is the parameter mentioned above. The pencil of extremals 
issuing from M, is usually said to form a central field of extremals. 
The above-mentioned quasi-spheres are called the transversal surfaces 
of this field and 6 is the basic function of the field. 

We now turn to constructing the general field of extremals. Let Sg 
be a surface in three-dimensional space. Transversality condition (142) 
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defines y’ and 2’ at every point of this surface, or else (157) defines v and 
w at this point. On taking these values of y’ and 2’ as the initial values 
of the derivatives, an extremal can be produced from every point 
of S, cutting S, transversally. If this construction is carried out for 
every point of Sy, a set of extremals is obtained, depending on two 
parameters, which intersect S, transversally. Let these extremals form 
a family in some neighbourhood of the surface, i.e. they are non-inter- 
secting. We mark off on each extremal of the family, from the point 
Mon the surface Sọ, an arc M M such that the value of integral (147) 
along this arc of the extremal has a definite value pọ. The locus of the 
ends M of these arcs gives us a surface 8. 

It may easily be seen that the extremals of our family cut the surface 
S transversally. For, we only need to repeat the previous arguments 
as used in the case of the central field. The point JM, is admittedly not 
fixed in the present case, and moves on the surface Sy, but the extrem- 
als of our family cut S, transversally by construction, so that the term 
outside the integral sign on the right-hand side of (158) vanishes at the 
lower limit precisely as in the case of a central field. Hence the surfaces 
S which fill the part of space in the neighbourhood of S, are cut trans- 
versally by the extremals of the present family. We also call the family 
a field of extremals in this case, whilst the surfaces S are the trans- 
versal surfaces of the field. Thus a family of extremals is a field of 
extremals if there exists a family of surfaces depending on a single 
parameter which are cut transversally by the extremals of the family. 
The value of integral (147), taken over the above-mentioned arc M,M 
of an extremal of the field is a function 0(z, y, z) of the coordinates 
of the point M, and equation (159) is the equation of the family of 
transversal surfaces of the field. In particular, when 9 = 0 we get the 
surface Sy. In the case of the integral corresponding to the problem of 
geometrical optics, the quasi-spheres of the central field are the wave- 
fronts of a local perturbation at M, at different instants. In the general 
case the transversal surfaces S also give the wave-fronts at different 
instants, on the assumption that S, is the wave-front at the initial 
instant. 

At every point of the transversal surface S the coefficients of dz, dy, 
6z in the transversality condition (157) must be proportional to the 
direction cosines of the normal to surface 8. On the other hand, we 
know that these direction cosines are proportional to the partial 
derivatives of the left-hand sides of (159) with respect to the coordin- 
ates, i.e. these partial derivatives must be proportional to the coeffi- 
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cients in transversality condition (157). But, as we shall now show, the 
striking fact appears that in the present case we have strict identity, 
and not merely proportionality, i.e. 

2 = — H (x, Y, 2, v, w); T =t; Baw, (160) 
where v and w must obviously be taken as functions of (x, y, z). These 
are the slope functions of our field such as were discussed in the pre- 
vious section. This assertion follows at once from the basic formula 
(158) as we shall now show. 

For the sake of clarity we shall first consider the central field. As 
already mentioned 6(x, y, 2) is in this case the value of integral (147) 
over the arc MM of an extremal of our central field. 

Suppose that M is displaced in an arbitrary manner in space, and 
not along the quasi-sphere as above. Obviously the extremal field 
connecting M, to the moving point M also changes in this case, 
generally speaking. The motion of M will depend here on a set of three 
parameters which we shall not fix, instead of on two as for the previous 
motion on the quasi-sphere. We shall write 6 for the differential relative 
to a change in these parameters. We return to the fundamental formula 
(158) where the value of integral J can be replaced, by what has been 
said, by the function 6(z, y, z). The integral term falls out on the right- 
hand side of this formula, since we are integrating along an extremal. 
The term outside the integral sign also vanishes at the lower limit, 
since M, is fixed. But this last term no longer vanishes at the upper 
limit, since M moves arbitrarily instead of over the quasi-sphere, and 
we get the equation: 


66 (x, y, z) = — H ôx + v ôy + woz, (161) 


whence expressions (160) follow. 

The proof of these expressions is precisely the same for any field. 
Instead of the quasi-spheres we have surfaces S, and the term outside 
the integral sign on the right-hand side of (158) vanishes as before at 
the lower limit, since the surface S, cuts the extremals transversally. 

On eliminating v and w from the three equations (160), we get a 
first order partial differential equation for the basic function of the field 


6, + H (x, Y, z, 0p, 0) =0. (162) 


Pacts beaded 
It may be seen from this that the basic function must satisfy the same 
equation (162) for any field. Let us now prove, conversely, that every 
solution of (162) is the basic function for a field. 
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Let 6 be a solution of (162). We define functions v and w from the 
expressions: 
v= 80; w= 6. (163) 


On differentiating the identity 
69 + H (x, y, z, 09, 0) = 0 (164) 


with respect to y and z, we get two equations (156), i.e. as we saw above, 
for the constructed functions v and w there is a corresponding family 
of extremals, for which v and w are the slope functions. By (163) and 
(164), the left-hand side of (157) is the total differential of 6, i.e. 
6 (x, y, z) =C is a family of transversal surfaces for the above- 
mentioned family of extremals, and this latter family consequently 
forms a field. We observe further that it follows from the above that 
the necessary and sufficient condition for a family of extremals to give 
a field is that the left-hand side of (157) be a total differential, i.e. 
that the line integral of the left-hand side be independent of the path. 

In the case of the integral corresponding to the fundamental problem 
of geometrical optics, transversality condition (142) has the form: 

y”? z 


pretesa r r 


+n dz = 0, 


re eee see ee 
METETE Oy + 2 Tyee 
or, after obvious cai 


“Go bx at SH by +2 &=0, 


whence it follows at once that the transversality condition here coin- 
cides with the orthogonality condition, and the transversal surfaces 
of any field are cut orthogonally by the extremals of the field. 
The canonical variables and function H are given in the present 
case by the equations: 
ny ooo nz’ 


S yiye? Y5 Vif yt fet ’ 


ny’? nz’? 
| 


=Vipgtpe® tna Ta nyi ty2+ 22, 
or, after simplifying: 


n 
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whilst (161) becomes: 
6, — Vn — 6 —@=0 or 6:4 02+ 03 =n (x,y,z). 


If n = const., the space is homogeneous, and the extremals become 
straight lines. They form a field when and only when they are normal 
to some surface S,. The remaining transversal surfaces S, of the field 
are obtained by marking off segments of equal length along these 
normals. The surfaces can be obtained by drawing a family of spheres 
with centre on S, and fixed radius and taking the envelope of this 
family (Huyghens’ construction). This construction is also valid for a 
non-homogeneous space, provided the spheres are replaced by quasi- 
spheres. A further point is to recall that [II, 128] explains the con- 
ditions in which a family of straight lines is a family of normals to 
a surface. 


80. Theory of fields in the general case. The geometrical theory 
described above still holds in the case of a plane, when the basic 
integral has the form: 


Xı 
J = È F (z, y, y’) dx. (165) 
Xo 
We replace y’ by the new variable u in accordance with the formula 


u = Fy, and bring in H(z, y, u) = y’ Fy — F. Instead of Euler’s 
equations for integral (165) we get a system of two first order equations: 


SH, $ -=-H, (166) 
The transversality condition: 
(Fy — y Fy)ôx + Fy dy = 0 (167) 
becomes in the new variables: 
— H ôx + uy = 0. (168) 


A family of extremals on a plane must contain a single parameter, 
and will be assumed to cover part of the plane without mutual inter- 
sections. In this part of the plane y’ and the new variable u are definite 
functions of the coordinates (x, y) of a point (u is the slope function 
of the family). On returning to transversality condition (168), we see 
that it can be interpreted as a first order differential equation for the 
transversal curves of the family of extremals, i.e. the curves which cut 
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the extremals transversally: 


Sos Ta (169) 


We have the special feature here that every family of extremals 
forms a field. We naturally assume here that the conditions required 
by the existence and uniqueness theorem for equation (169) are 
fulfilled. 

We now turn to the theory of fields in the general case of any 
number of dimensions. The proofs will be omitted, since they are 
entirely analogous to those already given for the case of three-dimen- 
sional space. The basic integral will now contain n functions qu, ..-, Qn 
of the independent variable x and their derivatives qg: 


X 


J= [| F(x, li» qi 229 amw Qn) da. (170) 


Xo 


The corresponding extremals are given by a system of n second order 
equations: 
Pa — Fi =0 (k= 1,2,...,n). (171) 


Instead of the qy we introduce new variables pp: 


Pr = Fa, (172) 
the functional determinant 
D (Ego FQ) (173) 
D (qis +++» Qn) 


being assumed non-zero, i.e. equations (172) are soluble for the qj. 
The function H, which we take to be expressed in terms of the vari- 
ables (x, qx Px), is given by 


n 
H (x, qo Pr) = SUP, — F. (174) 


S=l 


We obtain by direct differentiation and the use of (172): 
Hy =—Fa; Hy = 


whilst system (171) can be rewritten as 2n first order equations (the 
canonical system): 


cen | ea H: (175) 
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We can define with the aid of integral (170) the concept of quasi- 
length of any curve in (n -+ 1)-dimensional space with coordinates 
(£, qs -- -s qn). If a set of extremals, which depends on n arbitrary 
constants, fills part of (n + 1)-dimensional space without mutual 
intersections, we say that the extremals form a family. The q} and 
hence the p, are definite functions of a point in this part of space, i.e. 
are functions of (2, qı ---, gn) (the slope functions of the family). 
The central field is defined exactly as in the case of three-dimensional 
space. The general field is obtained by taking some hypersurface S: 
P(X, qs ---, Qn) = 0. The transversality conditions give us n relation- 
ships for finding the derivatives qj, at every point of S,; on taking the 
values obtained as the initial values in the solution of system (171), 
we in general obtain a family of extremals intersecting S, transversally. 
Precisely as in three-dimensional space, we can construct further sur- 
faces S which are cut transversally by extremals of the family, and 
this family forms a field. There exists at every point a basic function 
O(@, qu +++, Qn), which, say for a central field, gives the value of the 
solution from the central point M, to a variable point on an extremal 
of the field. The basic function is similarly defined for any other field. 
Whatever the field, we have for the basic function: 


6,= — H; In = Fa = Pr, 
and it must satisfy the partial differential equation: 
0+ H (£, qr -0m Ogo -s ban) = 0: (176) 


Conversely, any solution of this last equation is in general the basic 
function of some field, the functions (172) corresponding to this field 
being defined by the formulae py = 84, The expression 


n 
— Hôr + S pr ôqr 
k=1 


will be a total differential when and only when the p, are the slope 
functions of a field, and in this case the expression will be the 
total differential of the basic function 6(2%, q,, ..-, gn) of this field. 


81. A singular case. An important singular case may be mentioned 
when the transformation to the canonical variables is carried out. 
Suppose that F is a first degree homogeneous function in the deriva- 
tives q, as is the case, for instance, in the parametric form of the 
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variational problem. We have by Euler’s formula for homogeneous 
functions: 


n 
DgţoFy=F. (177) 
s=1 


Differentiation of this identity with respect to the qg gives 


Ma 


, PaE ES 
qs Poa = 0, 


s=1 


and the determinant of this homogeneous system must vanish. But 
this is precisely determinant (173), which must be non-zero for a 
transition to the canonical variables to be possible. It follows at once 
from identity (177) tbat the function H vanishes identically in the 
present case. By the foregoing, we can define a field of extremals, 
and for every field we have the basic function 6(2, qi, ..-, qn), the 
partial derivatives of which are given by the equations: 


n 
06.=F—- SqGFi=0; = Fg (178) 

s=1 
The first of these equations shows that the basic function does not 
contain x. The right-hand sides of the equations 04, = Fy, are homo- 
geneous functions of zero degree in the gq, and with the aid of these 
equations the ratios qi/qj (k = 2, ..., n) can be expressed in terms 
of the derivatives 0}, On substituting these expressions in equation 
(177), we obtain a partial differential equation which here replaces 

(176). 


Let us go through all the working for the integral expressing the length of 
a curve in n-dimensional space: 


n 
J= = aik qi qk dg. (179) 


The coefficients a;, satisfy the relationships aj, = ap; and are given functions 
of the variables q}. We have here: 


s=1 i,k=1 
whence 
gk =~ 
Be 
F = Aks Oq, > 
s=1 


where the 4,, denote the elements of the inverse of matrix aj, [IIL, 25]. 
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On substituting the expressions g;/F in equation (177), we obtain the required 
partial differential equation which has to be satisfied by the basic function 
of any field of extremals for integral (179): 


n 
Aik 94; ba = 1. (180) 
i,k=1 
The value of integral (179), over an extremal of the field between points 
M, and M, gives the geodesic distance between these points, and we obtain 


for the square of this distance I" = 6? the partial differential equation in any 
field: 


n 

D 4nlala =40. (181) 

i,k=1 
The independent variable in this problem is a parameter which can be chosen 
quite arbitrarily and does not appear in the coefficients a, or the function 6. 
It is possible here to discuss a field and basic function in n-dimensional space 
(di d2- -, Yn); One of the variables in this space can be taken as an independent 
variable, whilst equation (180) amounts here to a symmetric way of writing 
equation (176). 

In the case of the basic problem of geometrical optics, we have in the para- 

metric form: 


F =n(x,y, 2) Vx Fy? +27, 
and equation (180) becomes 
0 + 68 + 62 = n? (a, y, 2). 
We obtained this equation earlier, by starting from the form of the basic integral 
in which the role of independent variable is played by x. 

Throughout the above treatment, no assumption has been made that the 
independent variable is absent from the integrand F. In the case of the problem 
of geodesics, corresponding to which we have integral (179), the ajx do not 
contain the independent variable, and another procedure can be adopted. 


On writing p, as in [73], for the expression under the radical sign in (179), 
and taking the arc length as parameter, i.e. on introducing the relationships 


n 
p= > angi gk =1, 
i k=l 


we obtain the system of differential equations (111): 


d? o ‘ 
Pa — gs Pu = 0 (@=1, 2; wey n), 


and we can now pass to the canonical variables in the usual way, i.e. instead 
of the g; we introduce the new variables p; = Pgp 
n 


The function H is given by: H(qx, px) = X WP; — p, and it follows at 
s=1 


once from the fact that g is a homogeneous second degree polynomial in the 
q; that H = g. On writing p in terms of g, and pp and substituting Pk = 64, 
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in the relationship pọ = 1, we obtain a partial differential equation for 60. If, 
for clarity, we write y for the function g expressed in terms of qy and Pp, we 
get the canonical system: 


d d 
9k = Prg; He = — Var (k = l, 2, ores n), 


In view of the fact that y(q,, p,) is a homogeneous second degree polynomial 
in the pp, we can say that the last equations retain their form if we simultane- 
ously substitute in them ap, for py and as for 8, where a is an arbitrary constant. 
Let gi” and pi) be the initial values of q; and pp at s = 0. By what has been 
said above, we can assert that Pp, p and s appear in the solution of the canon- 
ical system only in the combinations sp,;, spi), i.e. this solution has the form 


dr = Pr (rk IO); te = Va (Te WM) (k = 1,2, ...,n), 


where tp = Spp and ry = sp). On taking into account the relationship (q,, P) = 1 
and the fact that ty = spk, we can say that the square of the geodesic 
distance from the point (g, ..., q) to the point (gı, gz, .- - Yn) can be expres- 
sed as 
8 = I = Y (go te) = Y [Ww Ve (Te 9]. 

By using the equations qk = Pk(fk, q\), we can express 7; in terms of qg and 
gq), so that the right-hand side of the last formula is expressed in terms of 
qx and q. 


82. Jacobi’s theorem. If we can find the general solution of the system 
of ordinary differential equations (175), we can naturally obtain all 
the possible fields corresponding to a given variational problem, and 
hence find any solution of equation (176). We shall return to this 
question in the second half of the present volume, when dealing with 
the theory of first order partial differential equations. Conversely, if 
we are in a position to find a solution of equation (176), we shall 
shortly prove that the general solution of system (175) can be ob- 
tained. We first need to see precisely what is meant by saying that 
we are in a position to find a solution of (176). This equation must 
define a function 6 of the independent variables (x, q1, ..-, Qn). It does 
not contain 9 itself, so that, on adding an arbitrary constant a to any 
solution, we again obtain a solution. We shall define the complete 
integral of this equation as the solution of it which, in addition to the 
arbitrary constant a already mentioned, also contains n arbitrary 
constants: 

0 = 0 (£, qi, <- +5 Up Gy, ++ -» An) + a, (182) 


the determinant whose elements are the second order partial deriva- 
tives 04a, being assumed non-zero. As a matter of fact, a knowledge 
of the complete integral of equation (176) enables us to construct 
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with the aid of simple differentiations the general solution of system 
(175), i.e. the following theorem of Jacobi holds: 
If the complete integral (182) of equation (176) is known, the equations 


Dan = br; (183) 
Da = Pr (k= 1,...,n), (183,) 


where ay, and by are arbitrary constants, give a solution of system (175) 
depending on 2n arbitrary constants. 

In view of our assumption that the determinant || Oga, || differs 
from zero, we can solve equation (183) for the q;, the variables qy 
being expressed in terms of the independent variable x and the arbi- 
trary constants a, and bs (s=1, 2, ..., n). On substituting these ex- 
pressions for the q; in the left-hand sides of equation (183,), we obtain 
expressions for the p, also in terms of 2, a, ..., an, and we have to 
show that the expressions thus obtained for the g, and pp satisfy 
system (175). On differentiating equations (183) with respect to x 
and equation (176) with respect to a;, we obtain the 2n equations: 


ie dgs 0? 6 o 
E ta RS aT de SO roa +34 Gao, O 
G2 eon 


whence we have the n equations: 


Z 80 /( das aS 
l aal - Hp) =0 tS eist 


By hypothesis, || Oqa, || Æ 0, whence it follows at once that 
dq;/dx = Hp, To prove that the remaining equations of system (175) 
hold, we differentiate equations (183,) with respect to x and equation 
(176) with respect to q;: 


dp;  @ə n #0 dq; 88 a o 
de ~ Grig +S gag de’ 9 ~ Bro +38 a 


On subtracting term by term and using the equations already proved, 
we in fact obtain the remaining equations of system (175). 

We thus see that finding the complete integral of equation (176) 
gives the general solution of system (175), defining the extremals of 
our problem. The relationship between system (175) and equation 
(176) corresponds to the geometrical fact that every field of extremals 
of the problem can be described with the aid either of the extremals 
themselves or of the transversal surfaces of the field. 
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83. Discontinuous solutions. It happens in certain cases that there 
is no curve having a continuously varying tangent which yields an 
extremum of the functional, and the question arises as to the possibility 
of finding a solution among curves of a more general class, say those 
which have no tangent at individual points, but always have a definite 
tangent from the left or right (curves with vertices). We shall give the 
broad outlines of the argument for the elementary functional 


xy 
J = | F (x, y, y’) dz, (184) 


Xo 


without dwelling on detailed proofs. 
We shall first take a particular case, viz. the functional 


J = (p(l — y} dz, (185) 


-1 


where the required extremal must pass through the points M,(—1, 0) 
and M,(1, 1). Functional (185) will obviously be positive for any such 
curve. We construct a curve consisting of two straight segments 
joining M, and M,, viz. we form the step-line M,OM,, where O is the 
origin on the (x, y) plane. It is easily seen that functional (185) vanishes 
for this step-line, since y = 0 along MO and y’ = 1 along OM,. This 
step-line having a vertex at the origin will obviously give an extremum 
of integral (185). 

We now take the general case. Suppose that some curve that joins 
(Xp, Yo) and (x, Yı) and has a vertex at (x, Yz) gives an extremum of 
functional (184) in comparison with others sufficiently close to it; 
these others may also have a vertex and must pass through the given 
end-points (£o, Yọ) and (x,y). We can assume that (£, Yə) is fixed 
as well as the end-points, i.e. the vertex of the curve under investi- 
gation is fixed. This curve must all the more give an extremum of the 
functional with this hypothesis. Hence it follows at once that the 
pieces of curve corresponding to the intervals [£}, 2] and [z x] of 
the x axis, must be extremals of the problem, i.e. must satisfy the 
corresponding Euler equation. It is essential to consider the conditions 
which have to be satisfied by the ordinates and slopes of the tangents 
at the vertex. We define the variation of integral (174) by taking our 
curve as the initial curve and splitting the total interval [2 , xı] into 
two parts: [£o £2] and [z z]. 
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On recalling that the ends of the curve are fixed and that both pieces 
of the curve satisfy Euler’s equation, we obtain the following expression 
for the first variation: 


OJ = [F — y Fy],,-9 8%, — [F — y Fy ]xy40 8t + 
T [Fy ].-0 bY. > [Py Jato bY». 


In view of the arbitrariness of ôx, and ôy, we obtain the following 
two conditions, which must be fulfilled at the vertex of the curve if it is 
to give an extremum of integral (184): 


[F =y Py], = [F ye Fy) ..403 [Fy] a [Fy Jato: (186) 


These conditions are usually known as the Weierstrass-Erdmann con- 
ditions. We suggest that the reader prove that they are in fact satisfied 
at the origin for the step-line giving the extremum of integral (185). 

We remark that conditions (186) reduce to requiring the con- 
tinuity of the expressions F — y’ Fy, and Fy at the point x = x, at 
which y’ has a jump. These expressions will clearly be continuous at 
the remaining points, where y’ is continuous. Suppose that we have 
obtained the general solution of Euler’s equations. The values of 
the two arbitrary constants appearing in this solution will in general 
be different for the intervals [x, %2] and [x xı]. Let 


y = w (x, C, C3) 
be the general solution for the interval [wv , zı] and 
y = w, (7, C3, C4) 


for the interval [2,, x,]. We have to find five constants, viz. the four 
arbitrary constants C,, C,, C3, C,, and the abscissa x, of the vertex. 
We have two boundary conditions at x = x and x = v, and two 
conditions (186). The missing fifth equation is obtained from the con- 
tinuity of the curve at £z = a: 


w; (£z Cy, Cy) = Wg (23, Cg, Cy). 


The case when the curve has several vertices could have been con- 
sidered in precisely the same way. 

Similar conditions can be found for the discontinuous problem in 
the case of a multiple integral: 


J = È È F (x, y, u, uy, uy) da dy. (187) 
B 
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Suppose that a surface u(x, y) having a fixed contour and containing a 
line of discontinuity yields an extremum of this integral. In other words, 
u(x, y) must be defined in the domain B of the (x, y) plane and must 
have given values on the contour of B: yet there can exist inside the 
domain a curve A along which the first order derivatives of u(x, y) have 
discontinuities, though when taken from either side of the curve these 
partial derivatives have definite limits, there being possibly points at 
which these limits differ. The function that gives a relative extremum 
of integral (187) is sought within this class of functions. 

Suppose that a function of this class actually yields an extremum and 
has a discontinuity curve å inside B, dividing B into two parts: B, and 
B,. It can be seen by precisely the same arguments as above that u(x, y) 
must be a solution of Ostrogradskii’s equations in the domains B, 
and B,. The essential problem is to find the conditions which must be 
satisfied by u(x, y) and its first order partial derivatives at points of å. 
Let p be a function containing u(x, y) and its first order partial deriv- 
atives. Such a function will in general have different limits, say 9, 
and p, on approaching points of 4 from domains B, and B,. We 
introduce a special notation for the difference between these limits, 
i.e. for the jump in the function g: 


[p] = p, — %- 
We return to formula (26), giving the variation of a double integral. 
The first term on the right-hand side can be written as: 
dy dx 

fou- (Fu Ge — Fu’ ae) ds, 

i 
or, on observing that dy/ds and (—da/ds) give the direction cosines 
of the outward normal n to the contour l we can write this term as 


f ôu [Fu, cos (n, x) + Fu, cos (n, y)j ds. 
i 


We now apply formula (26) to integral (187) by splitting the domain 
B into B, and B,. In each of these latter domains u(x, y) must satisfy 
Ostrogradskii’s equation, so that the double integrals will vanish. 
The contours of B, and B, are made up of parts of the contour / and the 
curve A. We have ĝu = 0 on the contour l, whilst the direction cosines 
of the outward normal differ in sign for domains B, and B, on 4. Hence 
we finally have: 


ôJ = f du {[ Fu,] cos (n, 2) + [Fu] cos (2, y)} ds, 
a 
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where n is the direction of the normal to 4, outwards with respect to 
B,. The condition 6J = 0 and the fact that ôu is arbitrary lead to one 
of the conditions that must hold along A: 


[Fu] cos (n, x) + [Fu] cos (2, y) = 0. (188) 


Only one condition has been obtained because the curve 4 was regarded 
as fixed when considering the first variation of integral (187). A more 
detailed consideration of the variation of the integral leads to a second 
condition of the form: 


LF] = (Fu) [ux] + (Fu) [ay], (189) 


where the subscript 2 outside the curved brackets indicates that we 
have to take the value of the quantity in the brackets along 4 from 
the side of domain B,. Conditions (188) and (189) are analogous to 
conditions (186) for the functional (184). 


84. One-sided extrema. We have considered above [67] the problem: 
to find the curve, among those joining the points M, and M, on the 
(x,y) plane, such that it generates the surface of least area on revolution 
about OX. 

The functional corresponding to this problem has the form 


x 
J=lyfl+y?de. 
Xe 
Strictly speaking, we have to impose here the condition that the 
curve y(x) lie above OX, i.e. that the inequality y(x) > 0 is fulfilled. 
Those problems of the variational calculus in which the required 
functions (or their derivatives) must be subjected to certain inequali- 
ties are usually called one-sided extremum problems. 
Let us take the elementary problem of the extremum of the 
functional 


J = (F (a, y, y’) dx (190) 


Xe 


subject to a supplementary condition of the form 
y — 9 (x) > 0, 


+N. M. Günther, Leçons sur le calcul des variations. 
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where (x) is a given function having a continuous derivative. In 
other words, the curve y(x) must lie above the curve y = g(x). In 
addition, the required curve must pass through the given points 
M (£o Yo) and M(x, y,). The required curve may consist of pieces 
lying above y = g(x) and of pieces of the latter curve. In Fig. 3 there 
are two pieces (M,A and BM) lying above the curve, and the piece 
AB of the curve itself. Two-sided variation is possible for the pieces 
M,Aand BM,, and as usual, these pieces 
must be extremals of integral (190). Only 
one-sided variation, for which ôy > 0, is 
possible on the piece AB. On taking (13) 
into account for the variation of integral 
(190), we can say that the necessary con- 
dition for a minimum of this integral is 
that, along AB: 


d 
Fy — 3 Fy > 90. 


Fic. 3 


In addition, certain conditions must be 

fulfilled at points A and B in order for 

an extremum to exist. We shall merely mention, without going into 
a discussion of the question, that this condition reduces in the ele- 
mentary case to the fact that the curves M,4 and BM, have a tan- 
gent in common with the curve AB at points A and B. 


85. Second variation. We have so far only investigated the first 
variation of functionals of various types. Putting this first variation 
equal to zero has given us the necessary condition for a given curve or 
surface to extremize the functional. This necessary condition is precise- 
ly analogous to the situation in the differential calculus, where the 
necessary condition for a function of several variables to attain an 
extremum at a point is that its first order total differential vanish at 
this point. In the differential calculus sufficient conditions were ob- 
tained in certain cases; in order to state these, we had to find the second 
order partial derivatives of the function concerned. The problem of 
establishing sufficient conditions is far more difficult in the variational 
calculus. We shall only consider the elementary functional 


J= (PF (x, y, y’) da (191) 


Xa 
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in the case of fixed ends. We consider as usual the neighbouring 
curves y(x) + a7(x) and define the second variation of functional 
(191) as the term in the expansion of J(a) in powers of a which con- 
tains a, i.e. we put 


DF a f æJ 
ò? J =- | Lass 


This leads directly to the formula: 


ô? J = = | (Pn? + 2Q nn’ + Rn’) da, (192) 


where 
P=Fy,,; Q = Fy; R = Fyy. (193) 


Since 2Q nn’ = Qd(7?)/dz, we obtain on integrating by parts and 
using the fact that n(x 9) = n(x) = 0: 
X 
SJ =- [ (S4 +Ry)de where S=P— $S. (194) 


Xo 


We assume that the necessary condition for an extremum is fulfilled 
i.e. that y(x) is an extremal. We shall talk about a minimum of integral 
(191) for the sake of definiteness. The function J(a) must have a 
minimum at a = 0, so that the necessary condition for a minimum 
is that ô? J > 0 for any choice of n(x). We show that it follows 
directly from this that the inequality R > 0 must hold along our 
curve. In fact, suppose that we had R(c) < 0 at some point x = ¢ 
on our curve. Since R(x) is assumed continuous, this inequality will 
hold over some sufficiently small interval [c — €, c + e]. We now 
define the function n(x) so that it vanishes outside and at the ends 
of this interval, has all the necessary derivatives, is sufficiently 
small in absolute value in the interval but performs fairly rapid 
oscillations. With this choice of x(x), integral (194) reduces to an 
integral over the interval [c — z, c + e], in which R(x) has negative 
values by hypothesis. The dominant term under the integral sign 
is that containing 77?(z), and the integral turns out negative, which 
contradicts the above-mentioned necessary condition for a minimum 
of integral (191). Thus, the necessary condition for the extremal y(x) 
to minimize the integral (191) is that 


F 


yy > 0 (195) 
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along this extremal. Similarly, the necessary condition for the extremal 
to maximize of integral (191) is that 


PFyy <0 
along this extremal. 


These conditions are generally known as Legendre’s conditions. 


86. Jacobi’s condition. Before continuing our investigation of the 
second variation, some important remarks must be made in connection 
with the zeros of the solutions of a second order linear equation: 


y” +p(z)y+a(z)y=9, (196) 


where the coefficients p(x) and g(x) are assumed continuous in a 
closed interval [£o xı], to which all further discussion will relate. 
Let x, be the zero of some solution y(x) of equation (196), i.e. y(x} = 0. 
It is easily shown that y’(z,) #0. For otherwise the solution y(x) 
would satisfy at æ, the initial conditions y(x,) = y’(a,) = 0, and by 
the existence and uniqueness theorem, must vanish identically. 
We can thus assert that every solution of equation (196) changes sign 
when it passes through a zero. Let y(x) and y,(x) be any two linearly 
independent solutions of equation (196). They cannot have common 
zeros. For, if they did, the Wronskian of these solutions [II, 24] 
would vanish at the point, and hence throughout the interval [£o 2,], 
which contradicts the linear independence. If the solutions are linearly 
dependent, i.e. only differ by a constant factor, they obviously have 
common zeros. As above, let y,(x) and y,(x) be two linearly independent 
solutions. We have the formula [II, 24]: 


a (22) E oTi POdx 
dæ Ly) ~° yi , 

where A, is a definite non-zero number. The right-hand side of this 
formula retains a constant sign, viz. the sign of 4). Hence it follows 
that the ratio y,: y, must vary monotonically. Let 4, > 0 say. 
The ratio y, : y, must increase as x increases, and must jump from 
(-- °°) to (—°°) on passing through the zero y,(x). On further increase 
of x we can arrive at the following zero of y(x) only by passing through 
a zero of y(x). We thus see that the zeros of any two linearly inde- 
pendent solutions of equation (196) must alternate, i.e. between two 
zeros of one solution there must be one and only one zero of any other 
solution linearly independent of the first. 
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Returning to our investigation of the second variation, we shall 
assume that a stronger condition than (195), namely Fyy > 0, 
holds along extremals of the field (called the strengthened Legendre 
condition). 

We take the integral appearing in (194) with the letter 7 replaced 
by the letter u: 

x 
K (u) = f (Su? + Ru’?) dx. (197) 


Xo 


We observe that Euler’s equation for this integral has the form 
Pasi) 540 (198) 
da are 


On the other hand, if we use the fact that Ru’ dv = Ru’ du, and 
integrate by parts, we get: 


K (u) = — (ub (u) dx, (199) 


Xo 


where u must be assumed to vanish at the ends. Let us consider 
the solution of linear equation (198) which vanishes at the end 7 = 2». 
Every such solution differs only by a constant factor from the solution 
u(x) of (198) satisfying the initial conditions: 


Up (Lo) = 0; Up (Xp) = 1, (200) 


the uniqueness and existence theorem being applicable for equation 
(198) throughout the interval [£p xı] by virtue of the strengthened 
Legendre condition. An essential point for what follows is whether 
the solution u(x) has zeros inside the interval. If there are such zeros, 
our extremal cannot give a minimum of integral (191). The proof of 
this statement is as follows. Suppose that u(x) has a zero x = 2 
inside the interval, i.e. u,(z,) = 0. As we saw above, we must have 
up(%) #0. We draw a curve u(x) consisting of two extremals of the 
integral K(u), i.e. we put u(x) = u(x) for £o < £ < a, and u(x) = 0 
for 2 < x < zı. We thus obtain a curve which has a vertex at x = 2. 
On expressing the integral K (u) over the interval [£o x] in accordance 
with (199) (the values of u(x) at the ends of this interval are zero), 
we see that the value of this integral over [£o x] is zero, since u(x) 
satisfies equation (198) in [£o 2]. Similarly, the value of the integral 
K(u,) over the interval [x,2,] is also zero, since w(x) vanishes 
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identically in this interval. Hence integration over the whole of 
[£o £] gives us K(u,) = 0. 

We now see if the first of the Weierstrass-Erdmann conditions 
holds for integral (197) at the vertex x, To the right we have 
u(t + 0) = w(x, + 0) = 0, and to the left: u(x, — 0) =0 and 
Uo(L_, — 0) = u(x.) ¥ 0, whence it is clear that the condition in question 
is not fulfilled, so that u(x) cannot yield an extremum for the inte- 
gral K(u). Hence it follows, since K(u,) = 0, that there are curves, 
possibly with a vertex, as close as desired to u(x) and satisfying the 
boundary conditions u(x) = u(x) = 0, for which K(u) <0. By 
smoothing away the vertices, it can be assumed that this last inequality 
still holds for certain curves u(x) having continuously varying 
tangents. On putting 7 = u, in (194), we have 6?J < 0 for curves 
y(x) = an(x) = y(x) +- a u(x) as close as desired to the curve under 
investigation, i.e. with a close to zero, so that this curve cannot 
minimize integral (191). Hence, if u(x) has zeros inside the interval 
[£o £], the extremal y(x) satisfying the strengthened Legendre condition, 
cannot minimize integral (191). 

Equation (198) is usually known as Jacobi’s equation, and if u(x) # 0 
for £o < £ < Tı, the extremal y(x) is said to satisfy Jacobi’s condition 
in the interval [£o x]. If u(x) #0 for £a < x < v, y(x) is said to 
satisfy the strengthened Jacobi condition. 

We observe that coefficients S and R of equation (198) depend 
by definition on the choice of the extremal y(x), so that the con- 
dition stated above is in fact a condition imposed on the extremal 
y(x). On recalling what was said above about the alternation of the 
zeros of solutions of a second order linear equation, we can say that, 
if Jacobi’s condition is satisfied, no solution of (198) can have more 
than one zero inside [£o 2]. 

Suppose that the strengthened Legendre and Jacobi conditions are 
fulfilled along the extremal y(x). By (200), the solution u(x) of (198) 
is positive for x close to 2, and hence is positive throughout [£o %], 
and in particular, at x = 2,. We slightly modify the first of conditions 
(200) by putting u(x} = a, where a is a sufficiently small positive 
number. We have w,(z,) > 0 as before. But, by what has been said 
above, u(x) cannot have more than one zero inside [2% , xı], and if 
there were such a zero, u(x) would have to change sign on passing 
through it, which contradicts the fact that u(x) has the same sign 
at the ends of [x zı]. Thus, when the strengthened Legendre and 
Jacobi conditions hold, the solution u(x) of equation (198), defined 
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by the initial conditions: u(x) =a and ug(x,) = 1, where a is a 
fairly small positive number, will be positive throughout the closed 
interval [£p 2]. 

By using this solution of equation (198), we can now reduce 
expression (194) to a form from which it will follow at once that 
es > 0. 

Let w(x) be any function with a continuous derivative. We have the 
obvious equation: 


Xı 

f 2m o + n20) de = 0, 

Xo 
since the integrand is the total derivative of the function 77, 
vanishing at the ends of the interval. On multiplying this integral 
by a?/2 and adding to the right-hand side of (194), we obtain: 


ey = + IIs +o) n + 20n + Ry?) da. 
Xe 


We require that the integrand be a perfect square, i.e. that 
w?— R(S +0’) =0. 


On setting œ = —Ru’/u in this equation, we arrive at once at (198), 
i.e. we can take as œ the function œ = —Rug/u, where it is essential 
that u(x) should not vanish throughout the closed interval 
[£o x,]. With this choice of œ we reduce formula (194) to the form 


oy = “fr Ca 4 a dx, 
Xo 


whence it follows at once that ô J > 0. 

Therefore, if an extremal satisfies the strengthened Legendre and 
Jacobi conditions, the second variation (194) must be non-negative for 
this extremal. 


87. Weak and strong extrema. An extremal y(x) is said to yield a 
weak extremum of integral (191) if it gives the integral an extremum 
in comparison with all the curves lying in some first order e-neigh- 
bourhood of it, i.e. the curves sufficiently close in respect to the 
ordinate and slope of the tangent. If an extremal gives the integral 
an extremum in comparison with all the curves lying on a zero order 
e-neighbourhood of it (close only as regards the ordinate), the extremal 
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is said to give the integral a strong extremum. Obviously, every strong 
extremum is also a weak extremum, but the converse does not always 
hold. 

It is shown in courses of variational calculus, that the strengthened 
Legendre and Jacobi conditions discussed above are sufficient con- 
ditions for an extremal to give integral (191) a weak minimumf. 


Let us take a new approach to Jacobi’s equation and give a geometrical 
interpretation of Jacobi’s condition. Suppose we have a family of extremals 
y(x, a) depending on one parameter, and let 


Oy (x, a) 


da asa 


u (x) = (201) 


where a, is a particular value of the parameter a. 
For any a, the functions y(x, a) satisfy Euler’s equation: 


Fy [z, y (x,a), y’ (x, a)] — = Fy [x, y (x,a), y’ (xv, a)] =0. 


On differentiating both sides with respect to a and changing the order of the 
differentiations with respect to a and x, we obtain: 


fal ; 0 4 ’ 
Pyle, y (oa), y (0, 0)] LEO 4 yp AEA _ 
d dy (x, a) Oy" (za) | 
-ry Ia Fy Cl ~~ ða | =o. 


But it follows from (201) that 


dy (x, a) 


a = u (x); 3y’ (x, a) 


a=) Ca = = (2), 


= Ag 


and we thus get the following equation for u: 
F Fyy,u’ 2 F F ") =0 
yyt t Fyy ue — Jz ( yy u + Fyy u) =0, 
which can be written as 


n (Ru’) — Su =0, (202) 


where 


d 
R = Pyy (a, y (x, a), y’ (£, a)]j; S=Fyl J— Ge yl l1- (203) 


7M. A. Lavrent’ev and L. A. Lyusternik, Course of Variational Calculus 
(Kurs variatsionnogo ischisleniya), 1938, p. 168. 
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Equation (202) is the same as Jacobi’s equation obtained above. We now 
take as the family of extremals a pencil issuing from a fixed point (a, y,). 
If the slope of the extremal at (£o, Yo) is taken as the parameter a, we obtain the 
initial conditions for extremals of the family: y(a 9, a) = Yp, y’(%o, a) = a, so 
that the u(x) defined by (201) will satisfy the initial conditions u(x,) = 0; 
u(x») = I, ie. will coincide with the solution u(x) of Jacobi’s equation which 
we introduced above. The equation u(x) = 0 thus coincides with the equation 
dyw, &)/04|q-a, = 0. By the theory of envelopes, this latter equation gives 
the abscissae of the points of contact of the envelope of the pencil with the 
extremals of the pencil. Let y(z,a,) be an extremal of the pencil and let 
this extremal touch the envelope at the point with abscissa x = x, The point 
of contact is said to be conjugate to the initial point with abscissa x = x, 
with respect to the extremal y(x, a,). It follows from the foregoing discussion 
that the equation u(x) = 0 gives the abscissa x, of the conjugate point. We 
can therefore find the conjugate point on a given extremal without knowing 
the equation of the entire pencil, if we are able to construct the solution 
u(x) of Jacobi’s equation (202) corresponding to the extremal taken. We 
can therefore say that the strengthened Jacobi condition has the geometrical 
meaning that the interval [xo xı] does not contain points conjugate to the 
initial point of the extremal. It may be remarked that the above discussion 
is not altogether precise because the equation ðy(v, a)/da = 0 does not always 
give the points of contact of the envelope with the enveloped curves. But 
it can be proved strictly that, if R is non-zero along an extremal y(x), the 
necessary and sufficient condition for x, to be conjugate to x, is that x, be a root 
of the equation u(x) = 0. 

We remark further that the strengthened Legendre and Jacobi conditions 
are simultaneously sufficient conditions for a given extremal y(x) to be sur- 
rounded by a field, i.e. for it to be possible to construct a field of extremals 
such that y(x) belongs to the field and its arc lies inside the field for x< a <a. 
This fact plays an important part in the strict deduction of the sufficient condi- 
tions for an extremum. 


88. Weierstrass’s function. The present section will deal with some results 
relating to the sufficient conditions for a strong extremum. Suppose we have 
a field of extremals on the (x, y) plane covering a domain B of this plane. The 
slope y’ of an extremal of the field will be a function of a point in domain B, 
as already mentioned. We introduce the special notation y’ = t(x, y) for this 
function (the slope function for the field). Let A(x, y) be the basic function of 
the field; its total differential is given by: 


do (x, y) = [F (a, y, t) —tFy (@, y, t)] de + Fy, (a, y, t) dy. (204) 


where the previous letter 6 has been replaced by the ordinary letter d. It fol- 
jows at once from this that the line integral of the right-hand side of (204) 
does not depend on the path inside B. This integral can be written as 


[\F (ei 4,2) 4 [= ee v] F, (wy, J dz, (205) 
A 
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which is usually known as Hilbert’s invariant integral. If an extremal of the 
field is taken as the curve A, we have dy/dx = t(x, y) along this extremal, and 
integral (205) reduces to the fundamental integral 


J = Í F(x,y,t) de. (206) 
a 


We follow these introductory remarks by deducing the basic formula for 
the increment of the basic functional J. Let A be an extremal of this functional, 
connecting points (Xo Yo) and (zı, Yı), and suppose that this extremal can be 
surrounded by a field covering a domain B of the (x, y) plane. Let 7 be some 
other curve with continuously varying tangent joining the same points (a, Yo) 
and (x; Yı), and lying in the domain B. Let J(l) and J(4) denote the values 
of the basic functional (206) for curves J and 4. As we saw above, J(A) is the 
same as integral (205) over å, whilst this latter integral does not depend on 
the path, so that we can take it over J instead of 4. We thus have: 


7 (2) = { fr eyo + [Shee w] Fy n} da, 
I 


so that the following expression is obtained for the difference: 


r= [fr (zu $4) - reno 
I 


— [Sh -te D| Fy eo} az. (207) 


We recall that ¿(x, y) in this expression is the slope of the field, whilst dy/dx 
is the slope of the tangent to the curve 1. We introduce the following function 
of four variables: 


E (x, Y, Š; n) = F (x, Y, n) — F (x, Ys £) = (n = £) Fy (2, Ys é), (208) 


which is generally known as Weierstrass’s function for functional (206). By 
using this function formula (208) can be rewritten as 


JQ-J)= Je (z, yt s4) dz. (209) 


This last is the fundamental formula for investigating the sufficient condi- 
tions for an extremum. In particular, by using this formula it can be shown 
that the necessary condition for an extremal y(x) to minimize strongly func- 
tional (206) is that, for any values of the variable ņ, we have 


E (x,y, y’, n) eo (210) 


along this extremal. 
The following theorem giving the sufficient condition for a strong minimum 
is a direct consequence of (209): the sufficient condition for an extremal y(x) 
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with fixed ends to yield a strong minimum is that it can be surrounded by a field 
and that there exists a neighbourhood of y(x) at every point of which we have, 
for any value of the variable n: 


E [z, Y, t(x, y), n] > 0. (210,) 


where t(x, y) is the slope function of the field as above. Since we are using the 
explicit equations of the curves, we have to require, when surrounding the 
extremal y(x) by a field, that the family of extremals forming the field has 
an explicit equation y = y(x, a), where the function y(x, a) has continuous 
derivatives up to the second order. 

On expanding the difference F(x, y, n) — F(x, y, é) appearing in Weier- 
strass’s function by Taylor’s formula up to the second power of the difference 
(n — &), we can write Weierstrass’s function as 


1 
E (x, y, §, n) = a (n — $) Fyy (2, Y, M)» 


where ņ, lies between & and 7. It follows at once from this that the sufficient 
condition for Weierstrass’s function to be positive is that Fy,(x,y, n) > 0 
for any value of 7. This leads to a simpler sufficient condition for a strong 
minimum, viz the sufficient condition for an extremal y(x) with fixed ends 
to yield a strong minimum is that it can be surrounded by a field at every point 
of which 
F yy (x, y, n) > 9 (210,) 

for any n. 

Proofs of the theorems of this section may be found in the course cited above 
of M. A. Lavrent’ev and L. A. Lyusternik. 


89. Examples. 1. Let us take the functional corresponding to the fundamen- 
tal problem of geometrical optics on a plane: 


x, a ae 
J= {n(a, y) Yl +y”? de. 
Xo 
Hore: 


n (x, y) 
Fyy (x, Y, n) aT a + nye 


for any value of n, i.e. condition (210,) is fulfilled; hence, if an extremal passing 
through the points M, and M, can be surrounded by a field it gives the func- 
tional a strong minimum. In the case n(x, y) = y~! the extremals in the half- 
plane y > 0 are semicircles orthogonal to OX. If M, and M, of the upper half- 
plane do not lie on a straight line perpendicular to OX, one definite extremal 
passes through these points, and it can be surrounded by a field. 


2. We take the case n(x, y) = Vy + k, i.e. we consider 
Pe aa 
J = | Yy hyl Fy” de (k is a constant > 0). 
Xo 


The integrand does not contain v, and Euler’s equation has the solution: 
WER o Vrh 


=0,. 
yity= viy ` 


Vor hVity® 
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On solving for y’ and integrating, we obtain the general solution of Euler’s 
equation: 


2 
y+h—Ot= (ay +0)" 


which is a family of parabolas. 
With C, = 0 we obtain as extremals straight lines parallel to OY. 
We take the pencil of extremals issuing from the origin, i.e. we take the initial 
conditions: 
Ylxeo= 93 y lx=0 = 4. 


Having found C, and C, from these initial conditions, we obtain: 


_ (+a?) a 
ab ee 


Differentiation with respect to a and elimination of a gives the envelope of 
the family of parabolas: 


This is a parabola with vertex A(0, —h) and axis æ = 0 (Fig. 4). On the part 
of an extremal from the origin to any point prior to the point of contact of 
this parabola with the envelope, Jacobi’s 
strengthened condition is fulfilled. In ad- 
dition, since 


y=-ħ 


Vy +h 


a+ya 7° 


Pyy = 
the strengthened Legendre condition is also 
fulfilled, i.e. this part of the extremal can be 
surrounded by a field and gives our func- 
tional a strong minimum by virtue of what 
was said in the previous section. We remark 
that the condition y + k > 0 follows from 
the form of our functional, i.e. we are here concerned with a problem on a 
one-sided extremum. Everything is as usual in the half-plane y +h> 0. 


Fig. 4 


3. We take the integral 
1 


J= f ydg 
0 


and pose the problem of drawing the extremal through M (0, 0) and M,(1, 1). 

Euler’s equation has the general solution y = C, æ + C,, and the extremal 
y =x passes through the given points. Here, Fy, = yy = 0 and Fyny, = by’, 
i.e. we have Fyy = 6 > 0 on the extremal y = xv, and the strengthened Leg- 
endre condition is fulfilled. Jacobi’s equation ( 198) here becomes u” = 0, 
and its solution satisfying initial conditions (200) is u(x) = xv. It has no zeros 
apart from the initial zero at x) = 0. Thus the strengthened Legendre and Jacobi 
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conditions are fulfilled along the segment M, M, of the extremal y = x, and 
this segment gives our functional a weak minimum. 
Weierstrass’s function (208) becomes 


E (x, y, &, n) = 98 — & — 3 (n — $) 8. 
Along our extremal the left-hand side of inequality (210) becomes: 


E (x, Y, y’, n) = 3 — 3n + 2, 


and there exist 7 for which (210) is not fulfilled, i.e. the extremal y = æ cannot 
give a strong minimum. 


4. The problem of finding the geodesics on a given surface leads to the func- 
tional [67]: 


u, 
J= | VE+2Fv’ + Gv? du, 
Uo 


where E, F and G are given functions of (u, v), and the expression under the 
radical can take only positive values, ie. EG — F? > 0 and E> 0. 
We have: 
EG — F? 


Pow = Ty pare + Geir 


> 0, 


and condition (210,) is satisfied, i.e. if a geodesic can be surrounded by a field 
of geodesics, it gives the functional (with fixed ends) a strong minimum. In 
particular, on a sphere the arc of a great circle, less than 7 in radian measure, 
can be surrounded by a field consisting of arcs of great circles. 


90. The Ostrogradskii- Hamilton principle. The variational calculus 
plays a fundamental role in establishing the equations of mechanics 
and mathematical physics. These equations can be obtained in a 
unified manner from a variational principle with the aid of the 
energy concept. This latter concept, familiar from the mechanics 
of systems of points, can be extended to other physical processes 
and leads, as we shall see later, when used in conjunction with the 
basic principles of the calculus of variations, to a general scheme for 
forming the equations of mathematical physics. We shall start with 
the mechanics of systems of material particles. 

Suppose we have a system of n material particles, of mass m, and 
coordinates (£e Yr Zr). Let the motion of the system be subject to 
the constraints: 


Y,=90 (s=1,2,...,m) (211) 

and occur under the action of forces possessing the force functions 
_ wu, _ OU ou A 

T A ko Oy,’ Z= Oz, , (212) 
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gs and U being given functions of the coordinates of the particles 
and time. The kinetic energy of the system is given by 


1 n + + "9 
T = 3 Sm (te + Yg + ze) 


Suppose that the system is displaced from the position J, correspond- 
ing to the instant t = to, to the position IZ corresponding to t = t. 
From all the possible methods by which this displacement might be 
realized, we choose the class of admissible motions of the system, 
viz. the motions which are compatible with the given constraints 
and displace the system from position J to II in the given time 
interval [t), t]. The Ostrogradskii-Hamilton principle states that the 
actual motion of the system is distinguished from all the admissible 
motions in that it satisfies the necessary condition ô J =O for an 
extremum of the integral 


tı 
J=f(T+U)dt. (213) 
to 


To each admissible motion there corresponds a set of 3n functions 
Zelt), yx(t), z(t), defined in the interval [¢), 4], satisfying equations 
(211), and having given values at the ends of this interval. We thus 
have a variational problem with holonomic constraints (211) and 
fixed boundaries. To solve it, we have to form an auxiliary function 
using the method of Lagrange multipliers: 


F=T +U + SA) Po 
s=1 


and then write the usual Euler equation for this function. We have 
here: 


m 
r 0 
Fy = mrs Fy =Unt S40 F> 
s=1 


and similarly for coordinates yx and Zg, and Euler’s equations become: 


My ty — Xk — SA (t) cr) 
kk k 2 S Ox, ’ 


s=1 


m, "_ y,— “Aal Ps o 
kYk k Poe eel > 
s=1 


My Zk — Zk — SA, (t) Os o 
kk k Pai Oz, ’ 
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i.e. they are the same as the differential equations of the actual 
motion of the system, which is what we wanted to prove. 

Tf the position of the system is defined with the aid of independent 
parameters qy .--, qu where k = 3n — m, instead of in rectilinear 
rectangular coordinates, the functions T and U will be functions of 
these parameters: 


T (q, fi» <.” lk Gk t); U (q, < fk t), 


the equations of the constraints fall out, and we obtain the problem 
of the extremum of integral (213) with fixed boundary values of the 
gx and no constraints. Euler’s equations become 


d 
Ta t+ Uq— a (Pat Ua) = 9, 


or, since U does not depend on gp [II, 19]: 


Tu + Up- Fr Tu= (i=1,..., k). (214) 
The canonical variables here are q; and p;, where the p;, usually 
known as the generalized momenta, are given by 


ə, ; 
Pi = Gq T HU) = Ta. 


The function H [78] becomes: 


k k 
H= Sap,—(T+U)= Sai7,-T-T. 


i=] i=1 


If T is a homogeneous second degree polynomial in g; [II, 19], 
we obtain by Euler’s theorem on homogeneous functions [I, 154]: 
H = 2T — T — U = T — U, ie. H represents the total energy of 
the system. 


91. Principle of least action. Suppose that neither the force function 

U nor the functions ps contain ¢. In this case, we have the familiar 
energy integral 

T—U =h (215) 


which expresses the fact that the sum of the kinetic energy T' and 
the potential energy (—U) remains constant throughout the motion. 
Further, in the present case the expressions for the Cartesian coordi- 
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nates in terms ofthe coordinate parameters q; will not contain t. The 
kinetic energy will be a quadratic form in the derivatives q;: 


n 
2T = S m,r? = P ajú (a;; = aji), (216) 
s=1 i,j=1 
where the a, are functions of qs. Using relationship (215), we can 
rewrite the integrand of (213) as 
T+U =2T —h. 
If we neglect the added constant, write 2T as y2U -+ 2h y2T and 


replace 27 in one of the factors by its expression from (216), we arrive 
at an integral of the form 


t k 
1 V2U + 2h | > ajúy dt. (217) 
° i,j=1 


We show that Euler’s equations for this integral lead us back to 
the Lagrange equations (214) obtained above. In fact, Euler’s equations 
for integral (217) have the form: 


aoa 
Ug BeN Ta tt a| = 7 
2 2h 
sa a eee ei ü=1,...,k). (218) 


Notice that the integrand in integral (217) does not contain 
the independent variable and is a homogeneous function of the first 
degree in the derivatives g;. Consequently, as we saw above [72], 
one of the Euler’s equations written will be a consequence of the 
remainder, and we can add to our Euler equations a further equation 
fixing the choice of independent variable (parameter). In order to 
have time as the independent variable, we associate with equations 


(218) the equation 
{2 + 2h 1 
2T NER 


which is obviously equivalent to the law of conservation of energy 
(215). Equations (218) now reduce to Lagrange’s equations (214). 
Thus the equations of the actual motion are obtained in the present 
case from the necessary condition for an extremum of integral (217) 
with fixed ends. This assertion represents the principle of least action 
in Jacobi’s form. 
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We introduce into k-dimensional space with coordinates q}, ..., 
qk a metric defined by the following expression for the differential 
of the arc: 


k 
ij=l 


Integral (217) can now be written in the form 


f ds, 


and the fundamental problem of the mechanics of systems of particles 
turns out to be equivalent to the problem of the geodesics in the 
k-dimensional space. It can be shown that, given sufficiently small 
pieces of trajectory of the actual motion, the action integral along 
the pieces has a weak minimum. Let us consider the motion of a 
single particle over some surface S under the action of inertia. In this 
case we can take U = 0, and integral (217) becomes simply 


to 
f YTat, (217,) 
to 
or, if we introduce rectilinear rectangular coordinates, 
f Vda? + dy? + dz?. 
ï 


The trajectories of the motion will be the geodesics of this surface. 

The integral of Example 2 of [70] is obtained by applying the 
principle of least action to the case of a single particle under the 
influence of gravity, where OY coincides with the direction of the 
gravity force. 

The principle of least action can be put in another form; this will 
now be indicated, though without dwelling on the detailed proofs. 
By using the energy integral (215) and throwing away the added con- 
stant, we can rewrite integral (213) as 


th 

fT. (219) 

to 
We shall take as admissible motions those which satisfy the equations 
of the constraints and equation (215) with the same value of the con- 
stant h as for the actual motion, and which have a fixed initial and final 
position and fixed initial instant t). The final instant is not fixed for 
them. The actual motion is distinguished from all these admissible 
motions by the fact that it must satisfy the necessary condition for 
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an extremum of integral (219). This is the principle of least action in 
Lagrange’s form. We remark that the potential energy appears now 
in the auxiliary condition (215) and not in the integral. 


92. Strings and membranes. Before establishing the variational principle in 
the general theory of elasticity, we shall consider a number of particular cases 
of elastic bodies, whose sizes in one or two dimensions are substantially gre- 
ater than in the remaining dimensions. The establishment of the variational 
principle in essence reduces here to certain propositions regarding the potential 
energy, i.e. regarding the work done by the forces of deformation as a function 
of the shape of the deformed body. 

Let a string be stretched along the x axis and perform plane transverse vibra- 
tions in the (x, u) plane [II, 163]. The kinetic energy of the vibrating string is 
given by 


where ọ is the linear density of the string and x = 0, x = l are the abscissae 
of its ends. We shall assume that the work done by of the forces of deformation 
is given by the product of the string tension T, with its elongation 


L 


[Vi Fude. 


On expanding the radical by the binomial formula and confining ourselves 
to the first two terms, we get the following expression for the potential energy 
of deformation: 


In the case of an external force F(x, t) per unit length, we have to add to the 
potential energy the further term 


l 
— f Fuds. 
0 


Finally, the Ostrogradskii—Hamilton principle leads to the necessary condi- 
tion 6J = 0 for an extremal of the integral 
t, 
J=5| f (out — T, uł + 2Fu) dz dt. (220) 
i, 0 i 


The integration is performed over the rectangle 0 < æ < l; to < t< 4 on 
the (x, t) plane. In the case of a constrained string we have the boundary condi- 
tion u = 0 along the sides x = 0 and x = | of this rectangle, and on the sides. 
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t =i, and ¢ = ¢, the function u must coincide with the functions u(x, tọ) and 
u(x, i), giving the shape of the string at the beginning and end of the interval 
lo t]. 

If elastic forces act at the ends of the string, and we use the fact that the 
potential of the elastic force is proportional to the square of the deviation, we 
have to add to integral (220) a term of the form 


ti 
— $ [h, u? (0, t) + hau? (l, t)] dt. 
to 
In essence, this additional term is an integral over the contour of the above- 
mentioned rectangle, the integrand being zero on the sides t = t, and t = t; 
and equal to h, u?(0, t) and h, u?(l, t) on the sides x = 0 and x = 1. On taking 
into account what was said in [75], and the fact that the outward normal on the 
side x = 0 is in the opposite direction to the x axis, we have natural boundary 
conditions on the sides x = 0 and x = 1 of the form 


2he 
Uy T, u aan Uy + T, u fee 


Ostrogradskii’s equation for double integral (220) gives us the usual equation 
for the vibrations of a string. 

Precisely similar arguments are used to find the equations of vibration of a 
membrane [II, 176]. Let the membrane be stretched in the (x,y) plane in 
the natural state with tension 7, measured per unit length. The work done 
by the force of deformation will be given by the product of T, and the incre- 
ment of the area, viz. 


SJ V1 + uk + už de dy — S da dy, 


where u(x, y, t) is the deviation of the point (x, y) of the membrane at the instant 
t from the equilibrium position and B is the domain of the (x, y) plane occupied 
by the membrane. On confining ourselves to small vibrations, we obtain the 
following expression for integral (213): 


t 
z Sf fie — T, (u? + u2) + 2Fu] dt de dy. (221) 
t B 


Ostrogradskii’s equation for this last integral leads us to the familiar equation 
of the vibrations of the membrane. If there is an elastic constraint on the bound- 
ary with modulus g(s), we have to add to integral (221) the term 


— f g (8) u? de, 
t 


where ¿ is the contour of the membrane. The natural boundary conditions 
here take the form: 


ðu 2 
m m OT 


where n is the direction of the outward normal to J. In the case of a constrained 
membrane they obviously become u |, = 0. 
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93. Rods and plates. We understand by a rod a body of linear dimensions 
that operates under flexure. The potential energy arising on deformation is 
assumed proportional to the integral of the square of the curvature. In the 
case of small vibrations we replace the curvature by the second derivative 
Uy, and obtain for the potential energy of deformation: 


I 
$ fude, 
0 


where the coefficient of proportionality u = EJ [II, 16]. The boundary condi- 
tions were given by us in [II, 189]. Integral (213) takes the following form in 
this case: 


= ffen — pur, + 2Fu) dt dz, 
t 0 


and the corresponding Euler equations leads us to the following equation for 
the transverse vibrations of the rod: 


Ou Ow 
°F ee Oa ails 


We observe that, if the end of the rod is free, the boundary conditions [II, 
189] can be obtained as the natural boundary conditions discussed in [74]. 

By analogy with a rod [70, 90], we shall assume that the potential energy 
of a plate which has a plane shape in the natural state is a homogeneous quadratie 
form in the reciprocals of the principal radii of curvature of the plate in the 
deformed state, i.e. 


7 JJl (ar +z) + TE | dæ ay, 


where a and b are constants and B is the domain of the (x, y) plane occupied 
by the plate. We have for the curvatures of the principal normal sections the 
equation [ITI, 134]: 


(EG — F°) + (FM — EN — GL) + + (LN — M?) =0. 


In the case of the surface having the explicit equation u = u(x, y), we obtain 
by neglecting second order terms in uy and uy: 
E=G=1; F=0; D=r=u,; M =8 = Uy; N =t = Uy, 
whence 


1 2 
BR, x “yy — Uxy; RTRT" tY ; 


and consequently: 


l 1 
Re + EA = (uxx + uyy)? — 2 (Ux, Uyy — Uxy) : 
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We can finally write: 


-U Ff f Leise + ty)? — 2 01 — 0) (ers tay — wy] de dy, 
B 


where D and o are two new constants composed of constants a and b. The 
coefficient D is called the flexural rigidity of the plate and ø is the familiar 
Poisson coefficient. To this expression for the energy of deformation we must 
add the potential of the external forces acting on the surface of the plate. 
We finally get the following expression for integral (213), assuming the plate 
to be fixed along the edge and confining ourselves to the case of statical bend- 
ing: 


F S S|- C + oy + 20 o) (tax thy — up) + pu] dn dy, 
B 


where p is the load per unit area. By (30) of [65], Ostrogradskii’s equation in 
the case when the integrand contains derivatives up to the second order of the 
required function u with respect to the two independent variables x and y 
has the form 

ð G) 3? 


Py — py fe Sy Pint er ay ae ee Ox Oy 


Taking D = 1, we can write: 


Fuy +r a ~ Fu„=0. (222) 


F = — 5 (xx + tyy)? + (1 = 0) (te tyy — Uy) + puss (2a 


and we arrive at the following equation for statical bending: 
Adu = p. 
In the case of a vibrating plate, addition of the kinetic energy gives us 
Quy + AAu = p. 


It is characteristic that the term appearing in (223) containing the factor 
(1 — øo) gives identically zero on substitution in the left-hand side of Ostro- 
gradskii’s equation (222) and has no effect on this latter equation. But it must 
be noticed that this term plays an essential role in establishing the natural 
boundary conditions. 


94. The fundamental equations of the theory of elasticity. Let (u, v, w) be 
the components of the displacement vector on deformation of a continuous 
medium. The picture of the stresses in the medium is provided by the six 
components of the stress tensor: 


Ox, Oy, Oz, Ty = Tyxs Tyg = Trs Tyz = Ty, 


where g, is the component along the x axis of the stress acting on an area 
perpendicular to the axis (g, and g, are similarly defined). tyy = ty, is the 
component along the x axis of the stress acting on an area perpendicular to 
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the y axis or vice versa. Ty, and ty, have similar meanings. The deformation of 
the medium is characterized by the following six components of the deforma- 
tion tensor when the deformation is small: 


_ ou, ,_ &, , _ w 
fa Po I Oy? z= Jz 
ðu æ ðu , Ow 
tay = Vys = Be Get Yar Vex g Ge I (224) 
dv Ow 
Yy = Vey = Get Gy 


The quantities £x, ey, ¢, characterize the relative elongations of the linear ele- 
ments in the axial directions, and yxy the change of the right-angle formed by. 
the x and y axes. We introduce two further quantities, viz. 


0 = Ex + & + &, 
characterizing the relative change in volume, and 
8 = 6, 0y + 0z. 


It can be shown that the last two quantities do not depend on the choice of 
axes. In the classical theory of elasticity for an isotropic homogeneous body. 
the components of the deformation and stress tensors are assumed to be con- 
nected by a linear relationship which expresses a generalized Hooke’s law: 


1 l i) 

fx = 2G (ox m + 1 ); Yy Sgir or 0, =26(¢, + m 5} ); Txy = GY xy, 
1 8 1 8 

Y= 3G ( I~ m+l } Vyz = Gwe oy = 244 + ae | Tyz = GYyz» 
1 8 1 0 

a= 3a (% a =e} Vex = Gy tex > 2a(«, T 3 } Tax = GYex 


where G and m are constants, characteristic of the given material, & being called 
the shear modulus and m the coefficient of transverse compression (Poisson’s 
constant). The following relationship between 0 and s is a direct consequence 
of Hooke’s law: 
0 = i m2 8. 
2G m+1 

Further, let A denote the work of the forces of deformation, referred to unit 
volume; this can be expressed in terms of the components either of the deforma- 
tion or the stress tensor: 


—1 Toi 
A=a|= 9? — 2 (ex by + Ey Ea F z Ea) + > (Ay + Me + žo | 


m — 2 


l m 
=- er 8? — 2 (a, oy + Oy Oz + Oz Oy — Thy — THz — *4)], (225) 
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where the following relationships hold, as may be shown by using the formulae 
written: 


pre) AR 3A. oA, 8A 
== aa Yay) T Bag OT ey 
AS i ONG AE N A 
1T ag T pp) IT Boe? T Ta’ 
PN E E E 
ðe, ’ 7x OV2y $ z do, > 2x Ot, 


It can be shown that three mutually perpendicular directions exist at every 
point of an elastic body such that, if they are taken as the axes, we get the 
equations Yyy = Yyz = Yzx = 0 at this point. On choosing these directions as 
the coordinate axes and writing £1, € € for the new values of what we previously 
wrote a8 Ex, y, Ez we obtain, by (225), the following expression for A at this 
point: 


A=Gld+e+a+—yatate). 
The condition that A be positive leads us to the following inequality for the 
constant m: 2<m< oo. 

We shall first discuss the equilibrium conditions for an elastic body D bounded 


by a surface S. Let the body be acted on by forces with components 
X (x,y,z, t); Y (x,y,z, t); Z(x, y, 2, t) 


per unit mass, and let the displacement vector be given on a part S, of the 
surface S, and the stress on a part S,, where X,, Y,, Z, denote the components 
of this stress. These latter are given functions of the variable point M on S,. 
The sum of the integral of A over D and the total work, done by the external 
forces, taken with the opposite sign, gives the potential energy of the elastic body: 


SS § [4 — (Xu + Yv + Zw)] dv — f f (Xu + Yiv +Z w)do. (227) 
D Sa 


This potential energy is a functional of the three functions u, v, w of the co- 
ordinates (x, y, z) of points of the body. We get the equilibrium equation by 
writing Ostrogradskii’s equation for the functional, where it must be borne in 
mind that the surface integral plays no part in the composition of the Ostro- 
gradskii equation. On observing that A depends only on the derivatives of 
u, v, w and not on the functions themselves, we arrive at the following Ostro- 
gradskii equation for functional (227) with respect to the function u: 


ə ə o 
-X p f y AT 


Ox 
Since A depends on u, only via ex, on u, only via yy, and on uz, only via yx, 
we can use (226) to rewrite the last equation as 


Au, = 0. (228) 


doy OT yy OTz a 
a ta tg tX=0. (229) 
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Two analogous equilibrium equations can be written. The values of u, v, w 
are fixed on the part S, of the boundary surface, and the natural boundary 
conditions [75] on the part S, take the form: 


Ox COS (N, £) + T yy COS (7, Y) + Tz, CoS (n, z) — X, =0, 
Txy COS (N, £) F- ay COS (N, y) + Tyz Cos (n, z2) — Y, =0, 
Tzx COS (N, £) + Tyz COS (n, y) + o; cos (n, z) — Z, =0, 
where n is the direction of the outward normal to S,. 
On replacing the components of the stress tensor in (229) by their expressions 


in terms of the deformation tensor, we obtain the following three equilibrium 
equations: 


G (au $a + x=0, 
a (se Be Z )+Y=0, 
a (aw + ms Fe) t2=0, 


or in vector form: 


G (au + Sy grad div u) + F = 0. 


We remark that formula (225) for the elastic potential can be written as 


m— 1 
m— 2 


4=a{ +S (ok +0} +08 +2[ (32 a) +: (230) 


Oy oz 
where wx, wy, œ, are the components of the curl of the displacement vector, 
ie. 
_ Ow w, ou Ow . _ w Ou 
Oe By Ge} Ge w 8 Be y 


We notice the fact that the expression in square brackets in (230) has no 
influence whatever on Ostrogradskii’s equation, i.e. we obtain the equilibrium 
equations for an elastic body if we write Ostrogradskii’s equation for the integral: 


m—2 


UIG -= OF (Wk + a} + o?) — (Xu + Yo + Zw) | av. 
D 


In order to obtain the equation of motion, we utilize the Ostrogradskii- 
Hamilton principle, and simply add to the above integral a term corresponding 
to the kinetic energy (with reversed sign), viz. 


—$ (ui + of + wh, 
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where ọ is the density of the body and integration is over the finite time interval 
[to #,]. The problem thus amounts to forming the Ostrogradskii equations for 
the integral: 


PE[f[-Setreren +4- ut re ze] ata 
tb D 


with respect to the functions u,v, w of the independent variables (x, y, z, t). 
This leads us, as may readily be seen, to the following fundamental dynamical 
equation of the theory of elasticity, written in the vector form: 


eu 


eG =a (au + 


m 
m—2 


grad div a) : 


Here, as usual, it is assumed that at the initial and final instants t = ¢, and 
t = t, the displacements coincide with the actual displacements [87]. 


95. Absolute extrema. We introduced in [63] the concept of absolute 
extremum. We now consider some particular examples and discuss the 
existence of an absolute extremum in connection with these. 

Suppose we have the functional 


l 
J (y) = § (p(x) y? + 4 (x) Y2 + 2f (x) y] da, (231) 


where p(x), q(x) and f(x) are functions continuous in the closed interval 
[0,1], p(x) has a continuous derivative and 


p(z)>0; q(x)>0. (232) 


We want to find, in the class D of functions y(x), continuous 
with the derivative y'(x) in the interval [0,27] and satisfying the 
boundary conditions: 


y(0)=a; y(l) =b, (233) 


the function which minimizes functional (231). Euler’s equation for 
this functional has the form 


2 [p(z)y']— 4 (2) y =f (2). (234) 


We show that, given conditions (232), this equation has a solution 
satisfying conditions (233) in the interval [0, J], and that this solution 
is unique. Let 2,(z) and 2,(x) be solutions of the homogeneous equation 


tp (w) 2] — 4 (2) 2 =0, (235) 
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satisfying the initial conditions: 
z (0) =0; z%(0)=1; z0) =0; a()=1. 


Bearing in mind that p(x) > 0, the existence and uniqueness theorem 
guarantees the existence of such solutions existing throughout [0, l]. 
We show further that z,(b) # 0. This is equivalent to the fact that 
homogeneous equation (235) has no solutions, apart from identical 
zero, which are zero at œ = 0 and « = 1. Now obviously, 2,(0) # 0, 
and the solutions 2,(x) and z,(x) are linearly independent. 

The general solution of (234) has the form: 


Yo (L) = Cy Zo (XZ) + €, 2, (x) + g (2), 


where c, and c are arbitrary constants and g(x) is any particular 
solution of (234), the existence of which in the interval [0, /] is 
guaranteed by the existence theorem with p(x) > 0. The boundary 
conditions (233) lead us to the equations: 


cı zı (0) + 9(0) =a; cz (l) + g9(l) =b, 


from which c, and c; are uniquely determined. We therefore obtain 
a unique solution y(x) of equation (234), satisfying the boundary con- 
ditions (233), this solution being continuous together with its derivat- 
ives up to the second order in [0, J]. It remains to show that z,(1) ¥ 0. 
We rewrite (235) by substituting z = z,(x): 


-E [p (2) 26] = g (2) 29. (236) 


By virtue of the conditions z,(0) = 0; 29(0) = 1, the function z(£) and 
its derivative are positive for z sufficiently close to x = 0. Hence both 
sides of (236) are non-negative for these values of x, so that p(x) 29, 
which is positive for x = 0, cannot decrease for x sufficiently near 
æ = 0, and by (236), can only begin to decrease after z,(z) becomes 
negative. But for z,(z) to be negative, its derivative zọ(x) must be 
negative, i.e. p(x) zg would be negative. We have arrived at a con- 
tradiction and it can be asserted that zax) > 0 for 0 <a < l. 

The solution y)(z) of equation (234) obtained above belongs to 
class C,. We show that it minimizes integral (231), or to be more precise, 
we show that J (yo) < J(y), where y is any function of class D, the 
sign of equality being obtained when and only when y(x) is identically 
equal to y£). 
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Every function y(x) of D can be written as y(x) = y,(x) + n(x), 
where n(x) is continuous with its derivative in [0,7]and vanishes 
at the ends of this interval. We have: 


i 

J (y) — J (yo) = 2 f [p (x) yon’ +q (2) yon + f (%) gy] da + 
0 

+ fire) ) 92 + q (£) n3] da. 


On taking into account the properties of y (x) and n(x), we can 
integrate by parts in the first integral: 


l 
“> =2[— -T ip(e) yo] +4 (2) yo + fle )| nde + 
0 
' x=! 
+ | [p (2) n’? + 4 (a) 92] de + p(x) yon , 


whence, in view of the fact that y(x) is a solution of equation (234) 
and that 7(0) = n(l) = 0, we obtain by (232): 


l 
J (y) — J (yo) = f [p (x) n”? + g (£) n°] da > 0, 
0 


where the sign of equality only holds when n(x) = 0. For if we have 
the sign of equality, we must have »’(x) = 0, ie. n(x) is constant 
in [0, 2]. But 7(0) = 0, so that n(x) = 0 in the interval. Our assertion 
is therefore proved, i.e. functional (231) is minimized in class D 
by and only by y(x). We remark that only the requirements of 
existence and continuity of the derivative are imposed on functions 
of class D, whilst the function y(x) which minimizes functional (231) 
also has a continuous second order derivative. 

We take as a second example the problem of the least value of the 
functional: 


1 
J (y) = f xy? dx (237) 
-1 


in the class D of continuous functions y(x) having a continuous deriva- 
tive in the interval [—1, 1] and satisfying the boundary conditions: 


y(—I)=a; y(l1)=b, (238) 
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where a # b. In view of the last condition, class D does not contain any 
constants, so that J(y) > 0 for any function of D. The set of numbers 
J(y) must have a strict lower bound [I, 42]. We show that this 
is zero. 

It may easily be seen that the function 


x 
b b— arc tan — 
y= itt 42 (239) 


arc tan as 
€ 
belongs to class D for any positive e. We have: 
5 b—a 


E 
y= l Ep?’ 


2 arc tan a 


so that, for function (239): 


1 1 
J 2 (b — a)? da €(b — a)? 
J(y) < f (e+ z) ytde = = 0u 
| 4 arc tan? = J a 2 arc tan — 


The right-hand side tends to zero as € — 0, whence it is clear that the 
strict lower bound of the values of function (237) in class D is zero. 
But, since class D does not contain a constant, J(y) > 0 for any 
function of D, as we indicated above. Hence the strict lower bound 
of J(y) is not attained in class D, and functional (237) has no least 
value in this class. 


96. Absolute extrema (continued). We take as a third example the 
functional 


J (u) = § f (uk + up) de dy, (240) 
B 


where B is a circle with centre the origin and unit radius. This 
integral is usually known as Dirichlet’s integral. We shall consider this 
functional in the class D of functions u(x, y), continuous in the closed 
circle x? -+ y? < 1, having continuous first order derivatives inside 
this circle and satisfying on the boundary I of the circle the boundary 
condition 

wl =#(0), (241) 


where f(0) is a given continuous function of the polar angle @ on the 
circumference l. Since we are not assuming continuity of the partial 
derivatives ux and uy in the closed circular domain, we must interpret 
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integral (240) as an improper integral, i.e. as the limit of the integrals 
over circles B,(a? + 4? < 0”) of radius pọ as ọ — 1. Since the integrand 
is non-negative, the integral over B, does not decrease as g increases, 
and the limit mentioned is either finite or (-+ co). In the former case, 
we say as usual that the integral is convergent, and in the latter, 
that it is divergent. It can be assumed that the value of the integral 
is (+°°) in the latter case. Ostrogradskii’s equation for functional 
(240) is Laplace’s equation [67]: 


Uyy T Uyy = 0, 


and we are justified in expecting that the function harmonic in the 
circle B and taking boundary values (241) on l minimizes func- 
tional (240) in the class D. We know that such a harmonic function 
exists and is unique [II], 195]. We write it as v(x, y). 

We show first of all that the continuous function f(0) appearing 
in condition (241) can be specified so that functional (240) for u = v: 


J (v) = § f (03 + of) da dy (242) 
B 
becomes equal to (+œ). For suppose we put 


f (0) = S ya cos (22 0). (243) 


n=l 


This series is clearly absolutely and uniformly convergent with respect 
to 0 and defines a continuous 2z-periodic function f(6). The solution 
of Dirichlet’s problem with boundary values (243) has the form 
[II, 195]: 


v(x, y) = v (r, 6) = S-E cos (2% 0). 


n=1 


We change to polar coordinates in integral (240): 


J (v) = | fha + 5 už) rdr dé. (244) 
r<l 


We have: 


v, = > 27 72- 1 cos (2776); vo = — > 27 72" sin (22" 0), 
n=l 


n=l 


96] ABSOLUTE EXTREMA (CONTINUED) 291 


where the series are absolutely and uniformly convergent with respect 
to r and @ in any circle r < p, where 9 < 1. Since the sines and 
cosines of multiple arcs are orthogonal in an interval of length 2x, 
we get: 


eai 


rSe 


=z 03) r dr d9 = > | f 27 -1 ar do 
n=l So 


7 2a {20 r-d =n Se, 


ð n=l 


and as ọ— l the sum of the latter series increases indefinitely, 
whence it follows that the value of integral (242) is (+°°) under 
condition (243). 

Thus the harmonic function v(x, y) does not minimize functional 
(240) in the present case. It can be shown that, if integral (240) 
is equal to (+°°) with u = v, it is equal to (+œ) for any func- 
tion of class D satisfying the boundary condition (241). This follows 
directly from the theorem: 

THEOREM. If with boundary condition (241) integral (240) has a 
finite value for any function of class D, it has a finite value for the 
harmonic function v of class D, and we have here for any function of D: 


J(u) > Jw), (245) 


the sign of equality being obtained only when u = v. 

The proof of this theorem is extremely simple if we assume that 
the harmonic function v(x, y) has bounded first order partial deriva- 
tives inside B. Integral (240) now obviously has a finite value. It is 
enough for us to show that, if the integral J(u) has a finite value 
for any function w of D, then J(w) > J(v), the sign of equality being 
obtained only when w = v. We can write: w = v + n, where n(x, y) 
has continuous first order partial derivatives inside B, is continuous 
in the closed circle B and vanishes on the circumference l. We have: 


J, (v aF n) = J, (v) + J, (n) + 2J, (v, 1)» (246) 
where J (u) denotes the integral J(u) taken over the circle B, and 


J, (v, 1) ae y Ny) dæ dy. 
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The function v(x, y) has continuous second order partial derivatives 
inside B, and, on applying Green’s formula, we obtain 


J (v0) = f f (M,N, + Vy My) da dy 
Bg 


=— [ f ndoda dy + fn oe o dé, 
Bo lo 


where l is the circle with centre the origin and radius ọ, and 3v/ðn 
is the derivative with respect to the normal to this circle. Since v is 
a harmonic function, the double integral on the right-hand side 
vanishes, whilst in the line integral, as 9 tends to unity, ņ tends 
to zero uniformly with respect to the polar angle, and 6v/dn remains 
bounded by hypothesis, so that the line integral clearly tends to 
zero. Expression (246) therefore gives in the limit: 


J(w) — Jv) = f f (ne + ny) dx dy, 
B 


whence it follows that J(w) > J(v), the sign of equality being obtained 
only when nx = 0 and ny=0, ie. when 7 is constant in the circle B. 
But 7 = 0 on J, so that q= 0. 

We now prove the theorem in the general case. As before, let w 
be a function of D for which the integral J(w) has a finite value, 
and let: 


ed ee < (a,, cos nO + b, sin n0) (247) 
2 


be the Fourier series of the function f(0) appearing in condition (241): 
The function v is defined inside B by the series 


v (r, 0) = nn + > (a, cos nð + b, sin nb) r”. (248) 
n=l 
We put: 
Om (0) = 5 + 5 (a,, cos n6 + b, sin n0) r” (249) 
n=l 


and define the function 7,,(7,0) by the equation: w = Vm + Nm- 
This function 7,,(7,@) has continuous first order partial derivatives 
inside B, is continuous in the closed circle, and has boundary values 
Nm(l, 0) on l with the Fourier series: 


> (a,, cos nð + b, sin n0). 
n=m-+1 
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This follows directly from (249) and the fact that the boundary 
values w have Fourier series (247). Hence it follows that: 


2x 


2x 
f Mm (1, 0)cos kð d0 = 0; f Nm (1, 0) sin kð dd = 0. (250) 
ò 


(k= 0, 1, 2,..., m) (k= 1, 2,...,m) 


As above, we have: 


Ovum (0, 0 
Je Umm) = — | [tim Atm de dy + | im (0, 0) Me” 9 a0. 
Be lo 


The double integral vanishes, whilst the integrand in the line integral 
tends uniformly with respect to 0 to 


dvn (0, 0 
ng (1, 6) n0 


e=1 


and the integral of this product vanishes by (249) and (250). Hence 
J, (Um, Nm) —> 0 as g—> 1. On passing to the limit in the expression 


Ta (Wm + Nm) = Jo (Vm) + Fo (Mm) + 2F (Vm Nm)» 


we obtain 
J (w) = J (Um) + I m). (251) 


J(w) has a finite value by hypothesis, and it is clear from the last 
expression that J(7m) also has a finite value. This is obvious for 
J (Um) from (249). 

It follows from (251) that: 


J (mn) < J(w) (252) 
and all the more for any ọ < 1: 
Jo (Um) < J(w). (253) 


But series (248) can be differentiated term by term in the circle 
B, and the series obtained are uniformly convergent in B, i.e. the 
derivatives of vm tend uniformly in the circle B,as m-» œ to the 
corresponding derivatives of v. Hence inequality (253) gives, as 
m — co: 


J, (0) < J (w), 


whence, as o> 1, J(v) < J(w). 
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Let the sign of equality hold, and let us show that w =v. We put 
w =v + n, where y, as usual, has continuous first order derivatives 
inside B, is continuous in the closed circle and vanishes on the circum- 
ference l. 

We have: 

J y(n) =J (W) + J,(v) — 2J,(w, v). (254) 


On observing that 
[2(Wy Vx + Wy Vy)| < WE + Wy + VE + V5, 
we have: 
27, (w, 0)] < J, (w) + Je 0), 
whence it follows that, for all ọ < 1: 
|27, (w, v)| < J(w) + J (v), 


i.e. J (w, v) remains bounded as pọ — 1. 

The first two terms on the right-hand side of (254) have finite 
limits as @ — 1, so that J,(y) remains bounded, i.e. has a finite limit 
as ọ— 1l. We can write further: 


J, (w) =J,(v) + Ja (0) + 25, (v, 1), 


and it follows from the existence of the finite limits of J(w), J,(v) 
and J,(n) that J,(v, 7) also has a finite limit as g—> 1. We write: 


J(v, n) = lim J, (v, 7). 
ool 


On introducing the arbitrary real parameter £, we can put 
Ja (v + En) = Ja (V) + 2eJ, (v, N) + £ J, (0). 


As ọ— 1 all the terms on the right-hand side have a finite limit, 
so that the same is true for the left-hand side. We obtain in the 
limit: 


J(v + en) = J(v) + 22 J(v, n) + eI (n). (255) 


Therefore the Dirichlet integral (240) has a finite value for the 
function u = v + ey for any real s, and we have, by what has been 
proved above: 


J(v) <J(v + en), (256) 


the sign of equality being obtained with = 0 and «= 1, since 
J(w) = J(v) by hypothesis. Hence it follows that the right-hand side 
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of (255) attains its least values with € = 0 and e=1, which is only 
possible when J(7) = 0, ie. 1 = 0, and since w =v + 7, it follows 
that w = v. The theorem is fully proved. 

In the chapter on boundary value problems we shall return to the 
problem of the absolute extremum in isoperimetric problems, i.e. with 
supplementary conditions in the form of integrals. 


97. Direct methods of the calculus of variations. At the present time different 
methods of approach have been widely developed for the solution of problems 
on absolute extrema — methods which get round the use of differential equa- 
tions. An attempt is made to construct the required function by giving the func- 
tional an absolute extremum with the aid of some convergence process, starting 
directly from the form of the integral whose extremum is sought. 

As already mentioned, the present problem is far more difficult than the 
corresponding problem of the differential calculus. In the latter case, by virtue 
of Weierstrass’s fundamental theorem on continuous functions, we know that 
every function continuous in a closed domain certainly attains its greatest 
(or least) value at some point of this domain. In problems of the variational 
calculus we no longer have such a simple theorem, and hence the actual 
existence of a solution of the problem comes in question. 

Let J(y) be a functional of the required function y(x), and let us seek this 
function so that the functional is minimized in some class C of functions 
y(x). For any choice of the function y(x) of class O, the functional J obtains a 
definite numerical value. By using all the functions of class C, we obtain an 
infinite set of numbers — the values of functional J. Let d be the strict lower 
bound of this number set. We do not know in advance whether or not there 
exists in class C a function y(x) which gives our functional this least value a, 
but by definition of strict lower bound, we can always find a sequence y,(x) 
of functions of class C such that the numbers J(y,) have d as their limit on 
indefinite increase of n. The sequence of y,(x) is usually termed the minimal 
sequence. One of the possibilities for carrying out the methods of the variational 
calculus directly is as follows: a method is given for constructing minimal 
sequences in such a way that the minimal sequence constructed leads by a 
passage to the limit to the required function giving our functional its least 
value. If a problem can be carried to a conclusion with the aid of such a method, 
we finish up by solving a convergence problem for a differential equation 
which expresses the necessary condition for an extremum of the functional. 
Such a method is applicable, not merely for proving the existence of a solution, 
but also for devising a practically convenient means of calculating it approxim- 
ately. The principle just described forms the basis of the celebrated Ritz method 
for solving boundary value problems. It may be mentioned that a wide generaliza- 
tion of this method to the case of differential equations not connected with the 
calculus of variations is due to Galerkin (Vestnik Inzhenerov I Tecknikov, 1915). 
Ritz’s work was published in 1908 (Journal fiir die Reine und Angew. Mathem., 
Bd. 135). A natural theoretical basis of direct methods is obtained, especially 
for partial differential equations, from an employment of the theory of functions 
of a real variable. This must be postponed until Vol. V. For the present, some 
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simple examples of the employment of direct methods will be considered. 
We shail return to the subject in Chapter IV. 

A number of works by Soviet mathematicians have investigated in detail 
the convergence of the Ritz and Galerkin method and the question of estimating 
the error. A discussion of these questions and references to the relevant literature 
may be found in L. V. Kantorovich and V. I. Krylov: Approximation Methods 
of Higher Analysis (Priblizhennye metody vysshego analiza). A substantial 
part of S. G. Mikhlin’s Direct Methods in Mathematical Physics (Pryamye 
metody v matematicheskoi fizike) (1950) is devoted to a study of the convergence 
of the Ritz—-Galerkin method. 

S. L. Sobolev’s monograph Some Applications of Functional Analysis in 
Mathematical Physics (Nekotorye primeneniya funktsional’nogo analiza v 
matematicheskoi fizike) (1950) discusses the theoretical bases of direct methods 
as regards existence theorems for the relevant extremal functions and their 
properties. 

98. Examples. 1. Let us take the functional discussed in [95]: 


l 
J(y) z. (p(w) y? + g(x) y? + 2f(x) y] dz (257) 


and seek its minimum in the above-mentioned class D [95] under the homogene- 
ous boundary conditions 
y(0) = y(l) = 0, (258) 


where we assume, as in [95], that p(x) > 0 and q(x) > 0. 
We know that a solution of this problem is given by the function y(x) which 
satisfies equation (234) and boundary conditions (258). Let 


U (2), Ue (2),... (259) 


be a sequence of functions continuous together with their first derivatives 
in the interval [0,7], satisfying conditions (258) and linearly independent. 

We form a linear combination of the first n functions of the sequence with 
as yet undetermined constant coefficients yn = af u, +... +a! un and 
substitute in integral (257). After carrying out the quadratures, we obtain a 
result of the form: 


n n 
n = J (Yn) = Pik a”) + 2, B; af) (aj, = aji). (260) 
i, j= t= 
We determine coefficients af") from the condition that they satisfy the necessary 
condition for an extremum of the expression J, i.e. to put it more simply, we 
equate to zero the partial derivatives of J, with respect to af"). We thus obtain 
n equations of the first degree for the a”): 


n 
1 : 
2 owa +B =O FHL.) (261) 


The determinant of this system is at the same time the discriminant of the 
quadratic form appearing in expression (260) and resulting from the integra- 
tion of the expression (py;? + gy2). In view of our assumptions, this quadratic 
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form will be positive definite. For, it can only be zero when y, = 0, which, 
in view of the linear independence of the functions u(x), leads to the vanishing 
of all the aj. But the discriminant of a positive definite quadratic form, equal 
to the product of its eigenvalues, will certainly be positive. Hence the deter- 
minant of system (261) will differ from zero and we can find from the system 
definite values of the a”), i.e. we can form the nth approximation y,(x). We 
remark that, as the number n increases, the coefficients already calculated in 
general change. This is why we use the superscript n for the coefficients, indicat- 
ing the number of the approximation. 

On using the fact that the quadratic form appearing in (260) is positive defi- 
nite, and that system (261) has a unique solution, we can say that the solution 
(a, arii af”) of the system minimizes the expression (260). As the number n in- 
creases, the least value of the functional is sought in a wider class of functions, 
and we can therefore say that 


T(yq) <IT(Yp) for q>p. (262) 


Moreover, for any linear combination 2(x) of functions (259): 


2(x) = S' ay uy (2), (263) 
k=1 


we have [95]: josie 
Yo): 


We show that, given certain assumptions regarding the system of functions 
(259), functions y,(x) tend uniformly in the interval [0,1] to the above-mentioned 
function y,(x). 

Let us state these assumptions. For any function y(x), continuous together 
with its derivative in the interval [0,2], and given any positive e, there exists a 
finite linear combination of functions (259) such that: 


m 


| m j 
| Ho) — Z ane (2) <6 |y(x)— X agug(e)|<e (O<a@<i). (264) 


We show first all that 
T(Yn) > T(Yo)- (265) 
We have [95]: 
J (Yn) >T(Yo) (n= 1,2,3,...). (266) 


On applying (264) to the function y(x) = y(x) and using the fact that e is arbitr- 
ary, we can say that, given any positive 6, there exists a linear combination 
(263) of functions (259) such that J(z) — J(y,) < 6. Further, by the con- 
struction of Yym(x), we have J(y,) — J (Yo) < ô, and by (262), we can write: 
J (Yn) — J (Yo) < ô for n >m, whence (265) follows, since ô is arbitrary. We have 
further, as may easily be seen: 


i + F 
J (Yn) — J(u) = 2 i [pyo (yn — Yo) + QUo(Yn — Yo) + H(Yn — Yo)) de + 


l 
+ f [plyn — yo)? + alUn — Yo)? l de. 
0 
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On carrying out the first integration by parts and using the fact that 
Y = Yn — Yo satisfies conditions (258), we obtain for this integral: 


I 
Í |- = (Pyo) + go + r| (Yn — Yo) dz, 
ò 


whence it is clear that the first integral vanishes, so that 


l 
IYn) — T(Yo) al [p(Yn — Y0)? + 9(Yn — Yo)*] de, 
whence 
J(Yn) — J (Yo) > f pth — yo) de. (267) 
On writing a for the least value of the positive function p(x) in the interval 


[0, 2], we obtain by (267): 


a 


I 
t i J ETY 
f tua — yoy an < “ted = 0) (268) 
0 
Further, Buniakowski’s inequality gives us: 
x F x x l 
lyn — Yol? = | $ (yn — yo) dal? < $ (yn — yo)? dæ f 1? dæ <1 $ (yn — yo)? de 
0 0 0 0 
and we obtain, in view of (268): 


| Yn (2) — Yo (x)| < y= “VIYn) —J(y) (0<2<J, 


whence, by (265), it follows that y,(x) + y(x) uniformly in the interval [0, 1}. 
Let us show that conditions (264) are also fulfilled for the functions 


krx 


ug (2) = sin (k= 1, 2, 3,...), (269) 


satisfying conditions (258). 
We make an even continuation of the function y’(xz) given in the interval 


[0, 2], into the interval [—/, 0]. Given any positive 7, we can find a trigono- 
metric polynomial: 


m 
T(x) = e + X cycos = ; 
k=1 


such that [II, 164] 


ly’ (x) — Tæ) <n (—l<e<)h, (270) 
where 


l 
Cy = {re dz. 
0 
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But it follows from (270) that T(x) = y’(x) + f(x), where | f(z) | < n, so that 
we have, in view of the fact that (0) = y(l) = 0: 


I 
c= -7 fe) de, 
0 


whence | c,| < 7, and it follows from (270) that 


m knw 
y’ (x) = 2 koos 7 | < n + leo| < 2n. 


Integration of this difference from 0 to x gives us 


| m 
l . kax 
jv) — PA Ta -T | < 2nl 


and, on taking 7 = £/2(l + 1), we obtain the linear combination of functions 
(269): 


moa . kax 
oy x ein 7 r 


satisfying conditions (264). 
It can be shown in precisely the same way, by using the theorem on the 
approximation of a continuous function with the aid of polynomials, that the 


functions 
uy (2) == (L—2)a* (k =1, 2, 3,...) 


also satisfy conditions (264). All these obviously also satisfy conditions (258). 


2. The proof of the convergence of the Ritz method for partial differential 
equations is more difficult, and we shall confine ourselves to particular examples. 
We take Poisson’s equation: 


Uyy + Uyy = g(x, y) (271) 


for the case of a square B defined by the inequalities 0 < x < mand0 < y < z, 
and we take as our boundary condition the vanishing of the required function 
p on the contour l of the square. We shall assume that the given function 
g(x, y) can be expanded in a Fourier series in the square B: 


g(x,y) = X cpsinpesin gy, (272) 
Pp,4=1 


œ 
where the series X | c,,| is convergent. 
P,q=1 


Equation (271) is the Euler equation for the integral: 


J(u) = $ f (ud + už + 2gu) da dy. (273) 
B 
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The required function is in this case a function of two independent variables, 
so that its approximate solution is naturally sought as a segment of a double 
series in sines of multiple arcs: 


m m 
Um = X X %qsinpe sin gy. (274) 
p=1 q=1 
The basic functions in which we expand the approximate solutions ob- 
viously satisfy the boundary condition. On substituting expression (274) 
in integral (273) and using the familiar formulae for the integrals of products 
of trigonometric functions, we obtain: 


4 m n ; m n 
Pa J (umn) = 2 2 (p? + g) apg + 2 2 PA Cpq Apg 
p=1 q=1 p=1 q=1 


On equating to zero the derivatives of the last expression with respect to 


the app We arrive at the following expressions for the required coefficients: 
pq 
apq = — z 
PY PHE 


The values of the coefficients do not depend in this case on the number of the 
approximation, so that, as this number increases, the coefficients already cal- 
culated remain unchanged, and passage to the limit leads us to the function: 


UZ, = — N a 
(z, y) PATET 


sin px sin qy. (275) 


On taking into account the convergence of the series X |c 


p4 |, it is easily 


seen that series (275) can be twice differentiated term by teats with respect to 
the independent variables. Hence it follows at once that function (275) in 
fact satisfies equation (271). The fulfillment of the boundary conditions is 
immediately obvious. This present problem can only have one solution. For, 
if two functions u, and u, exist, satisfying equation (271) and the boundary 
condition, their difference must satisfy Laplace’s equation and must vanish 
on the contour of the square B. But this implies at once [II, 194] that the dif- 
ference is identically zero. 


3. We now take the case when the right-hand side of the equation is a given 
number: 
Uxx + Uyy = ¢, 
and seek the solution under the previous boundary conditions for the square 
B defined by —a < x < a; —a < y < a. 
Integral (273) here becomes 


J(u) = f f (uz + u$, + 2cu) dz dy. (276) 
B 


We shall seek approximate expressions for the required function in the form 
of a polynomial in variables x and y, and to satisfy the boundary conditions 
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we put the factor (x? — a?) (y2? — a?) in front of the polynomial, i.e. we put 


Uy =(2° — a°) (y? — a?) X apy. 
p+qgn 
In view of the symmetry of the square B, we only need terms in even powers 
of the independent variables in the polynomials. In addition, by virtue of the 
symmetry, the polynomial must be assumed symmetrical with respect to both 
independent variables. Taking the polynomial of zero degree, we get: 


Uy = alg? (a? — a?) (y? — a"). 


On substituting this expression in integral (276), carrying out the quadrature 


and equating to zero the derivative with respect to a), we obtain for af): 


ai) => 


We take as our second approximation: 
u, = (2? — a?) (y? — a?) [af + aff) (a? + y*)]. 


On performing the above-mentioned operations, we get the following values 
for the coefficients of the polynomial: 


CHAPTER III 


FUNDAMENTAL THEORY 
OF PARTIAL DIFFERENTIAL 
EQUATIONS 


§ 1. First order equations 


99, Linear equations with two independent variables. We have 
encountered fairly often differential equations containing partial 
derivatives of the required function. These have always been equations 
of a strictly specialized type, originating from concrete problems of 
mathematical physics. The aim of the present chapter is to lay the 
foundations of the general theory of partial differential equations, 
and we start by considering the theory of first order equations. 

A first order equation with a single required function u of the 
independent variables v, ..., 2%, has the form: 


i E(t,- o -p En U, Pis + De) = 0, 


where the z, are the independent variables and the p = ux, are 
the partial derivatives of the required function with respect to these 
independent variables. We shall start by investigating equations 
which are linear in the partial derivatives pp, i.e. equations of the 
form: 


Qy (Zis. -< En U) Py te. fay (Hy... +, Ens U) Pn = C(% 1,6, 2p, U), (1) 


where the coefficients a, and the right-hand side c are given functions 
of the independent variables 2, and the required function u. Since the 
function u itself can be introduced in any manner into the coefficients 
and right-hand side, such equations are sometimes called quasi-linear 
instead of linear. We shall consider in the present section equations 
of type (1) in the case of two independent variables. In this particular 
case the independent variables are usually written as x and y, whilst 
the partial derivatives are denoted as usual by: p = ux and q = Uy. 
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Thus the present discussion will be concerned with equations of 
the form: 
a(t, Y, u) p + B(x, Y, u) q = c(£, Y, u). (2) 


It may be recalled that linear partial differential equations have 
already been discussed in [II, 21], where we saw that the problem of 
integrating an equation of type (2) is equivalent to the problem of 
integrating a system of ordinary differential equations. We shall add 
to the results already obtained certain new facts which will be useful 
later when investigating more complex problems. 

The given functions a(x, y, u), b(z, y, u) and c(z,y,u) define a 
tangent field in space (x, y, u), ie. at each fixed point of this space 
we have a direction whose direction-cosines are proportional to a, b, c. 
This direction field defines a family of curves such that the tangent 
at any point of a curve of the family coincides with the direction 
of the field at this point. This family of curves is obtained as a result 
of integrating the system of ordinary equations: 


dsr dy _ d 
a(x,y,u)  b(z,y,u)  c(x,y,u)’ 


(3) 


or, if we write ds for the common value of these ratios: 


Æ =alz,y,u); -beya -F =elw,y,u). (4) 
The quantities p, q and (—1) are proportional to the direction-cosines 
of the normal to the required surface u = u(x, y), and equation (2) 
expresses the condition for the normal to the required surface: 
ap + bq + c(—1) = 0 to be perpendicular to the direction of the 
field, i.e. (2) amounts to the requirement that the direction defined 
by the direction field lies in the tangent plane at every point of the 
required surface. We describe the curves defined by system (4) as 
characteristics of equation (2). If a surface u = u(x, y) represents the 
locus of characteristics of (2), i.e. is formed by the curves l’ which 
satisfy system (4), at every point of the surface the tangent to the 
curve Į’ through this point lies in the tangent plane to the surface, 
so that the surface satisfies equation (2), i.e. is an integral surface 
of the equation. Thus, if a surface u = u(x, y) is formed by char- 
acteristics of equation (2), it is an integral surface of the equation. 
Let us assume that the surface u = u(x, y) has a tangent plane at 
every point and that the direction of the normal to the surface 
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changes continuously on displacement over the surface. This amounts 
to the existence and continuity of the first order derivatives of 
u(x, y). 

In future, when speaking of an integral surface, we shall assume 
that the surface has the properties just mentioned. For brevity, we 
shall in general describe such surfaces as smooth. 

We proved above that a smooth surface having the equation 
u = u(x, y) and formed by characteristics is an integral surface. 
It can be shown that, conversely, if a smooth surface satisfies equation 
(2), i.e. is an integral surface, it can be covered by characteristics. 

In fact, if a surface S satisfies equation (2), the direction (a, b, c) 
at every point lies in the tangent plane to S, and we thus have a 
direction field on S. On integrating the ordinary first order differential 
equation corresponding to this field, we in fact find the curves 1’ 
lying on S and satisfying system (4). We can take as this first order 
equation e.g. 

dx — 4 
a(x, yu) bx, y, u) ’ 

in which w is replaced by its expression u = u(x, y) from the equation 
of the surface S. Suppose that the existence and uniqueness theorem 
is applicable to the equation obtained, and that integration of it 
leads to an expression for y in terms of x and an arbitrary constant C; 
on substituting this expression in the formula u = u(x, y), we in fact 
obtain for u an expression in terms of x and C, and thus obtain the 
equation of a family of curves I’ covering S. We shall return later 
to this question. 

We saw in [II, 50, 51], when investigating ordinary first order 
differential equations, that the required functions are fully defined by 
specifying the initial values of the functions for a given value of the 
independent variable. The arbitrary constants appearing in the general 
solution are defined from these initial data, provided the general solu- 
tion can be found. But the determination of the solution satisfying given 
initial data can be carried through without a knowledge of the general 
solution, by using the method of successive approximations which 
we used when proving the existence and uniqueness theorem [II, 51]. 
The general solution of equation (2) contains arbitrary functions [IT, 22] 
instead of arbitrary constants, and the problem of finding the solu- 
tion satisfying given initial data may be formulated as follows in this 
case: to find the integral surface of equation (2) which passes through 
a given curve l in space (x, yY, u). If we write À for the projection of 


100] CAUCHY’S PROBLEM AND OHARACTERISTICS 305 


the curve / on the (x, y) plane, this problem amounts to seeking the 
solution of (2) which takes given values at points of the curve A. 
Let us first note a solution of this problem [I], 22]. Let M, be a 
point of the curve J. We take its coordinates as the initial values of 
the functions defined by system (4). By the existence and uniqueness 
theorem, we obtain a completely defined characteristic passing 
through this point M,. If this is done for each point of l, we get a 
family of characteristics; suppose that they form some surface S 
with the equation u = u(x, y). It passes through the curve l, and from, 
what was said above, is an integral surface of equation (2). 

A strict proof of the existence and uniqueness of the solution of 
the problem requires certain assumptions regarding the right-hand 
sides of equations (4) and certain important provisos regarding the 
curve l. If, for instance, the given curve l is itself a characteristic, 
the above method of drawing the characteristics from points of 1 
leads to 1 itself instead of a surface. In this case there may be an 
infinite set of solutions [I], 23]. For, let us draw through a point 
of l a curve 1, which is not a characteristic. On drawing the cha- 
racteristics from points of this latter curve (which will include 
among them the given curve l) we obtain, given certain conditions, 
an integral surface through J. It will be seen, since } is chosen arbitrarily, 
that the problem has an infinite set of solutions when the given curve l 
is a characteristic. It may happen that the problem has no solutions 
at all. This will be the case when the characteristics issuing from 
points of 7 do not form in the neighbourhood of J a surface having 
an explicit equation u = u(x, y), where u(x, y) is single-valued and 
continuous and has continuous first order derivatives. This happens, 
for instance, if the characteristics in question form a cylindrical 
surface with generators parallel to the u axis. The next section deals 
with the conditions in which the problem has a single definite solution. 


100. Cauchy’s problem and characteristics. A Cauchy problem is 
generally understood to be a problem as stated above, of finding the 
integral surface of equation (2) passing through a given curve l. 
To carry out an exact investigation of the question of the existence 
and uniqueness of the solution of this problem we need a theorem 
from the theory of ordinary differential equations, viz. 

THEOREM. If the right-hand sides of the system of differential equations 


d 
ee fe (BiH Ge) (B= 1, 2,004,%) (5) 
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are continuous functions of their arguments in some domain defined by 
the inequalities 


je—al<A; |y—bd,<B (k=1, 2,...,n) (6) 


and if, in addition, continuous partial derivatives Oof,[dy, exist in this 
domain, then the solution of system (5), defined by virtue of the existence 
and uniqueness theorem by any initial data (£y, yf, 2+) Yn) lying 
inside domain (6): 


Yr = Pr (L, Los YL- - <, Yn) (k = 1, 2,...,%), 


is continuous with respect to its arguments and possesses partial derivatives 
dg,{dy§ with respect to the initial data which are continuous functions 
of the arguments (x, £o Y, «++, YA). 

To save breaking into the exposition, we shall postpone the proof 
of this theorem to a later section. 

We return to Cauchy’s problem. Suppose that the equation of the 
curve / is given in the parametric form: 


Ly = To (t); Yo = Yo (t); Uy = Uy (t) (fo <* < t) (7) 


and that the right-hand sides of equations (4) satisfy the conditions 
of the above theorem in some domain of the (x, y, u) space con- 
taining J inside it. On taking the coordinates of the points of l as 
the initial data with s = 0, we obtain the solutions of (4): 


£ = U(8, o, Yos Uo); Y = Y(8 Lo, Yor Uo); U = US; Los You Uo) 
when s is sufficiently close to zero, or, by (7): 
æ = x(s, t); y= y(s, t); w= u(s, t). (8) 


Assuming that the right-hand sides of equations (7) are continuously 
differentiable with respect to t, and using the above theorem, we can 
say that functions (8) have continuous derivatives with respect to t 
as well as s. Given any ¢ of the interval t, < t < t, functions (8) 
are defined for all s sufficiently close to zero. We form the functional 
determinant of the first two of these functions with respect to s and t: 


A = Pe Yt — Vi Ys- (9) 


An essential point for what follows is whether or not this determinant 
is zero. We consider first the case when 4 # 0 along the curve J, 
and second, the case when A = 0 along the whole of J. We start with 


the first case: 
A#0 (alongl), (10) 
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ie. 440 for s= 0, and hence, in view of the continuity of the 
derivatives, 4 # 0 also in some neighbourhood of the initial value 
s = 0 and of the value of ¢ corresponding to some point M of l. 
The first two of equations (8) can now be solved for s and ¢ for 
all x and y belonging to the neighbourhood of the coordinates (£o, Yo) 
of the point M of l. This solution is unique, and the functions s(x, y), 
t(x, y) obtained have continuous first order derivatives [III, 19]. 
On substituting these functions s(x, y) and t(x, y) in the third of 
equations (8), we in fact get a function u(x, y) in the neighbourhood 
in question, having continuous first order derivatives, where the 
surface u = u(x, y) contains some part of the curve l in the neigh- 
bourhood of M. It follows at once from the geometrical discussion of 
the previous section that u(x, y) satisfies equation (2). This will also 
be proved analytically below. 

We remark that the solution u(x, y) obtained is only valid in a 
neighbourhood of any given point M of 1, which is usually ex- 
pressed by saying that a local solution of the problem has been 
obtained. With certain conditions imposed on a, b, c and curve J, 
we can prove the possibility of constructing an integral surface in 
a neighbourhood of the whole of J, i.e. for all x and y sufficiently 
close to the curve x = 2,(t), y = Y(t) on the (x, y) plane. We assume 
here that the derivatives x(t) and y(t) do not vanish simultaneously. 
A strict statement of the detailed results will be given in the next 
section. 

The question of the existence of a solution of the equation in a 
previously assigned domain of the (x,y) plane presents greater 
difficulties. It is possible to construct a domain B of the plane and 
a function b(xv, y) in it with derivatives of all orders, so that the only 
solution of the equation 


u, + O(%, y) u, = 0 


having first order continuous derivatives and existing throughout B 
is u = const. 

We now show that the function u(x, y) obtained is in fact a 
solution of equation (2). By using the rule for differentiation of 
composite functions and equations (4), we can write: 


du 
“da = Ua + Uy b. 


This equation holds for all s and ¢ lying in the neighbourhood of 
8 = 0 and ¢ corresponding to some point M(x, Yo, Zo) of the curve l. 
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But du/ds = c, so that u(x, y) satisfies equation (2) for all (x, y) lying 
in the neighbourhood of (£o, Yo)- 

The uniqueness is proved simply by showing that any smooth 
integral surface u = u(x, y) through J can be formed by characteristics. 
We form the system of differential equations: 

ZÈ saje,y ule y] SL = ofa, y, ule, y)]. (11) 

In view of our assumptions, the right-hand sides are such that 
the existence and uniqueness theorem holds for all (x,y) in the 
neighbourhood of (£o, Yo). It follows from the fact that the integral 
surface has an explicit equation u = u(x, y) and passes through a 
piece of the curve l in the neighbourhood of M(£a Ya Zo) that the 
coordinates (x, y) of distinct points of J in the neighbourhood of M 
are distinct (l is assumed not to intersect itself). On taking these 
coordinates as the initial data when integrating system (11) and 
substituting the solutions obtained in the function u = u(z, y), we 
get a family of curves on the integral surface. By (11), the first two 
of equations (4) are satisfied along these curves. It is easily shown 
that the third equation is also satisfied. For we have, by using (11): 

T = u, A + Uy b. 
But u = u(x, y) is an integral surface, i.e. uxa + uyb = c, whence 
du/ds = c. Thus the curves in question covering the surface u = u(x, y) 
are in fact characteristics. Hence, given condition (10), Cauchy’s 
problem has a unique solution. We shall return later to the question 
of the uniqueness when considering non-linear first order equations. 

Now let 

A = 2, Yit — Pi Ys = 0 (12) 


along l, i.e. when s = 0. 

We show that, if there exists in this case an integral surface 
u = u(x, y) with continuous first order derivatives passing through J, 
this curve must be a characteristic. Here, as above, when we say 
that the surface passes through l, we mean this in a local sense, i.e. 
we only consider a piece of l. 

We shall assume that a and b differ from zero along l. On taking 
into account the first two of equations (4), we can write condition 
(12) as 


oy I- za 
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where k has been used to denote the common value of the ratios. 
Let u = u(x, y) be an. integral surface passing through l. On sub- 
stituting the expressions x = 2,(t), Y = Y(t) in u(x, y), differentiating 
with respect to ¢ and using (13), we get: du/dt = ux ka + uy kb. 
On recalling that u = u(x, y) is a solution of equation (2) and using 
this equation, we can further write du/dt = kc, which leads us to the 
system: 


from which it follows that l is a characteristic. Thus, if A = 0, the 
necessary condition for the existence of an integral surface through Lis that l 
be a characteristic. Now, as we saw in the previous section, an infinite 
set of integral surfaces passes through l. It was obviously essential 
in the above proof that the integral surface u = u(x, y) through l 
should have continuous derivatives at points of J; it may happen, 
as we shall see by an example, that / is not a characteristic, that 
A = 0 along it, and yet an integral surface passes through l, though 
such that the partial derivatives of u(x, y) cease to be continuous at 
points of J, i.e. in other words, l is a singular curve of the integral 
surface. If Z is not a characteristic, but 4 = 0 along it, this means 
that along l: 
u 
abet. 

Let us notice a special feature of system (4). The auxiliary parameter 
s does not appear in the right-hand side of the equations, and one 
of the arbitrary constants appears as a term added to s. This arbitrary 
constant does not play an essential part and amounts to an arbitrary 
choice of the initial value of s. We thus have two essential arbitrary 
constants from the integration of the system. This fact is immediately 
obvious if system (4) is written in the form (3). 

We recall that the quasi-linear non-homogeneous equation (2) can 
be reduced to a purely linear homogeneous equation if the solution 
is sought in the implicit form [II, 21]: 


g(x, y, u) = C, (14) 


where C is an arbitrary constant. By the rule for differentiating 
implicit functions we have: 
Px Py 


U = — 3 Uy ig, 
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and equation (2) reduces to the purely linear homogeneous equation: 
a(x, Y, u) Px + (2, yY, u) Py + c(x, Y, u) Py = 9. (15) 


The corresponding system of ordinary differential equations will be 
system (3). If 
pı (414, u) = Cys Gy (wy, u) = C, 


are two independent solutions of this system, then 


p = F (Pis P2) 


where F is an arbitrary function of its arguments, will be a solution 
of equation (15). We have seen how the form of this function is 
determined from the conditions of the Cauchy problem [II, 23]. 

The foregoing discussion gives rise to the following question. 
We have sought the solution of equation (2) as a solution appearing 
in a class of solutions having the implicit equation (14), which 
contains an arbitrary constant C. It may readily be shown that 
no solution of our equation is lost by this means. Briefly, the point 
here is that, because of the arbitrariness of the initial data in 
Cauchy’s problem, every solution of our equation can be regarded 
as belonging to a class of solutions containing an arbitrary constant. 
On solving for this arbitrary constant, it will be seen that every 
solution can in fact be obtained from a formula of the form (14). 
We could only have lost solutions (singular solutions) such as could 
not be obtained by the process described for solving Cauchy’s prob- 
lem. There can be no such solutions if the functions a, b and c 
satisfy certain general conditions. We shall not dwell on the details 
of the proof. 


101. The case of any number of variables. Let us take a linear 
equation with any number of independent variables: 


ai (Ziso e, Ep U) Py be. FA, (Ziso ++, En U) Pa = O(%y,---, Xp, U). (16) 


We shall always assume in future that the coefficients a4, a, ..., Qn 
do not vanish simultaneously for the values of the variables x,, £a, ..., 
Zn, u considered, ie. a? + a3 + ... + af >0. We shall use geo- 
metrical terminology when investigating equation (16), in analogy 
with the three-dimensional case. Here we have an (n + 1)-dimensional 
space with coordinates (£i, ..., n, u). We define a manifold of 
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dimensionality m (or m-manifold) in this space as a set of points 
whose coordinates are given in terms of m arbitrary parameters: 


Xp = Hy (t, sobah u = u(t. -otm (k = l, 2,..+,%), 


it being assumed that any m of the equations written are soluble 
with respect to ¢,,...,tm When m =n we have an n-manifold, 
which we shall term a surface. If we take 2, ..., Z%, a8 parameters, 
we have the explicit equation of the surface: u = u(x, ..., n). The 
equation of an integral surface of equation (16) must be of this form. 
When m = 1 the corresponding one-dimensional manifold is called a 
curve in (n + 1)-dimensional space. 
We define the characteristics of equation (16) as follows: 


dx, 
ds 


du 
= Aglis- ++, Lm U); 3 = C(%,.--, Las U), (17) 


where s is an auxiliary parameter. Every solution of this equation, 
apart from the solution in which all the z, and u are constant, gives 
a curve in (n + 1)-dimensional space. A solution in which all the 
z, and u are constant cannot exist since a? + ... +a > 0. The 
coordinates of points of such a curve will be expressed in terms of the 
parameter s. In order to construct a surface from these curves, we 
have to take a family of the curves depending on (n — 1) arbitrary 
parameters. In general a set of points is obtained, depending on n 
parameters. If a smooth surface u = u(t, ..., Xn) is formed by a family 
of characteristics which depend on (n — 1) parameters, tt is an integral 
surface of equation (16). For, we obtain by ee U(X, ..-, Lp) 
with respect to s and using equations (17): 


Xk 


But, by the last of the equations, du/ds = c, whence equation (16) 
follows. Conversely, every smooth integral surface u = u(x, y) can be 
regarded as formed by a family of characteristics depending on (n — 1) 
parameters. For given the integral surface u = u(t, ..., Zn), we can 
determine the 2, from the system of equations: 


d Tk 
ds 


= Ak [£i - -p Ens U(X,,---,%,)] (k= 1, 2,..., n), (18) 


which gives us (n — 1) arbitrary constants. An arbitrary constant, 
appearing additively in s, will not play an essential part. On sub- 
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stituting the solution of system (18) in the right-hand side of 
U = U(X, ..., Zn), differentiating with respect to s and using equations 
(16) and (18), it will be seen that u satisfies the last of equations (17). 
We assume as in [100] that u(x, ..., £n) and the right-hand sides 
of equations (17) have continuous first order derivatives. 
Cauchy’s problem for equation (16) consists in finding the integral 
surface containing a given (n — 1)-manifold: 


Ly = Xp (tis - -cs bn); U = Ut. bn) (k= 1,2,..., 0), (19) 


where the right-hand sides are continuous and have continuous first 
order partial derivatives inside some domain D of (n — 1)-dimensional 
space (tp ..., é,-4). 

It is assumed that the rank of the matrix made up of the deriva- 
tives dx,/dt, is equal to (n— 1) and that different systems of values 
(to ..+-,¢,-,) correspond to different points (2,, ...,%,). Further, as 
mentioned above, the coefficients ag(£i, ..., Zn, U) and c(%,, ..., En, U) 
are assumed to have continuous first order derivatives in some 
domain of space containing manifold (19) inside it. 

In a particular case this condition in Cauchy’s problem can con- 
sist in specifying, for a given value of one of the independent variables, 
the required function u as a function of the remainder: 


Ul pax = Phy. -< Lp). (20) 

The solution of the problem follows exactly the same lines as in 

the case of two independent variables. Expressions (19) are taken 

as the initial conditions when integrating system (17). We therefore 
obtain a solution of the form: 


Xp = Ep (S, t- -s in) UW = US, b. -o tn) (21) 


An essential role in what follows is played by the determinant: 


Ox, Ox, Oxy 
0s ” Qs ’ ll @s 
Ox, On, Orn 
A=| 0, ’ Ot, l 7°’ Oh tf, (22) 
Oa, Ox, Orn 


ea ae a 7 
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which, by taking (17) into account, can be rewritten as 


ay, Qo, iey Bp 
Oa, Or, dEn 
A Ot, Ot, Ot, (23) 
Ox, Ox, d£n 
Op” Ptaa l taa 


If this determinant is non-zero on the manifold (19), i.e. when s = 0, 
the first n of equations (21) can be solved for s, t, ...,¢,-, and, on 
substituting this solution in the last of equations (21), we obtain the 
integral surface of equation (16). There can be no other solutions of 
the Cauchy problem in this case. All this is proved precisely as in 
the case of two independent variables. We consider the case when 
the initial condition has the form (20), and let the role of parameters 
v eeo inm be played by 2, ...,%,. We take a linear equation and 
assume that determinant (23) is non-zero on our manifold. On using 
the fact that 3zp/ðxı = 0 for p#q and d2,/dr,=1, we get 
A= a, # 0. On dividing the equation by the coefficient a,, we arrive 
at an equation of the form: 


Py + Gy (Eis o +5 En) Po +--+ Ay(%y,-- +5 En) Pn 
= O(x,,...,2%,)U + c(%,,...,2,). (24) 


Suppose that ax, b and c are continuous and have continuous first 
order partial derivatives with respect to £, ...,% for a < z, < B 
and arbitrary real 2, ...,%,. Suppose, in addition, that in these 
conditions the functions in question are bounded: | a, | < M; |b | < M; 
le| <M. 

On choosing x, as the independent variable, system (17) can be 
written as: 


d 
= = Ay (Zis. - -, Zp) (k = 2,...,n), (25) 
d 
aa = v(x, wees Tn) u+ celt, =s +p). (26) 


Let 2 be the initial value of x, from the interval [a, 8]. We 
solve system (25) under certain initial conditions: 


ay eax = ef (R= 2,..., n). 


It follows from | ax | < M that the solutions x; of system (25) have 
bounded derivatives | dz,/dx, | < M, and hence the xp themselves re- 
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main bounded in absolute value: | x, — xf) | < M(B — a). On apply- 
ing the method of successive approximations [I], 51], it is easily seen 
that these solutions: — 


Hy = PH, 2, W, 0) (b= 2,...,n) (27) 


exist throughout the interval a < 2, < £, with arbitrary initial data 
a (k= 2,...,n). We can say that the integral curve passing 
through the point A,(x, 2, ..., 2) passes through A(ay, £a ...,2n) 
the coordinates of which are given by formulae (27). On using 
the uniqueness theorem, we can say that, if the point A is taken as 
the initial point, the corresponding integral curve passes through Ag. 
Hence it follows that equations (27) are soluble with respect to, 
2, feces x for any £p, the solution being of the form: 


LO = (2, 2, %,...,%,) (Kh =2,..., 7). (27,) 


Suppose we want to solve Cauchy’s problem with initial data (20). 
In view of what has been said, we have to solve equations (25) and 
(26) under the initial conditions: 


tea (k =2,... n); 
ult = pa, ..., af), 
where the arbitrary magnitudes os a, (0) play the role of t, ...,én. 


On substituting (27) in (26) and integrating (26), we get: 


xX 
u =e [ 9(a,..., 2) + | C4 Par- ++) Pn) em? day], (28) 
xf" 


where 
Xı 
w= f (21, Por +++) Pn) U2, 
xf 
and p(z, 2, ..., 2) appear in the arguments of b and c. On sub- 


stituting expressions (27,) in the right-hand side of (28), we obtain 
the required solution u(2,,..-,%,) of Cauchy’s problem. It will 
exist throughout the interval a < x, < f and for any 2, ...,; %. 
This is bound up with the linearity of the equation and the assump- 
tions made regarding a;, b and c: l 
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Given certain assumptions regarding a, and c, a domain of existence can 
be indicated for solutions of the quasi-linear equation (16). 

Let a, = 1, and let a, and c be continuous and bounded, with continuous 
derivatives provided that 


|z, — a] < a; (29) 
by < ty < cy (k =2,... n) (30) 


for any real u, the absolute values of these derivatives being not greater than 
some constant A. Let p(z, ...,%,) be continuous and bounded, given condi- 
tions (30), and have continuous first order derivatives whose absolute values 
do not exceed some constant B. Equation (16) (a, = 1) under condition (20) 
now has a solution in the domain defined by 


1 n 
— 10) . mae 0 = ——— es 
jx, — x] <a; |x — af |< zg leg [1+ nET] 
and by inequalities (30) (Kamke, Differentialgleichungen reeller Funktionen; 
p. 335). 

We now consider the case when 4 = 0 on manifold (19). We shall assume 
that one of the minors of 4 corresponding to an element of the first row is 
non-zero. The equation A = 0 shows that the elements of the first row now 
consist of linear combinations of the corresponding elements of the remaining 
rows, i.e. 


n-1 
= Ox, 
a= a PTET RET | 31 


where 4; are definite functions of parameters (¢,, ...,t_,). If the function ¢ 
is also expressible as 


nl ðu 
c= YA (32) 
ja 7 Oy 


on manifold (19), (19) is here called a characteristic manifold of our equation. 
It can be shown that every characteristic manifold (19) of equation (16) can 
be formed by characteristics of the equation and that, if 4 = 0 on manifold 
(19) and a smooth integral surface u = u(2,, Xz, ...,%,) passes through this 
manifold, it is a characteristic manifold. 

An infinite set of integral surfaces can pass through a characteristic mani- 
fold. 

The quasi-linear non-homogeneous equation (16) can be reduced to a purely 
linear homogeneous equation precisely as in the case of two independent vari- 
ables, by seeking the solution of (16) in the implicit form: 


Pll... Ep U) = OC, 
where C is an arbitrary constant. We obtain the equation for g: 


Ay Py, e+ + an Pxn + CPy = 0. 
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The corresponding system of ordinary differential equations is 


dz, _ dx, du 
a a eee (33) 
If 
Py (Tis +s Lp U) = 035 .. 65 Qn (2o -e Ly, U) = Cy (34) 


are independent solutions of it, the equation 


F(p... Pn) = 9, 


where F is an arbitrary function of its arguments, gives the solution of (16) 
in the implicit form. We have written zero instead of an arbitrary constant 
on the right-hand side of the last equation because F is an arbitrary function 
of its arguments. To draw an integral surface containing a given manifold 
(19), we substitute expressions (19) in the left-hand sides of integrals (34). 
On eliminating from the n equations thus obtained the (n — 1) parameters 
t,, .-+,t,_1, & relationship is obtained between the arbitrary constants: 


F(O,)..-sCq) = 0. 


The left-hand side of this relationship in fact defines the form of the function 
F. To put the matter more simply, substitution of functions 9;,(x,, ..., En, U) 
for the C;, in the left-hand side of the last equation gives us the equation of the 
required integral surface. 


102. Examples. 1. Let us take the equation: 


3(u— y) p —q= 90. (35) 
System (4) has the form: 
dz a dy _ . du _ 
I a T dg S (a6) 


and its solution, expressed in terms of the initial values of the variables (x, y, u), 
becomes 


© = (Uy — Yo + 8)? + To — (uo — Y) Y= — SHY U= Uy (37) 
Suppose that equations (7) of the curve l through which the required integral 
surface must pass have the form: 

x=0, y=t; ut. (38) 
On substituting x, = 0, Yo = U, = t in (37), we get: 


x=8; y= —8s +t; u=t; 
the determinant 
A = Ts Yt — Ti Ys = 38? 
vanishes for s = 0, i.e. along l. The curve (38) is not a characteristic of equation 
(35), since, by the last of equations(36), u must be constant along a characteristic. 
There is nevertheless an integral surface of equation (35) through curve (38), 
viz. 


u=Vo+y. 
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Here, p = uy = (1/3) 22, and this partial derivative becomes infinite along 
curve (38). 
2. We take the equation for a function u of three independent variables: 


Pı + P2 + Dy = U. 


On forming system (17) and solving it, we obtain the following solution 
in terms of the initial values x? and w,: 


k= +k; u=ue’ (k= 1, 2,3). (39) 
Suppose we want to find the integral surface containing the manifold: 
x = h +t T= t — t; t= l; u =t ty. 
On substituting these expressions for the initial values in (39), we obtain: 
y=sth ttis tz=8 +t — t; rqy=8 +l; u= tht, e$. (40) 
The first three equations are soluble for s, t, and t, (the case A # 0): 


1 1 
s=2,—1; ti = -y (@ + 22 — 27r, + 2); ty = -7 (21 — 22); 


on substituting these expressions in the last of equations (40), we obtain the 
equation of the required integral surface: 


l = 
u = (21 + 2 — arg + 2) (xy — 2) 0% 
3. Given the equation: 


Uy — Uy =f(z + y), 


let us seek the solution which is continuous together with its first order deriva- 
tives and satisfies the condition u = 0 for x = 0. We can carry out the change of 
variables: 


=X; C+Y=—Yp 


and hence easily obtain the following answer: 


u(x, y) = af (x + y). 


This formula in fact gives the solution of the problem provided f(t) has a continu- 
ous derivative. If f(t) does not have a continuous derivative, our problem has 
no solutions at all. It can be shown that continuous functions f(t) exist which 
nowhere have a derivative. The present examples show the essential importance 
of the assumption that the derivatives of c in equation (2) exist and are con- 
tinuous. (Perron, Math. Zeitschr. Bd. 27, Heft 4, 1928). 


103. Auxiliary theorem. We shall prove in the present section the theorem 
stated in [100]. .an auxiliary proposition must first be proved. Let the right- 
hand sides of the system of equations: 


d 
FE = hile yy ta) (b= 1,2... 2) (41) 
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contain the parameter 4. Further, let these right-hand sides be continuous 
functions, having continuous derivatives with respect to all the y; for 


je—al<A; |Yyk— b| <B (k=1,2,...,n) (42) 


where a and b, are given numbers, and for À varying ina < å < 8. 
Let M be the greatest of the absolute values 


fe (Os Ys -Ym A (k =1,... n) 


for the values of the variables indicated. System (41) now has a unique solution 
satisfying the initial conditions: 


Yilxea = bk (k =1,... n). (43) 


This solution exists in the interval | x — a | < h, where h is the lesser of the 
two numbers: A and B/M, and it can be obtained in this interval by the method 
of successive approximations [II, 51]. The successive approximations, obtained 
from the formulae of [II, 51], will be continuous functions of x and A, and, 
by virtue of the uniform convergence of the successive approximations with 
respect to v and 4 [II, 51], we can say that the functions yielding a solution of 
system (41) that satisfies initial conditions (43) will be continuous functions 
of the arguments x and A. Of course we could have assumed that the right- 
hand sides of equations (41) contain several parameters instead of one. 

We can thus regard the following lemma as proved: 

Lemma. If the right-hand sides of equations (41) contain several parameters 
41, .++, A, and satisfy the conditions indicated above, the solution of the system 
satisfying initial conditions (43), where a and by are given numbers, consists of 
functions Yk = Yy(%, Ay, ..., Ay) continuous with respect to x and À. 


Note. Let x, and y? be values lying inside domain (42). The solutions 

satisfying the initial data y;(x,) = y? will be functions of these initial data: 

Yk = VE (£, Lo Yl; -YAD (44) 

these functions being defined in some neighbourhood of x = 2. If we introduce 

the new independent variable ¢ = x — x, and the new functions nk = Yk — y?, 
the system can be written as 


à 
Je = fe (E+ £o Mm + Yb M2 + YD- -> Mn + Yn A), 


i.e. the initial values appear as parameters in the right-hand sides, whilst only 
definite numbers will appear in the initial conditions n(0)=0. By virtue of 
the above lemma, we can say that functions (44) are continuous in their argu- 
ments. 

We now turn to the proof of the theorem stated in [100], where, for sim- 
plicity we shall first consider the case of a single equation: 


= Hey). (45) 


We suppose that the right-hand side is continuous and has a continuous derivat- 
ive with respect to y for 
je—al < A; ly — bl <B. (46) 
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Let us consider the solution of (45) satisfying the initial condition y(x,) = Y 
where x, and y, lie inside domain (46). This solution will be a function of x, 
and ya: 

Y =P (T, To Yo) . (47) 
and will be defined for x sufficiently close to x,. We vary slightly the initial value 
of the function and take the new solution: 


Yt = p(T, Lo, Yo + AYo)- (48) 


If Ay, is sufficiently small in absolute value, solutions (47) and (48) exist 
in a definite neighbourhood of x = zy. 
It follows from equation (45) that 
d(y* — 
ate ee = f(a, y*) — f(z, y), 


and this equation can be rewritten as 


A=). = a(z, Ayo) (yt — Y), (49) 
where 
a(a, Aya) oy f(z, y ) oe. (x, y) s (50) 


yoy 
This ratio will be assumed to be a known function of x and Ay, since solutions 
(47) and (48) are assumed known. It is easily seen that the function a(x, Ay,) 
is continuous in its arguments. This is obvious for the values of x and dy, 
for which y+ — y#0. If, as e+ x’ and dy,— a’, the functions y+ and y 
have the common limit y’, it follows at once from the condition that a continu- 
ous derivative exist that: 


x, y*) — f(a, 3 
Hey A IED L fley +0 y — y= fy (2, Y°), 
i.e. in this case also, function (50) is continuous. On dividing both sides of 
(49) by 4yo, we get a differential equation for the ratio (y+ — y): Ayo: 


d + + 
dr a a (®, Ayo) - A : en 


With a = 2, we have: yt |x-x, = Yo + 4yo and y |x_x, = Yo ie. 


yy 


=1. 52 
Ave (52) 


xmxXo 


Thus the ratio (y+ — y) : dy, is a solution of the differential equation 


du 
da == a(x, Ay,) u, (53) 


satisfying the initial condition: 


pe R (54) 
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Since the right-hand side of (53) is a continuous function of the parameter 
Ay, for all Ay, sufficiently close to zero, the solution u, satisfying condition 
(54), is also a continuous function of Ay,, and in particular, the ratio has a limit 
as Ay, — 0, i.e. function (47) has a partial derivative p, (x, £o Yo) with respect 
to y,. This partial derivative must be a solution of equation (53) with Ay, = 0. 
But, by (50), a(x, 0) = f,[%, p(x, Xo, Yo)], and we can thus say that the partial 
derivative Pyo(%s Tos Yo) is a solution of the equation: 


oe = fy [@, p(T, £o Yo) ] v, (55) 


satisfying condition (54). Since the right-hand side of equation (55) is a continu. 
ous function of parameters x, and Y, we can again use the lemma to assert 
that the partial derivative p, (X, Zo, Yo) is also a continuous function of its 
arguments, and the theorem is thus proved. 

Note 1. By giving x, the increment Az, and repeating the above argu- 
ments, we could prove that the function (47) has a continuous partial derivative 
Px(X; Lo Yo). This partial derivative must also satisfy equation (55), but not 
now the initial condition (54); it satisfies instead the condition 


Ul xaxo = — (£o Yo). 


This condition is obtained at once if equation (45) is written with the initial 
condition y(x) = Y, in the form of the integral equation [II, 51}: 


x 
Y =Y + Í ila, y) de. 


Xo 


On differentiating both sides with respect to x, we in fact get the above initial 
condition for u = py (£, £o, Yo)- 

Note 2. The above proof also retains its force for the system of equations 
(5). We shall have as the solution of this system: 


Yk = Pk (L, Lo Y2.. Yn) (k= 1,2,..., n). (56) 
On assigning y? the increment Ay}, we obtain another solution: 
yk = Pk (x, Los y}. ora yi-1 yi + Ayi, yitn sae yn). 


If we write system (5) for yg and y} and subtract the resulting equations term 
by term, a difference is obtained on the right-hand side which can be rewritten 
as: 

fr (©, Y$ y+ YA) — Ír (2, Yo Yn) = 


= [fk (x, yt, YS Y$» YA) — Fr (BY YD YF yn)] at 
+ [fe (2, Yi Ye YS reo YA) — fy (x, Yv Yor YZ». Und] F 
+.. + [fk (x, Yi Yare > +s Yn- yn) — f(z, Yi Yzer Yn- Yn) l 


We obtain a system of linear equations for the ratios up = (yg — yy): Syf: 


dug x o 
a Š Any (£, Ayi) uj, 
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a fr (2, Yve. Yj- yf. Lina Yh) — ÍklT, Yn. -> Yj-v Yj Yhn- . o Yn) 


Gi; 
RS uy — Yj 


> 


and the initial conditions are: 
Urlemxy = 0 (k Æ i); Ujlynyy = l- (57) 


The rest of the proof follows the same lines, and functions (56) are shown to 
have continuous partial derivatives with respect to y°. Instead of equation (55), 
a system of equations is obtained for these partial derivatives: 


du, . Əfk (x, Yoe Yn) 
uj, 
dz È Oy; : 


where we have to substitute functions (56) for the yẹ in the coefficients of this 
linear system. As before, the initial conditions will be given by formulae (57). 
We remark that system (58) can be obtained directly by substituting functions 
(56) in equation (5) and differentiating both sides with respect to y}. But we 
cannot assert the existence of the partial derivative with respect to y without 
a preliminary proof, and we cannot strictly speaking change the order of dif- 
ferentiations with respect to x and y in the left-hand side. We remark further 
that, in the case of a single equation, the linear homogeneous equation (55) 
can be solved in the closed form. 

Note 3. If the right-hand sides fẹ of equations (5) have, under condition 
(6), continuous partial derivatives with respect to y, up to some order m, 
the functions p(x, £o, YP, ..., YP) also have continuous partial derivatives 
with respect to y up to order m. If the fk have continuous partial derivatives 
with respect to v, it follows from equation (5) itself that px will have continuous 
derivatives up to the second order with respect to x. 


(58) 


104, Non-linear first order equations. We pass to a discussion of 
first order partial differential equations in the general case. As in 
the case of linear equations, we shall start by assuming that there 
are only two independent variables. A first order partial differential 
equation for a function of two independent variables has the form: 


F(x, y, u, p,q) = 9. (59) 


Let us first explain the geometrical significance of this equation. 
At any fixed point (x, y, u), equation (59) represents a relationship 
between p and q, i.e. a relationship between the direction cosines of 
the normal to a surface. The normals satisfying this relationship 
form a conical surface with vertex (z,y,u). The planes passing 
through (x, y, u) and perpendicular to the generators of the cone 
represent all the possible positions of the tangent plane at the fixed 
point (x, y, u) to the required integral surface. This family of planes, 
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like the family of generators of the cone of normals, will depend on 
one parameter. The envelope of the family of planes will be a new 
cone, which we shall call the cone T. Equation (59) is thus equivalent 
to specifying a cone T at every point of space, whilst the required 
integral surface of (59) must have the property that the tangent 
plane at every point of it touches the cone T corresponding to this 
point. 

Let us find the equations of the generators of the cone T at a 
given point (x, y, u). Let p and q be functions of a parameter a, which 
satisfy equation (59) at a fixed point (x, y, u).The cone T is the envelope 
of the family of planes: 


pla) (X — x) + gla) (Y — y) — (U — u) = 0. (60) 


On differentiating with respect to the parameter a, we get the addi- 
tional equation: 


SP (xX — 2) + 42 yo. (61) 


On differentiating (59) with respect to a, we get: 


dp dq _ 
P da +O = , (62) 
where 
P=F; =F, (63) 


We shall assume that F, and F, do not vanish simultaneously for 
the values in question of the variables, i.e. Fp + F? > 0. The only 
exception will be the case of singular solutions of (59). On the assump- 
tion that dp/da and dq/da cannot vanish simultaneously, the homo- 
geneous equations (61) and (62) give: 


X—a _ Y—y 


P Q i 


and finally, equation (60) gives us the equations of the generators of 


the cone: 
xX—2 Y—y _ U—u 
P =G eRe on 


To obtain different generators of a cone T, we have to substitute in 
the denominators different values of p and q satisfying (59) at the 
fixed point (x, y, u). 

In the case of linear equation (2) we had one definite direction at 
every point, and the tangent plane to the required integral surface 
had to contain this direction. In the present case we have a cone T 
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at every point, instead of a single direction, and the tangent plane 
to the required integral surface must touch this cone. Hence we 
cannot construct the characteristic curves for non-linear equation (59) 
directly as we did for linear equation (2), where we had a definite 
direction field. Here we have a field of cones T instead of a direction 
field. But we shall soon show that, having obtained an integral 
surface S : u = u(x, y) of equation (59), we can cover it with curves 
which are completely analogous to the characteristic curves of linear 
equation (2). In fact, the tangent plane at every point of the integral 
surface must touch the cone T corresponding to this point, and hence 
must contain a generator of the cone, this generator being the curve 
of contact. These generators of cones T at different points of the 
surface produce a direction field on the integral surface, and hence, 
by solving the first order differential equation corresponding to this 
direction field, the surface can be covered by a family of curves l’ 
depending on a single parameter. The direction cosines of the direction 
field must be proportional to the denominators of equations (64), 
where p and g are given directly by the equations of the integral 
surface concerned. Hence, the following relationships must be satisfied 
along curves l’ covering a given integral surface: 


da dy du 


PQ T pP+4Q ’ ap) 
or 
d d d 
ae Pi Gp =O a = PP +90. (66) 


To find these curves on a given integral surface, we only need to 
integrate the first order equation 


dx d 
Pao (67) 


where the denominators contain only the variables x and y, since 
the function u and its partial derivatives p and q are known functions 
of x and y on the given surface. On integrating (67) and using the 
equation of the surface u = u(x, y), we in fact obtain the above- 
mentioned curves 1’. The right-hand sides of equations (66) have 
a definite meaning only with a definite choice of integral surface 
u = u(x, y). Knowledge of the integral surface gives us p and q as 
functions of (x, y). We next complete the system of equations (66) 
by two further equations, containing the differentials dp and dq, 
in order to obtain a system of differential equations which does not 
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depend on the choice of the integral surface of equation (59). We write 
r, o and ¢ for the second derivatives of the function wu: 


t = Uyy 


and X, Y and U for the derivatives of the left-hand side of (59) 
with respect to x, y and u: 
X=F,; Y =F; U=F, 
Total differentiation of the left-hand side of (55) with respect to x 
and y gives us: 
X + Up+ Pr+Qo=0; Y+Uq+Po4+ Q=0. 
On the other hand, we obviously have: 


dp dr dy _ 
da ge Po as T Ert go 


dg _ _ dz dy _ 
ds ~ ° ds “vt ds = Po + Qt. 


r= O = Uyy; 


It follows at once from these equations that: 


d d 

a = +Up; -i = + Ug), 
so that we can add the last two equations to equations (66) and thus 
obtain the following system of five differential equations with five 


functions of the auxiliary parameter s: 


dz _ p. dy h. du S 
ds =P; ds aaki ? ds = pP + qQ; 
(68) 
dp _ : dg _ 
da = — (X + Up); a= — (Y + Ug). 


We can therefore say that equations (68) must be satisfied along 
every curve Į’ as above constructed on any integral surface. The 
system (68) can be regarded independently of the integral surfaces of 
equation (59) as a system in its own right. It is called the characteristic 
system of equation (59). 

We remark that, when deducing equations (68) we used the second 
order derivatives of the function u. In addition, an essential point 
when integrating (68) is that the right-hand sides must have con- 
tinuous first order derivatives. On taking all this into account, the 
result obtained can be stated as follows. Let u(x, y) be a solution 
of (59) having continuous derivatives up to the second order in the 
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neighbourhood of a point (£o, Yo). We use the notation ug = U(X, Yo) 
Po = Ux(Lo, Yol; Jo = UylTo Yo). We assume that F(x, y, u, p,q) is 
single-valued and continuous, and has continuous derivatives up to 
the second order in a neighbourhood of (£o, Yo, Uo Po» Yo). System (68) 
now has one definite solution 


Zo (S), Yo(S), Uo (8), Pols), Go (8) 


under the initial conditions (29, Yo» Uo, Po» Jo) at s = 0. It follows from 
the above discussion that the integral surface u = u(x, y) contains 
the above-mentioned solution of system (68) for all s sufficiently close 
to zero, i.e. 


Up (8) = U[X (8), Yo(s)]5 Po (8) = ux [zo (s); Yo (s)]; 
Go (8) = uy [£o (8), Yo (8)]. 
System (68) can be considered on its own, as remarked above, inde- 


pendently of equation (59), as a first order system for the functions 
(x, Y, u, p, q). It is easily shown that it has the solution 


F(x, y, u, p,q) = 0. (69) 


For, on differentiating the left-hand side of this last equation with 
respect to s and using equations (68), we obtain: 


I XPH YQ + U(pP + qQ) — P(X + Up) — Q(¥ + Ug) =0. 


105, Characteristic manifolds. Every solution of system (68) consists 
of five functions of the auxiliary parameter s: 


x(8), y(s), uls), p(s), 9(8). (70) 


We have only noticed the solutions of the system which give the 
constant C a value equal to zero when substituted in equation (69). 
Such solutions of system (68) will be called characteristics strips of 
equation (59), i.e. a characteristic strip of equation (59) is a system of 
functions (70) satisfying system (68) and the relationship: 


F(x, y, u, p,q) = 0. (71) 


The first three of functions (70) define a spatial curve, whilst the 
last two define a tangent plane along this curve. Every spatial curve 
forming part of a characteristic strip is usually called a characteristic 
curve of equation (59). We showed in the previous section that every 
integral surface can be covered by characteristic strips, and con- 
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sequently by the characteristic curves corresponding to these strips. 
If we take a point (£o, Yo uo) On an integral surface and the values 
pP = Po 4 = qo corresponding to this point, by the existence and 
uniqueness theorem, system (68) defines a unique characteristic 
strip satisfying the initial values (£o, Yo, Uo Pos Jo), and the strip 
must belong entirely to the integral surface in question, i.e. if a 
characteristic strip has an element in common with the integral surface, 
it lies wholly on this integral surface. A direct consequence of this 
assertion is that, if two integral surfaces touch at a point, i.e. have 
the same p and çq at this point, the characteristic strip corresponding 
to these initial values must belong to both integral surfaces. In other 
words, if two integral surfaces touch at a point, they must touch along the 
whole of the characteristic strip having the point of contact of the surfaces 
as initial element. We are naturally assuming in all this that the integral 
surfaces and function F satisfy the conditions indicated in the pre- 
vious section; and we are referring throughout to a neighbourhood of 
some point (£o, Yo). 

We remark further that a solution of system (68) can be shown to 
satisfy relationship (71), i.e. to be a characteristic strip, simply by 
showing that, in view of (69), this relationship is satisfied by the 
initial data (£o, Yo, Up, Po Yo) Of the solution in question, i.e. 


F (xo, Yo. Wos Po» qo) =0. (72) 


106. Cauchy’s method. The connection has been indicated between 
system (68) and equation (59). In particular, it has been explained 
that every integral surface consists of a family of characteristic strips 
depending on one parameter. Suppose that we have been able 
to solve system (68) and thus find all the possible characteristic 
strips. We shall show how the integral surface of equation (59) can 
be obtained from these characteristic strips. We shall assume that 
the solution of system (68) is given in terms of the parameter s and 
the initial values of the functions of (68): 


c= x(S, To, Yo: Uos Pos qo) 


Y = Y(S, £o, Yor Uo» Po» Go) 
MS EEE Sa sree ) (73) 
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Since we want to find the family of characteristic strips, we assume 
that the initial data (£o, Yo, Uo, Pos 4o) are assigned as functions of a 
parameter t: 

q(t), Yo(t), Uolt), Pot), % (4 (74) 


where these functions must satisfy relationship (72). We assume in 
addition that they have continuous derivatives for tọ < £ < t, and 
that the right-hand sides of equations (68) have continuous derivatives 
with respect to (x, Y, u, p, q) in some domain containing manifold (74) 
inside it. As we saw in the previous section, (71) will be satisfied for 
any values of s. 

On substituting funetions (74) in the right-hand sides of (73), we have: 


x = gle, t); = y(s,t); u= u(s,t), (75) 
p= p(s,t); q= q8, t). (76) 


Equations (75) define a surface parametrically. If the determinant 


A = £s Yi — Li Ys (77) 


is non-zero, as we shall assume in future, we can find the explicit 
equation u = u(x, y) of this surface precisely as in the case of a linear 
equation. As we saw above, (71) will be satisfied, but the question 
remains open as to whether the functions p and g defined by (75) 
are partial derivatives of u(x, y) with respect to x and y. If this is the 
case, differentiation of u(x, y) with respect to s and t gives us: 


cu 3s ny =H ðu Ow 
g Pe 2 ae 4 Oe Pe 


ə 
—qg-5=0. (78) 


Since the second order determinant formed from the coefficients of p 
and q is non-zero by hypothesis, we can say that, conversely, if p and q 
defined by (76) satisfy relationships (78), they must be the partial 
derivatives of u(x, y) with respect to x and y. The first of relationships 
(78) follows directly from the first three equations of system (68). 
It only remains to explain the conditions under which the last of rela- 
tionships (78) will be fulfilled. We assume that F(x, y, u, p, q) has con- 
tinuous derivatives up to the second order in the neighbourhood of 
(£o Yo Uo Por Yo). Lhe right-hand sides of equations (68) now have 
continuous first order derivatives, and it follows from these equations 
that Xs, Ys, Us have continuous derivatives with respect to t, i.e. the 
continuous derivatives Zst, Ys, Ust exist. The continuous derivatives 
Tiss Yys, Urs NOW also exist, and are equal to the derivatives just men- 
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tioned. This follows from the fact that, if the function f(z, y) has a 
continuous derivative fxy in some domain, the derivative f,, also 
exists, and fy, = fxy. This theorem can be proved by a slight modifi- 
cation of the arguments of [I, 155] (see, e.g., G. M. Fikhtengol’ts, 
Course of Differential and Integral Calculus, I (Kurs differential’nogo 
i integral’nogo ischisleniya, t. I).) On writing L for the left-hand side 
of the second of equations (78) and differentiating with respect to s, 
we get: 


OL ou Oa oy dp Ər ðq dy 


3s Ot0s bar” do 3s Ot 3s Ot 


On the other hand, on differentiating with respect to ¢ the first of 
relationships (78), which is certainly fulfilled, as we have just seen, 
we have: 

au a ay Op ox dq dy 


0 = re Sta di Be Os at ðs 


On subtracting the last equation term by term from the former, we 
can write 3L/3ðs as: 


OL E Op O8 ope a Re Ora Og Dy 


ðs ot Əs 
or, on using system (68): 


ƏL Op oq Oa oy 
z =P a ag A Obl ae tY On es 


On differentiating relationship (71), which is satisfied by functions 
(75) and (76), with respect to ¢ we obtain: 
on x= L yo Y ue — + pa Pog QL 


On subtracting this equation from the previous one, we can transform 
the expression for ƏL/Əs to: 
ƏL Ox oy ou ƏL 
ðs U(p a tI- ar) oF Os 


whence it follows that: 


=—UL, 


—fuds 
L=ITe°* 


, 


where L, is the value of the left-hand side of the second of equations 
(78) for s = 0: 
ou, 0: 0 
L= ae — po at — qe 
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It follows directly from the last expression that the equation L = 0 
will be satisfied for any s if it is satisfied for s = 0, i.e. the necessary 
and sufficient condition for the second of equations (78) to be satisfied 
is that functions (74) satisfy 


du da, d 
a = Po gt + Goa (79) 


We can therefore assert that, if the determinant A is non-zero for 
s = O0 and t = t’ (t, <t’ < t), and if functions (74) satisfy 


du d. d 
F (2, Yo: Uo» Por Yo) = 9, a = Dy + go He , (80) 


then equations (75) define an integral surface u = u(x, y) of equation 
(59) for s and ¢ close to s = 0 and t = t’. The first two of equations (75) 
yield continuously differentiable functions s(x, y) and t(x, y). On sub- 
stituting these in u(s, t), p(s,t), g(s,t), we obtain continuously differen- 
tiable functions of x and y, where p = Ux, q = Uy, whence it is clear 
that u(x, y) has continuous second order derivatives. For the solution 
obtained, we have with s = 0: u(t) = u[a(t), y(t)] for t close to t’, i.e. 
the surface u = u(x, y) contains a part of the curve x = a(t), y = y(t), 
u = u(t) corresponding to a neighbourhood of t = t’. A propos of this, 
the solution of Cauchy’s problem obtained in the next section has a 
local character as in [100]. 


107. Cauchy’s problem. The Cauchy problem for equation (59) is 
formulated as in the case of a linear equation: we require to find the 
surface passing through a given curve l. We first take the particular case 
of the problem when the given curve lies in the x = zy plane parallel 
to the (y, u) plane, and has the explicit equation u = g(y) in this 
plane, i.e. we suppose that the integral surface to be found satisfies 
the following condition: 


Ul ga = ply). (81) 


When considering a Cauchy problem, apart from proving the existence 
and uniqueness of the solution, we shall always prove the continuity 
(in some sense) of the dependence of the solution on the initial data. 
Let u, be a solution of the problem for which (y) in condition (81) is 
replaced by p(y) + 4(y). The above-mentioned continuous dependence 
here amounts to the following: in some finite domain of variation of 
(x, y), | u — uù | can be made as small as desired if | 6(y) | is sufficiently 
small. This continuous dependence on the initial data is usually de- 
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scribed as implying a correct statement of Cauchy’s problem. We shall 
assume that equation (59) is written explicitly with respect to p: 


p = f(z, y, u, q). (82) 
It follows at once from Cauchy’s condition (81) that we can take the 
variable y as a parameter, where the parametric equation of the curve } 
will have the form: x = £o; Y = Y; u = p(y). It still remains for us to 
define p and q along this curve as functions of the parameter y so as 
to satisfy the two conditions (80). These conditions can be rewritten 
in the present case as 


Po = F(a Ys PY): g0); W (Y) = Fos (83) 
whence it is clear that p, and q, are defined uniquely along l, and the 
solution of the problem can be obtained by applying the method in- 
dicated in the previous section. 

In order to fulfil the conditions indicated in the previous section, 
we have to make use of the existence of the continuous second order 
derivative of function y(y). The conditions for f follow from the con- 
ditions for F indicated in [106]. 

We now take more general initial data, and try to find an integral 
surface passing through a curve with the equation 


x = Py); u= yy). (84) 


This problem can be reduced to the previous one with the aid of a 
replacement of the independent variables: we replace (x, y) by new 
variables (x’, y’) in accordance with the formulae: 


s= + ply); y=y’, 


and express the derivatives with respect to the new variables in terms 
of the previous derivatives: 


Uys =p; Uy = pp (y') +9, 
whence 
P = Uys, Y= Uy — Uy g' (y’); 


and equation (59) in the new independent variables becomes 
F[a' F Py’); y’, U, Wyry, Wyr — Uy p (y’)] = 0. (85) 
The curve (84) in the new variables may be written as 


xz’ = 0; u= yy’), 
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i.e. we have Cauchy’s problem of the type discussed above. The 
possibility of solving it depends on whether equations (85) can be 
solved with respect to the tx . 

When the curve / is given in the parametric form: 


z= t (t); Y =Y (t); v= uy), 


we must define functions p,(t) and g(t) from the two equations: 


Fiz, (t), Yo (t), Ug (é), Po (t), do (t)] = "| (86) 
Uo (t) — Po (t) £o (t) — go (É) Yo (t) = 0. 


The functional determinant of the left-hand sides with respect to Po 
and q: 

Ay = yo (t) F pa — To (t) Foo (87) 
is exactly the same as determinant (77) at s = 0, as follows directly 
from the first two equations of system (68). We assume that deter- 
minant (77) is non-zero along l and that system (86) gives completely 
determined values for py and q, along l. The method of the previous 
section can now be used for constructing the solution; it must be noted 
here that determinant (87) will differ from zero not only for s = 0 
but also for s close to zero. For the functions p,(é), go(t) to have con- 
tinuous first order derivatives, we have to require the existence of 
continuous second order derivatives of x(t), Yo(t), wo(t). This is clear 
from the second of equations (86). 


108. Uniqueness of the solution. We constructed an integral surface 
with the aid of characteristic strips when solving Cauchy’s problem. 
At first sight, the uniqueness of the solution follows directly from the 
fact that every integral surface can be covered by characteristic 
strips. But we used in the proof of this the existence of continuous 
second order derivatives of u(z,y). Under the assumptions made above, 
we obtained in [107] a solution in which u(x, y) has continuous second 
order derivatives. But this simple proof of uniqueness is inadequate 
if we assume only continuous first order derivatives for u(x, y). 

The uniqueness theorem can be easily proved even on the assumption 
that only first order derivatives exist. We shall do this for equation 
(82) with Cauchy’s condition (81). 

The proof is based on the following lemma: 
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Lemma. Let the function u(x, y) be continuous in the closed triangle A, 
formed by the straight lines 
1 1 
£= Zo © — To = -y (Y — Ys); & — ty = — -y (U — Y) (88) 
(Y1 < Y2) 
and be defined and have continuous first order derivatives for x > £o 
in the larger triangle formed by the straight lines 
1 1 
T = To; £ — to =- (Y — Y); X — t = — -7 (Y — Ya) (89) 
(Ys < Yı < Yz < Ya). 
Further, let these derivatives satisfy 
ts] < Alu] + Blu (90) 


throughout the triangle A except on the base x = Xo, whilst on the base 
xz = Ly we have: 


|u(ao, y| < M. (91) 
In this case we have, throughout the triangle A, 
u(x, y)| < MePa, (92) 


We shall first prove the lemma for A = B = 1. We shall prove a 
contradiction. Let there be points in A at which | u(x, y) | > Me™™. 
The function u(x, y)e*’* must now attain its maximum absolute value 
off the base. 

Since all the conditions contain only the absolute values of u(x, y) 
and its derivatives, we can assume, by changing the sign of u(x, y) 
if necessary, that the product u(x, y)e™7* attains its greatest positive 
value off the base. We can now fix as small as desired a number A 
such that the function 


v(x, y) = u(x, y) EEF DE) (93) 


attains its greatest positive value off the base. This leads to a contra- 
diction; for, if the statement is true inside A, we must have vx = vy = 0 
at the corresponding point, whence it follows that ux — (1 + Aju = 0, 
uy = 0 (u > 0), which contradicts (90) with A = B = 1. If the state- 
ment is true on the side x — 2) = y — y, (not at a vertex), we must 
have v, < 0 at the corresponding point, and differentiation along this 
side gives v, + vy = 0. This leads to the expressions: 


Uy <0; u, = — u, +(1+å)u (u>0), (94) 
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which again contradict (90) with A = B = 1. If the statement is true 
on the side z — £ = —(y — Y), we obtain similarly v, > 0, vx — vy = 0, 
whence 

u, > 0; u=u+(l+Aju (u>0), (95) 


which again contradicts (90) with A = B = 1. Suppose, finally, that 
function (93) attains its greatest positive value at the vertex of triangle 
A. We must always have at this point: vx > 0, i.e. vx > (1 + Aju. If 
uy = 0 here, we again arrive at a contradiction of (90). If uy < 0 at 
the vertex, differentiation along the side x — x, = y — Yı gives us 
vx + vy > 0, which leads to 


ty<0, %& >—uy+(1+A)j4u, 


which contradicts (90) with A = B= 1. If u, >œ 0 at the vertex, 
differentiation along the side x — x, = —(y — Y) leads as above to a 
contradiction. Thus the lemma is proved for 4 = B= 1. Let us 
extend it to the general case. We have conditions (90) and (91) in 
the triangle with sides (80). We introduce new independent variables 
x’ = Bx, y’ = By/A. The triangle A becomes a triangle A’ with sides. 


x' = Ba; x' — Bx, =y — yi; x — Ba, = — (Y — Y) 


, B 
(v = a Yk ) >, 
and we have instead of (90): 


Juy] < [uy] Fe |u|, 


whilst condition (91) takes the form, as before: | u( Bx, y’)| < M. 
By what has been proved above, we have | u(x’, y’) | < Me —**0) in 
A’ or, on returning to the old variables, we get inequality (92) in A. 

We pass to the proof of the uniqueness of the solution of (82) under 
condition (81) and the assumption made above. Let there be two 
solutions w(x, Y), U(x, y) in the above-mentioned triangle A, both 
these solutions being situated in the domain for which f has continuous 
derivatives. We can now write the inequality: 


f(®, Y, Ue, 9) — Í(£, Y, Uy U)I< Blu, — u | + Ala, — al, 


where A and B are constants. We write p,, Pz qı, qa for the correspond- 
ing partial derivatives of u, and u,. Thus: 


|Pa — P| < Alga — q| + Blu, — w. 
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On applying our lemma to the difference u, — u, and noting that this 
difference vanishes for x = x, (ie. M = 0), we see from (92) that 
u(x, Y) — ulw, y) =0 throughout A, i.e. the uniqueness of the solution 
is proved. The general case of equation (59) with Cauchy data on any 
curve can be reduced to the case analysed with the aid of a change 
of variables and the solution of a differential equation with respect 
to one of the derivatives. We have already dealt with this in [107]. 

We now consider in triangle A two solutions u,(z, y) and u,(z, y) 
of equation (82) under different conditions: 


Us| x—x0 = y (y); Wal xoxo = p, (y). 
On applying the lemma to (u, — u), we obtain the inequality in 4 : 


u, (2, y) — u, (x, y)| < max |p, (y) — p; (y) P. 
NY LY: 
This inequality proves the continuous dependence of the solution on 
the initial data p(y) appearing in (81). 

A further point may be mentioned in connection with the solution 
of Cauchy’s problem. If the function y(y) has no continuous second 
order derivative, application of Cauchy’s method can lead to a surface 
u = u(x, y) for which u(x, y) has no derivative. It can be shown that 
the problem has in this case no solution with continuous derivatives 
(Haar, Acta Szeged, t. IV, fasc. II, 1928). The proof of the above lemma 
in a more general case and its application to the proof of the uniqueness 
theorem for partial differential equations can be found in A. Myshkis’s 
article, The uniqueness of the solution of Cauchy’s problem (Uspekhi 
matematicheskikh nauk, t. III, vyp. 2). 


109. The singular case. Suppose we are given a strip satisfying the 
two equations (80) and such that determinant (87) vanishes along the 
strip: 

Ay = L; Yt — Ti Yslsmo = Yo (t) F po — Xo (t) Foo = 0- (96) 


Suppose there is an integral surface u = u(x, y) passing through the 
strip, where u(x, y) has continuous derivatives up to the second order. 
If Fp, and Fy, do not vanish simultaneously, it follows from (96) and 
the second of equations (80) that our strip satisfies equations (66), 
the parameter s being denoted by the letter t. But the working of [104] 
now shows us that the strip satisfies all the equations (68), i.e. is a 
characteristic strip. Hence, if, when conditions (96) are satisfied, there 
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exists an integral surface containing a given strip, this must be a character- 
istic strip, on the assumption that Fp and F, do not vanish simultane- 
ously. Now, precisely as in the case of a linear equation, an infinite set of 
integral surfaces can pass through our strip. The proof of this statement 
is similar to that for a linear equation. We have to draw a strip œ 
which has a common point (£o, Yo, Yo) with strip (74), and common p, 
and q, at this point, and such that determinant (87) differs from zero 
along the new strip w. When certain conditions are satisfied, a definite 
integral surface, which contains all the characteristic strip (74) (since 
it contains its initial element), will pass through this strip. Since the 
strip œw has been chosen arbitrarily, we in fact obtain an infinite set 
of solutions of the problem. 

If A, = 0 along a given strip, which is not, however, a characteristic 
strip, no solution of the problem is possible if we are confined to func- 
tions u(x, y) with continuous derivatives up to the second order. But 
it may happen that the corresponding curve is singular for the integral 
surface. We remark here that use was made of second order derivatives 
of w(x, y) when we carried out Cauchy’s method. If equation (96) is 
satisfied and the strip is not characteristic, only the first three equa- 
tions of system (68) are satisfied along the strip. 

The above arguments have a simple geometrical meaning. If we are 
given a curve l, the first of conditions (80) shows that, along this curve, 
the plane defined by p(t) and q(t) must touch the cone 7’, whilst the 
second condition is equivalent to the fact that this plane must contain 
the tangent to J. On recalling equations (64) for the generators of the 
cone, we see that the condition 4, 4 0 is equivalent to the fact that, 
along l, the tangents to l do not coincide with the generators of the 
cone T. The possibility of solving equations (86) with respect to p,(t) 
and q(t) amounts to the possibility of drawing planes which contain 
the tangent to 7 and touch the cone T. Suppose that we can draw 
planes through the tangents to / such that the planes touch T and vary 
continuously along l(po(t) and q,(¢) must have continuous derivatives). 

We make up the curve | in this way into a strip, and obtain an inte- 
gral surface by taking this strip as the initial values in solutions (73). 
If the tangents to l are generators of the cones 7’, we obtain the values 
of p, and q, along T by drawing the tangent plane to the cone along 
the corresponding generator. The strip thus obtained may be a charac- 
teristic strip. In this case the problem has an infinite set of solutions. 
It is sufficient to cut the curve l by another curve l, the tangent to 
which at the point of intersection lies in the same plane as the tangent 
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to l, but does not coincide with this tangent, and such that the tangents 
along J, do not coincide with the generators of the cones T. The integral 
surface drawn through } will also contain l. Finally, it may happen 
that the tangents to the curve l coincide with the generators of the 
cones T', but that the curve is not characteristic, ie. that making it up 
into a strip by the method indicated above does not lead to a charac- 
teristic strip. In this case we can nevertheless produce from every 
point of J a characteristic strip having the initial values (£o Yo, Uo, Po, 
qo). If these characteristic strips form an integral surface with the ex- 
plicit equation u = u(x, y), the curve l is a singular curve on the 
integral surface. We are assuming in this discussion that there is a 
definite cone T at every point. 

An important type of integral surface of equation (59) must be 
mentioned. We fix some point (£o, Yo, Uo). The second of equations (80) 
will now be fulfilled for any values of p, and qo, since all the derivatives 
appearing in this relationship now become identically zero. We obtain 
only the first of equations (80), which generally speaking gives us an 
infinite set of values for p, and q. These will be precisely the values of 
Po Jo Which define all the possible positions of the tangent plane at 
the fixed point (£o Yo uo). As above, we can regard polt) and q(t) as 
functions of a parameter t. On substituting the fixed values (£o, Yo, Wo) 
and the above-mentioned expressions for p)(t) and q,(¢) in formula (73), 
we obtain an integral surface of equation (59) having the form of a 
conical surface with vertex at (£o, Yo uo). This surface will in general 
have curvilinear generators, which touch the generators of the cone T 
at the vertex (Xo, Yo, Uo). This surface is usually called an integral 
conoid of equation (59) with vertex (£o, Yo, Uo). It can be shown that the 
solution of Cauchy’s problem can be reduced to the following con- 
struction. Draw the integral conoids having vertices on the given curve 
l, and take their envelope; this in fact leads to the solution of the 
problem. All these last statements naturally require strict analytic 
proof, but we shall not dwell on this. 


110. Any number of independent variables. Let us take the first 
order equation in the case of any number of independent variables: 


F(@4,. ++, Ens U, Pis - -> Pn) = 9. (97) 


Cauchy’s method of integrating this equation follows precisely the 
same lines as in the case of two independent variables, and we shall 
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confine ourselves to indicating the results. The characteristic system 
corresponding to equation (97) has the form: 


dz, — dtn _ du z dp, = ee 
Py Pa Pa Patees + PrPa — (Kit Up) 
dp i -FP TP 
= a, 4 üp 7 E (Xr = Fay Pi = Fy; U =F): (98) 
Let us indicate the formal approach to deducing system (98). Let 
u = U(t, ..-, Vn) be a solution of equation (97) with continuous deri- 
vatives up to the second order. After substituting u = u(2,, ..., Zn) 
and Pk = Ux (Ti ---, Un), Xr P, and U will be functions of (a, ..., Xp). 


We write the system of first order equations: 


d 
TA =P, (k=1,...,n), 


where s is an auxiliary variable. On substituting the solution of this 
system in the equation u = U(t, ..., £n), we get: 


= ŠrP, 


du n = 
ds D Pi s P;. 
i=1 


xk xi 
But differentiation of (97) with respect to 2, gives: 


n 
x Ure + S Pig Got = Xe t Ure + Stays: Po 
i=1 


whence 


d 
t= — (X, + Up). 


We have thus obtained all the equations of system (98). Let us con- 
sider (98) in more detail, as a system in functions 2, u, p, of the 
auxiliary variable s. 

It admits of the obvious solution: 


E(t,- o, Ens Uy Pie- Pn) =C 
Suppose we have succeeded in solving the system: 


Ep = T(S, 2), UO, pW) 
u = u(s, z9, 4, po) $ (99) 


Pr = Pr (8S, 2, u, pW), 
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where 2, u®, p® are the initial values of the functions for s = 0. 


We shall regard these initial values as functions of (n — 1) parameters: 


af) (to ++, tn-1), ul ) (hse e e En—1)» py (tie es bya). (100) 


On substituting these in (99), we get expressions for the variables x, 
and u in terms of n parameters. Let us consider the functional deter- 
minant: 


Pi D(x1,..-, £n) 
D(8, tisse es tpe)? 


which, by virtue of the first equations of the system, can be written as: 


Pao -a Pa 
GEA dEn 

A=| 3? Oh j, (101) 
Oa, dEn 
On Otn— 


If this determinant is non-zero in the neighbourhood of the initial 
value s = 0, equations (100) give us a surface which can be written 
explicitly as u = u(x, ..., £n). The necessary and sufficient condition 
for this to be an integral surface of equation (97) is that functions (100) 
satisfy the following n relationships: 


F(x, ..., 2, uO, p, ..., p) = 0, (102) 
au) n a) 
—- = (0) Svs - _ 
at, = aes a (@=1 2%... 1). (103) 


Cauchy’s problem consists in seeking the integral surface of equation 
(97) containing a given (n — 1)-manifold: 


LO (trea e Sr UO (tise o e bna). 


This manifold will be assumed to be made up into manifold (100), so 
that (102) and (108) are satisfied. If determinant (101) now differs 
from zero along this manifold, our present method leads to a solution 
of Cauchy’s problem, and this solution is unique. 

Precisely as in the case of two independent variables, we can con- 
struct an integral conoid of equation (97) by fixing a point (2, 2, 
u) and choosing p®, ..., p® as functions of (n — 1) parameters 
so that expressions (102) are satisfied. 
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If equation (97) is soluble with respect to p,: 


Pi = (OR a Pees De) (104) 
and if Cauchy’s condition has the form: 
trx? = P(t- -< En), (105) 


Cauchy’s problem has a single definite solution. 


We shall not quote here all the conditions of continuity and existence 
necessary for the derivatives of f and y. These are just the same as for n = 2. 
Given certain definite assumptions regarding f and y, we can define for equa- 
tion (104) with initial data (105) the domain in which the integral surface exists. 
Suppose that f is continuous and has continuous derivatives fy» fp, and 
fulk = 2,...,) for |z —s®] <a and arbitrary £p, p, and u. Suppose, 
further, that these derivatives have continuous derivatives with respect to 2,2,,u 


and pg, and that the derivatives Pap Sxe Sw Spe fraxv Sra Papp Juw Supr Sprpi are 
bounded in absolute value by the number A for the values in question of the 


arguments. Suppose also that (x, ..., n) has continuous derivatives up to 
the second order and tnat the inequality holds: 


n 
[vxl + *, lyx] <B (k =2,...,n). 


There now exists a twice continuously differentiable solution of equation 
(104) under conditions (105) in the domain | x, — a{?|< a and arbitrary 
vlk = 2, ..., n), where a < a and the further condition 


l log 3 
a< ie[i+ acier] 


must be satisfied (see Kamke, Math. Zeitschr. Bd. 49, Heft 3, 1943). 


111. Complete, general and singular integrals. In this section and 
the next we shall give another method of solving the equation 


F(x,y, u, p,q) = 0 (106) 


and in particular, of solving the Cauchy problem. It often leads readily 
to a solution of the problem in purely concrete examples. When dis- 
cussing Cauchy’s method, we explained the conditions in which this 
method, i.e. Cauchy’s, can be applied, and in which a solution of 
Cauchy’s problem exists and is unique. We shall for the present be 
chiefly concerned with the formal side of the question and shall make 
wide use of the theory of envelopes of a family of surfaces depending 
on one or two parameters. 
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To apply Cauchy’s method for integrating equation (106) we have 
to be able to find the complete integral of the corresponding system 
of ordinary equations: 


da dy du dp dq 


P~ Q O PPR -AFU ~ —(¥ + U4) © 
We now show that the problem of solving (106) only requires a 
knowledge of the solution of this equation depending on two arbitrary 
constants. Suppose we have such a solution: 


(107) 


u = p(x, Y, a, b), (108) 


where a and b are arbitrary constants. The partial derivatives p and q 
will be given by: 


P = Px (X,Y, a, b); I= Py (x, y, a, b), (109) 


and we therefore have the following relationship: 


Flax, y, p(x, y,a, b), px (x£, Y,a, b), py (%,y, a, b)] = 0, (110) 


which must be satisfied identically not only with respect to (x, y) 
but also with respect to (a, b). We assume that a and b can be eliminated 
from the three equations (108) and (109) and that the elimination leads 
us to equation (106). In this case solution (108) of equation (106) will 
be called the complete integral of the equation. A further solution of 
the equation is easily obtained from the complete integral. Suppose 
that the constant b in (108) is some function of the constant a, i.e. 
b = o(a). We arrive in this way at a family of integral surfaces, 
depending on one parameter: 


u = g[%, y, a, w(a)]. (111) 


The envelope of this family, which is obtained by eliminating a from 
equation (111) and the equation 


Pa [z, y, 4, œ(a)] F Po [x, Y,a, w(a)] w’(a) = 0, (112) 


will have the same p and q along the curve of contact with the envelop- 
ed surface as has the enveloped surface itself, so that the envelope is 
also an integral surface of equation (106). Given any choice of differen- 
tiable function (a), the set of all these integral surfaces forms a 
general solution of equation (106). This solution, as may be seen, already 
contains an arbitrary function w(a). We can further construct the en- 
velope of the family of integral surfaces (108) depending on two para- 


111] COMPLETE, GENERAL AND SINGULAR INTEGRALS 341 


meters a and b. This is done by the elimination of a and b from equation 
(108) and the equations: 


Pa (%, Y,a, b) = 0; P (X, Y, a, b) = 0. (113) 


The integral surface obtained does not contain any arbitrary elements 
and is usually called a singular integral of equation (106). We naturally 
assume here that all the above-mentioned eliminations are possible 
and lead to functions having continuous derivatives. 

The general and singular integrals can be obtained by using the 
method of variation of the arbitrary constants instead of the above 
geometrical arguments. Let us seek the solution of (106) in the form 
(108), taking a and b as required functions of (x, y). The partial deriv- 
atives of the function u will no longer be evaluated from (109), but 
from the following formulae: 


P = Px H Paay + Pob Y= Py + Pady + Pp by. 
If we subject the required functions a and b to the two equations: 
Pa Ax + Po bx = 0; Paty + Py by = 0. (114) 


the expressions for the partial derivatives remain as before, and 
function (108) will yield an integral surface, as above. The problem 
reduces to a consideration of equations (114). These equations have 
the obvious solutions: a= const. and b= const, which lead us 
again to the complete integral. The second obvious solution is ob- 
tained if a and b satisfy the relationships: 


a= 9; pp = 09. 


This leads us to the singular integral. If at least one of these 
equations is not satisfied, the determinant of the homogeneous (in 
Pa and pp) system (114) must vanish: 


Ox, by =Q. 


a,, by f 


We assume here that a and b are not constant simultaneously. On 
equating this functional determinant to zero, we get a relationship 
between a and b [IIL 18]. Suppose that this relationship has the form 
b = w(a). Equations (114) now reduce to one, which can be written 
in the form: 

Pa + Py (a) = 0, 
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and we obtain the general integral. It can be shown that, given certain 
conditions, all the solutions of equation (106) are exhausted by those 
found above. The nub of the matter is that Cauchy’s problem can be 
solved once the complete integral is obtained. 


112. The complete integral and Cauchy’s problem. We now show 
just how the solution of Cauchy’s problem follows from the complete 
integral. Let the integral surface be required, that passes through 
the curve: 

z= g(t); y=ylt); z= z(t), _ (115) 


The problem amounts to finding a function b = (a) in the general 
integral defined by (111) and (112) such that the integral surface 
obtained passes through curve (115). Suppose we have a family of 
surfaces with one parameter: 


p(x, y, u,a) = 0. (116) 


Suppose that a surface of family (116) passes through every point M 
of curve (115), the tangent at M to curve (115) being contained in the 
tangent plane to the surface at M. We show that in this case the en- 
velope of family (116) contains the curve (115). In fact, we have by 
hypothesis: 

vlel), yd), u(t), a] = 0, (117) 


where different points M of curve (115) correspond to different values 
of the constant a, i.e. different surfaces of family (116). On differen- 
tiating this last identity with respect to t, we get: 


Py Ci + Py Yt + Pzt + Yat = 0. 


On the other hand, the fact that the tangent plane to the surface 
contains the tangent to the curve leads to the identity: 


Px Tt H Vy Yi + Put = 9, (118) 


and these last two identities give pa, = 0, or, since a; # 0, we have 
Ya = 0. Thus functions (115) satisfy the equations y = 0 and Ya = 0 
identically with respect to t, ie. the envelope of family (116) in fact 
contains curve (115). 

We now suppose that the complete integral of (106) is known, 
written in the implicit form: 


p(x, y, u, a,b) = 0. (119) 
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We have to find a function b = w(a) such that (117) and (118) are 
satisfied. The left-hand side of (118) represents the derivative with 
respect to t of the left-hand side of (117). Let W(t, a, b) denote the 
result of substituting functions (115) in the left-hand side of (119). 
We must therefore write two equations: 


W(t,a,b)=0; Y, (t,a,6) =0. (120) 


On eliminating ¢ from these equations, we get a relationship between 
a and b, i.e. we find the required function: b = w(a). Therefore to 
solve Cauchy’s problem, given the complete integral, we have to sub- 
stitute in the equation of the complete integral functions (115), differ- 
entiate the equation obtained with respect to t and eliminate ¢ from 
the two equations thus obtained. This leads us to a relationship 
between the constants a and b. The general solution corresponding to 
this relationship will in fact pass through curve (115). 

Another procedure can be adopted. We use (120) to express a and 
b in terms of t. On substituting in (119), a family of surfaces is obtained, 
depending on the single parameter ¢. The required integral surface 
through curve (115) is obtained by finding the envelope of this family. 

Mention may be made of the connection between the general 
solution and the characteristic strips which were obtained as a result 
of solving system (107). The envelope of family (111) touches one of the 
enveloped surfaces along some curve la. On drawing along thiscurve 
the tangent plane common to the envelope and enveloped surface, 
a strip is obtained. This strip belongs to two integral surfaces, viz. the 
envelope and the enveloped surface, and is therefore a characteristic 
strip. We can therefore say that the formulae 


t= P(x, Ya, b); PalT, Y,a, b) + pilt, y, a, b) w'(a) =0 


121 
E E a | a 


define, for any fixed a and any choice of b = w(a), a solution of system 
(107) satisfying condition (106). 

We can assume that formulae (121) define four of the quantities x, 
Y, u, p, q as functions of the fifth and three arbitrary constants a, b 
and c = w’(a). The general solution of system (107) contains four arbit- 
rary constants. But, in view of the presence of relationships (106), 
the family of all the characteristic strips must depend only on three 
arbitrary constants, which have in fact been obtained in accordance 
with (121). In one of the following sections we shall prove by means 


344 FUNDAMENTAL THEORY OF PARTIAL DIFFERENTIAL EQUATIONS (113 


of direct evaluation the fact that equations (121) actually yield the 
solution of system (107) for the case of any number of independent 
variables. 

Let us see how it is possible to find the singular integral directly 
from the differential equation without the aid of the complete integral. 
On differentiating the identity (110) with respect to a and b, we get 


Py Gat Fp Psat Fg Pya = 93 Fy y+ Fo Gat Fay =9. 


Taking into account the definition of singular integral (113), we can 
say that the following two equations are fulfilled on the singular 
integral surface: 


Fy Pza + Fg Pya = 0; Fp Px + Fo Py = 0. 


We shall assume that the determinant of this system (homogeneous 
in Fp and F,) does not vanish on the singular integral surface, which 
amounts in essence to assuming the possibility of solving equations 
(109) for a and b. The above system now gives us: 


Fi=F,=0. (122) 


Thus the singular integral can be obtained by eliminating p and q 
from the following three equations: 


F(x,y, u, p,q) =0; F, (x,y, u, p,q) =0; F(x, y, u, p,q) = 9. (123) 


Equations (122) indicate the impossibility of applying the implicit 
function theorem to equation (106) with respect to the variable p or 
the variable q. This proves the impossibility of obtaining the singular 
integral as a result of solving Cauchy’s problem, as we did in [107], 
where the equation was assumed to be soluble with respect to p (or q). 
We can arrive at the same result by another method. No matter what 
curve we take on the singular integral surface, determinant (96) 
vanishes along this curve by virtue of conditions (122), which shows 
that no definite solution of Cauchy’s problem exists, whatever the 
choice of curve on the singular integral surface. 


113. Examples. 1. The equation 
u=axp + yq + $p. 4) (124) 


is analogous to Clairaut’s equation, which we discussed earlier [II, 8]. On 
replacing p and q by a and b, its complete integral is obtained, as may easily 
be verified: 

u =ar + by + f(a, b}. 
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The equation 
u = xp + yg + Pg 


has the complete integral: 
u =ax + by + ab, 
and application of the method described above gives the singular integral: 
u = — qty. 
If we take any curve on this surface: 
xo= plt); Yo= Y(t); Uo = — p(t) p(t), (125) 
then equations (86): 
P(t) Po + P(t) Go + Po Go + H(t) Y(t) = 0 
p(t) Plt) + PD) pl + P(t) Po + P(t) Gy = 0 
have the solutions p, = — y(t), qo = — p(t), and we have along curve (125): 
Fp = + lt) =0; Fy=p+ p(t) =0. 


The singular integral for the equation 


1 
uss ap +yg— y (P? +g’) (124,) 

will be 
u= (at ty). (126) 


If equation (124,) is solved for p, we obtain: 


F=p—-a + V2 + 2qy—2u—q?=0, 


and the partial derivative of the left-hand side of the equation with respect 
to u becomes infinite along the surface (126). 


2. Suppose we have an equation containing only p and q: 
Kp,g)=0. 
This has the obvious solution: 
u =ax + cy +b, 


where constants a and c must satisfy the relationship: f(a, c) = 0. On solving 
this for c: c = f,(a), we obtain the complete integral of the equation in the form: 


u=ae+f(a)y +o. 


This equation gives a family of planes. The general integral will be the envelope 
of a one-parameter family of planes, i.e. a developable surface [II, 141]. 
Let us take as an example the equation: 


pit gk. (127) 
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If we observe that the direction-cosine of the normal to the required surface 
with respect to the u axis is given by . 
l l 
SS 
lite +?@? VE + k? 
we see that equation (127) reduces to the requirement that the normal to the 


required surface form a constant angle with the u axis. The complete integral 
represents the family of planes: 


cos(n, u) 


usar +k? — aty +b. 
System (68) becomes: 


da . dy du 


<4 = 29; dp _ 


4 
ere ee 2 oy. ER eee et iG 
ds 2(p? + g°); ds 0; ds 3 
and its solution, expressed in terms of the initial data, is: 
a = 2ps t To Y= 28 H Yo U=Api+ G5) 8+ Us P= Po =g (128) 


The characteristic strips are obtained by subjecting p, and q, to the condition 
p? + qi = k?. They will be straight lines, and p and q will remain constant 
along these lines. 

Suppose we want to draw the integral surface through the circle: 


%=cost; y»=0; u,=sint. 
Equations (86) become in this case: 


pi += k?; cost = — pasint, 


whence 
Pa = — coti; Q= Vk? — cot?t. 


On substituting in the first three of equations (128), we get the parametric 
equation of the surface, in terms of parameters s and t: 


x = — 2s cot t + cost; y = 2s Vk? — cot?t; u= ?2k?s + sint. 
3. The following first order equation is of a more general type: 


f(x, p) = fely, 9) - 


The complete integral is obtained by supposing that both sides of the equation 
are equal to the same constant a : f,(%, p) = a and f(y, q) = a. On solving these 
equations for p and q, we obtain: p = 9,(x, a) and q = 9,{y, a), and the com- 
plete integral becomes: 


u = f p(x, a) dz + f paly, a) dy +b, 


where b is the second arbitrary constant. When applied to the equation 


P y 
EA 129 
pq — xry =Q or z 3 (129) 
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this method gives: 


Le eee 
u =z ae tyg” +b. (130) 


Suppose we want to draw the integral surface through the curve 


On substituting in (130) and differentiating with respect to t, we obtain: 


1 2 1 . l ai 
l=yal+ 54+; at—-—=0 


Elimination of t gives b = 0, and we get the one-parameter family of integral 
surfaces: 


u = + ax? + ~ y’, 
whilst the envelope of this family leads to the required integral surface: 
u = xy. 
If we took as the initial data the curve 
e=t} y=t; u=ť, (131) 


the above method would lead to the equations: 
1 1 ; s 1 1 = 
(zeta) +b = 0; (70+) 


from which we havea = 1, b = 0, so that no integral surface can be found through 
curve (131). It is easily seen that curve (131) can be made up into a characteristic 
strip by putting p = ¢ and q = ż. In fact, the functions 


w=t; y=t; u=; p=t; q=t 


satisfy equation (129) and system (107). 
4. If the equation does not contain the independent variables: 


F(u, P, q) =0, 


thə complete integral can be obtained by seeking the solution of an equation 
of the form: 


u = p(x + ay), (132) 
where a is an arbitrary constant. Let us take as an example: 
pq—u=0. (133) 


On carrying out substitution (132) and setting € = æ + ay, we obtain 
alp ($) — p$) =0, 


and integration of this ordinary differential equation gives for the complete 
integral of equation (133): 
(x + ay +b)? 
u= cst, 
4a 
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System (68) for equation (133) has the form: 


dz. Gy _,. du_y,. dp_,. dq _ 
“da T ae o ae T? Pa deo “deo a? 


and integration of it gives: 
B= Qe H (o= go); Y= Po + (Yo — Po); U= Po Ge + (Uo — Po q0) 
P= P; g=. (133,) 
Suppose we want the integral surface through the straight line: 
t= t; Y= l; u=t. 
We have the equation for p, and qo: 
Pod =t; Po=l, 


whence p, = l and q, = t. On substituting in the first three of equations (133,) 
and setting e° = v, we get the parametric equation of the required surface 
in terms of parameters v and t: 


e=Ww; y=v; u=, 
or, in the explicit form: u = ay. 
114. The case of any number of variables. The complete integral 

of the equation 

F(p -o s En ths Bay «+++ Pr) = 0 (134) 
is defined as the solution: 

U = P(X, -o -s Xp, Ay, -e -s Ay), (135) 
containing n arbitrary constants a, and such that elimination of the a 
from the equations: 

Pk = Pyyl®, ++ +5 Vay Ay, - ++, An) (k= 1, 2,..., n), (135,) 
and equation (135) leads to equation (134). We shall assume that the 
a, are functions of (n — 1) parameters: 

ak = Arlt «~~, n1) (k= 1, 2,..., n). (136) 
On substituting these expressions in (135) and eliminating the (n — 1) 
parameters from the n equations: 
U = P(X, .--, Lp, Ay, -. +, Ay) 


, (137) 
PilEr +++) Ens Ag +++) An) =O (Flp wel 


we obtain the general solution of equation (134). It depends on the 
choice of the n functions (136). Let us turn to the solution of Cauchy’s 
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problem. Suppose we want to find the integral surface of equation (134) 
containing a given (n — 1)-manifold: 


u = U(by -tna Er = Alby -s in) (= 1, 2,..., n). (138) 


This problem is solved precisely as in the case of two independent 
variables. Substitution of expression (138) in (135) leads to an equation 
of the form 

wt, ..-, tni Ay, -.-, G) = 0. (139) 


On associating with this equation the (n — 1) further equations ob- 
tained by differentiating the last equation with respect to tis ..., in: 


Yo = 97 P= 05 -a My = 9, (140) 


we obtain n equations, from which the a, (k= 1,2,...,n) can be found 
as functions of the parameters t, ..., tn- i.e. functions (136) are 
defined from these n equations. We substitute the functions obtained 
in (137), and on eliminating 4, ..., tn—ı from the n equations (137), 
obtain an integral surface containing manifold (138). We remark that 
the number of independent parameters in (139) may be less than 
(n — 1). Instead of (140), we now have to differentiate with respect 
to our independent parameters. 

If we fix the values of parameters tj, the n equations (137) with 
n + 1 variables (u, £, ..., %,) define a curve in (n + 1)-dimensional 
space. This curve can be made up into a first order strip by adding the 
equations (135,). This strip belongs to two integral surfaces — the 
envelope obtained by eliminating the parameters tj from (137), and 
one of the enveloped surfaces. This strip must therefore be a charac- 
teristic strip, i.e. must satisfy Cauchy’s system (98). This enables us 
to construct from our knowledge of the complete integral (135), a 
solution of system (98) depending on (2n — 1) arbitrary constants. 
We shall assume for simplicity that a, is a function of (a,, ..., an=), 
where these last play the role of the parameters ¢,, ...,t,-,. Formulae 
(137) and (135,) take the form: 


U = P(X, o, Lp, Ay, ~~, An) 
Paj + Pay 0; = 9 (j= 1, 2,...,2—1) (141) 
Pr = Puy (Ly ++, Ens Ay, «++, Ay) (k= 1, 2,..., n)a 


where we have written b; for the derivative of a, with respect to aj. 
Expressions (141) define the above-mentioned first order strip, where 
by, .--, bn- aS well as a,,...,@,, can be assumed arbitrary, since the 
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choice of the function a,(a,, . . ., @n—) is arbitrary. We shall prove for- 
mally that the strip defined by (141) satisfies system (98). 

On substituting for u and p; from (141) in (134), we must obtain 
an identity in the x, and a, (k = 1, ..., n). Differentiation of this 
identity with respect to the a, gives: 


ak 
Upa; + È Pr Paraj =0 (j=1, 2,...,n—1) 


n 
U Pan + È Ph Pee an =0. 


On multiplying the last equation by bj, adding to the previous equation 
and using (141), we get the following (n — 1) equations: 


n 
È Pula, Xk + Pan xk b;) =0. (142) 


On the other hand, on taking the total differentials of the left-hand 
sides of the second set of equations (141), we get the (n — 1) equations: 


n 


È (Paje + Pand) Wx=9 (j=1,2,.. n —1). (143) 
Assuming that at least one of the determinants of order (n — 1) formed 
from the coefficients of system (142) or (148) differs from zero, we can 
say that the dz, must be proportional to the Px, i.e. we have: 


n 
Further, it follows from (141) that du = > Pr dx,, and we can com- 
k=l 


plete the equations written above: 


dx, dz, du 
en A = - n 144 
P, Pa Pı Pi +--+ Pn Pn ( ) 


On returning once more to the identity obtained by substituting for u 
and p, from (141) in (134), differentiation of this identity with respect 
to the 2, gives: 


n 
Xet Upu + È Pipu =9- 
i= 
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On multiplying by dz, and substituting, by (144): Pdx, = P; dz; we 
obtain: 


(Xi + Up) dite + Pr È Px x4 de; = 0. 


But 
ua 
P Px; xk dz; = dp, ’ 
so that: 
—o ie k dp, 
(Xp + U py) day + Pr dpp = 0, i.e. P, ~ O, t Upi ’ 
and we therefore finally obtain the system: 
dz, dr, du 
P, ia Pan Pi Pi +... + PaPn 
So P = Pr _ 145 
Sair aF Up (146) 


115. Jacobi’s theorem. We now consider the particular case of 
equation (134) when it does not contain the required function u and is 
soluble with respect to one of the derivatives. For the sake of symmet- 
rical writing, we denote the independent variables by t, 2, ..., Ens 
and let the equation be soluble with respect to pọ = uw, ie. it has 
the form: 


Po + H(t, Ly, .--, En Pir e- Pn) =O. (146) 
System (145) corresponding to this equation may be written as: 
dt — da, ac — dx, wa dp, aS = dPn 
I — Hp `U Hp  —Hx ee — Hx, 
aa (147) 


E Po + Pı Hp, +... + Pn Hp, i 


None of these relationships, except the last, contains p, and u, and 
we obtain the so-called canonical system: 


da, 5 ak L _H 


dt PE è dt Xk 


(k= 1, 2,..., n), 


where xz, and pp are assumed to be functions of t. If we can succeed 
in integrating this system, p, is found from (146), whilst u is found 
with the aid of quadratures from the equation: 


du = (Po + Pı Hp, + -+ Pn H, )dt. 


Since equation (146) does not contain w, we can add an arbitrary 
constant to every solution of this equation. Suppose that we have the 


352 FUNDAMENTAL THEORY OF PARTIAL DIFFERENTIAL EQUATIONS [116 


complete integral of equation (146), which must contain (n + 1) 
arbitrary constants, one of these being in the form of an added term: 


u = Y(t, Ly, ..-, Ens Ay, «++, An) — Ay. 


We apply equation (141) to the present case, the role of a, being now 
played by the constant a,. Since we now have 6, = —1, the general 
solution of the canonical system is obtained in the form 


Pay = Ons Pr = Pry (A=1,..., n). 


This is the essence of the familiar Jacobi Theorem, already mentioned 
above in [82]. 

We remark that, if equation (134) does not contain the required 
function u, but is not soluble with respect to any of the px, i.e. has the 
form: 

E(t, <- +5 Ens Pi e- Pn) = 9, 


system (145) corresponding to this equation becomes: 


dx, dan dp, = Pr nee i 
— Fx, Pı Fp, +.--+ Pal pn i 


and we again obtain a canonical system: 


da, — P. dp, 


ds mi as = — Fy, (k= 1,...,n), 


in which the role of independent variable is played by the auxiliary 
parameter s. If we are able to integrate this system, u can be found 
with the aid of quadratures. 

The Jacobi theorem given above shows us how the corresponding 
canonical system can be integrated, given a knowledge of the complete 
integral of equation (146). The Cauchy method that we explained in 
[110], shows that, conversely, if we can integrate system (147), we can 
find the solutions of (146) satisfying any initial Cauchy conditions, and 
by using this fact it is easily shown that, in particular, the complete 
integral of (146) can be constructed. 


116. Systems of two first order equations. We have given a number 
of examples where the complete integral can be found with the aid of 
purely elementary methods. The question arises as to the possibility 
of developing a general method for discovering the complete integral 
for any first order equation. Before describing such a method, we first 
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need to consider the problem of finding the solution of two first order 
equations with one required function: 


F(x, y, u, p, q) = 9; D(x, y, u, p,q) = 0. 


We shall assume that these equations are soluble for p and q, so that 
we have equations of the following form: 


p= fiz, y, u); g=g(xy,u). (148) 

We shall describe this system as completely integrable if it has a solution 
depending on an arbitrary constant; we shall find the necessary and 
sufficient condition for this, then give a method of finding the solution 
if this condition is fulfilled. On differentiating the first of equations 
(148) with respect to y, and the second with respect to x, we obviously 
obtain: 

fy + fud =x F GuP > 
or, by (148): 

fy + fag =9x t+ Gul. (149) 


If this relationship between variables (x, y, u) is not fulfilled identi- 
cally, it defines u as a function of x and y, and this function, which 
does not contain an arbitrary constant, can alone be a solution of 
system (148). Hence the necessary condition for system (148) to be 
completely integrable is that (148) can be satisfied identically. Let us 
show that this condition is also sufficient, whilst at the same time 
giving a method for finding the solutions of system (148). We can 
regard the first of equations (148) as an equation with one independent 
variable x, since y appears in this equation as a parameter. On inte- 
grating this first order equation, we obtain u as a function of the inde- 
pendent variable x, the parameter y and the arbitrary constant c(y): 
which we can regard as a function of y: 


u = 9x, y, C(y)]. (150) 


This function must satisfy the second of equations (148), i.e. the 
equation must be satisfied: 


dc 
Py + Vera = g(%, Y, u), 


or 
de glz, y, u) — g. 
a ee SBN eye 151 
dy Pe i (teh) 


where w has to be replaced on the right-hand side by its expression 
(150). We now show that, if (149) is satisfied identically, the right- 
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hand side of (151) does not contain x. In fact, on equating to zero the 
derivative of the right-hand side of (151) with respect to x, we get: 


(9x + Ju Px — Pyx) Pe — Pexlg — Py) =O. (152) 


But, since function (150) satisfies the first of equations (148), we have 
the following obvious relationships: 


=f; Pyx = fy F fu Py Pex = fu Pc: 


and with the aid of these relationships condition (152) can be written as: 


(9x + Juf — fy — fu Py) Pe — fu Pelg — Py) =0, 


and it is obviously satisfied, since (149) is assumed to be satisfied iden- 
tically. Therefore equation (151) now represents a first order equation 
in C(y), solution of which gives us C in terms of y and an arbitrary 
constant b. On substituting this expression in (150), we get a solution 
of system (148) containing one arbitrary constant. Hence the necessary 
and sufficient condition for complete integrability of system (148) is that 
(149) be satisfied as an identity. If this condition is fulfilled, integration 
of system (148) amounts to integration of two ordinary differential 
equations of the first order, and the general solution of system (148) 
contains one arbitrary parameter. 
The problem of solving the exact differential equation 


Pdg + Qdy + Rdu = 0, (153) 


where P,Q and R are given functions of (x, y, u), is directly connected 
with the previous problem. Equation (153) reduces immediately to 
(148) if we put: 
P 
f=- 95— 2 
and the condition for integrability (149) leads in this case to the relation- 
ship between the coefficients: 


P(Ry — Qu) + OP, — En) + R(Q — Py) = 0. 


This relationship has already been mentioned as the necessary and 
sufficient condition for complete integrability of equation (153) [II, 76]. 


_ 117. The Lagrange-Charpit method. This method gives a general 
means of constructing the complete integral of a first order partial 
differential equation in two independent variables: 


F(x,y, u, p,q) =0. (154) 
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We try to find a second equation of the form: 
D(x, y, u, p,q) =a, (155) 


where a is an arbitrary constant, such that (154) and (155) are soluble 
with respect to p and q and such that, after solution, a system of the 
form (148) is obtained which is completely integrable. If we can 
succeed in doing this, integration of the system obtained introduces 
a further arbitrary constant b and we in fact obtain the complete 
integral of (154). Condition (149) for complete integrability can be 
written as: 


We have to work out all the partial derivatives appearing in this 
identity by applying the rule for differentiation of implicit functions 
p and q of variables (x, y, u), defined by equations (154) and (155). 
Differentiation of (154) and (155) with respect to u gives us: 


Fa + FpPa + Fala =9; Dı + Dp Pu t Balu =O, 


whence 
Fy Fg Fp, Py 
E Du, Žal , Pp, Du 
Pu = — PPS PR lu = Fp Fa , 
Dp, Dq Dp Da 
Similarly, differentiation with respect to x and y gives: 
pa F, Ke A 
Dp @ Pn, Ò 
= — 2 = P == 4 q 
qx oe A ’ Py Ea A ’ 
Dp Da D, Dy 


and condition (156) for integrability becomes: 


E ee ze =) | Pin Fa 
Dy, D, 


Pu, ala Fia 
ea s+ Fup Fa, Fy + Fug 
Pst Pup Da y+ Dua 
On expanding the determinants and using the notation of [104], we 
arrive at the following partial differential equation for the required 
function ®: 


P®, + QD, + (PP + qQ) , — (X + Up) D, — (Y + Ug) ©, = 0. (158) 


Strictly speaking, this equation must be satisfied if the p and q in it 
are replaced by their expressions from (154) and (155). But we shall 


Fp, A 


[tlar 


250” 


D; 


or 


=0. (157) 
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require more than this, viz. that it be satisfied as an identity. The 
system of ordinary differential equations corresponding to the linear 
homogeneous equation (158) is precisely Cauchy’s system (107): 


dæ dy du 23 dp = dq 
P Q ~~ pP+qQ 7 —(X+Up) ~ —(¥ +Uq) ` 


(159) 


It is sufficient for us to find any one solution of this system, such that 
equations (154) and (155) be soluble with respect to p and q. 

We know that system (159) has the obvious solution F = C. The 
existence of this solution can simplify the discovery of another solution 
of the system. Here we can use not only the solution mentioned, but 
also the simple relationship F = 0. 

If equation (154) does not contain the required function u, i.e. has 
the form 


F(x,y, Pg) = 9, 
we can seek the solution as also independent of u: 
P(x, y, p,q) =a. 


Condition (157) now becomes: 


Pps Fyt | Eo #|=0 160 
Dp D| T |a Dy (160) 


or, in the expanded form: 
(F,®, — Fe Bp) + (FP, — F D) =0. 
This leads us to seek the solution of the system: 


dx dy dp _ dg 


P Q -X EA A 


(161) 


The expression on the left-hand side of (160) is usually called the 
Poisson bracket of functions F and ® and is denoted by the symbol 
(F, ®). The left-hand side of (157) is called the Mayer bracket of 
functions F and ® and is denoted by the symbol [F, Ø]. If we intro- 
duce conditional notation for any function w depending on variables 
(x, Y, u, p, q), and put 


dw dw 
Gp ~ Ox t Oui dy 7 Oy T Oul, 
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the Mayer bracket can be written as 


ar aF 
gl" j| ae 

HRs dap dð |’ (162) 
Dp dz q» dy 


The two functions F and ® are said to be in involution if they cause 
the Poisson or Mayer bracket to vanish. In the first case the functions 
must be functions of the variables (x, y, p, q), and in the second the 
arguments further include u. The essence of the Lagrange—Charpit 
method consists therefore in trying to find a solution of system (159) 
or (161) which is in involution with F. 

Let us mention a further fact that strikes the attention when com- 
paring the Cauchy and Lagrange methods. When using the Cauchy 
method we have to find all the solutions of system (159), whilst in the 
Lagrange-Charpit method we have to find only one solution of this 
system. On the other hand, we find the complete integral of equation 
(154) when using the Lagrange-Charpit method, and this enables us 
to integrate system (159) completely. 


118. Systems of linear equations. In order to generalize the Lagrange— 
Charpit method to the case of any number of independent variables, we 
must first consider the question of solving a sytem of linear homogeneous 
equations with one required function. We take the system consisting of m 
equations: 

X (u) = an Pi + ye Po +... + Ain Pp =0 
X2(U) = an Py + az Po +... +H Gan Py =O (163) 


e e Saa a a E S a E r a a r 


X mlt) = am Pi + ame P2 +.. -+ amn Pp = 9, 


where Pk = Ux, the coefficients ajy are regarded as depending only on the 
independent variables xs, and x(u) denotes for brevity the left-hand side of 
the kth equation. The question arises of seeking a function u which will satisfy 
simultaneously all the equations of system (163). When speaking of a solution 
of the system, we exclude the obvious solution u = const, which is of no interest 
to us. We assume that equations (163) are linearly independent, i.e. there exist 
no factors Àx, not all zero, which may be functions of x, such that 


m 
PA Ay, Xu) =0, 


this being satisfied as an identity in x, and p, If such factors were to exist 
and at least one were non-zero, the left-hand side of one of equations (163) 
could be expressed linearly in terms of the left-hand sides of the remaining 
equations. This equation would now be a consequence of the rest, and we could 
strike it out. We suppose that m > n and consider the first n equations of 
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the system. Since these equations are linearly independent, the determinant 
formed from their coefficients must be non-zero. But in this case the system, 
which is homogeneous in the p,, only has a zero solution p; = ... = pn = 0, 
whence it follows that u = const., i.e. when m > n the system has no non-trivial 
solution. We shall therefore suppose in future that m < n. 

We can form new linear homogeneous equations which are consequences 
of equations (163) yet may turn out to be linearly independent of equations 
(163). Let us first establish a number of elementary identities. If u, and us 
are any two functions of the independent variables 2,, ..., 2%, we have the fol- 
lowing two obvious identities: 


Xgl + Ug) = Xy(uy) + Xy(Ue)3 Xpt, Ug) = Uy Xp (Ug) + Uy Xgl). (164) 


We replace the function u in X,(u) by the left-hand side of the kth equation, 
ie. by X;(u). On taking (164) into account, we obtain 


n 


n 
X(X,{u)) = 2% X lak.) Ux, + È on Xi(ux,), 
s= 


and similarly: 


X(X(u)) = 2 Xi (Qis) Ux, + 2, ais X(x) - 


Further, we can obviously write: 


n 
PA ak, Xj(ux,) = 2 ak, 2 Qit Ux, xı = 


n 
> Dit Aks UX, Xt» 


s,t=1 


and the last expression is unchanged on interchanging subscripts ¢ and k, 


ie. 


n n 
PA ais Xj (Ux,) = 2, ags Xi(Ux,) » 
s= = 
so that we have the following expression: 
n 
X(Xe(u)) — XAXA) = Z Xak.) — Xelais)) ux, (165) 
s= 


the right-hand side of which is a linear homogeneous function of p, = ux, 
with coefficients depending on æg. Let us extend the concept of the Poisson 
bracket to the case of any number of independent variables. If p and y are 
any functions of variables x, ...,2, and p,,..., Pny the Poisson bracket of 
these two functions can be defined by analogy with the previous definition by 
the expression: 


n 
(p. y) = PA (Ppj Pej — Pxj Ypj) « (166} 
j= 
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Let us put p = X,(u) and y = X;(u) in this formula. Now: 
dak n 0a; 
Ppj = tij) Px = 2, a Ps Pxj = = ey Ps) Ypj = akj- 


On substituting these in the right-hand side of (166), we get: 


n 


dars 
(Xu), Xu) = È 2 ay a — 2 anj “Ga | Ps 


or 


(Xu), X,(u)) = 2, [Xi(Qys) — X klais)] Ps- 


On comparison with the right-hand side of (165), we arrive at the important 
identity: 
X(Xu)) — X(Xi(u)) = (Xi(u), Xgu)) - (167) 


If u satisfies all the equations of system (163), i.e. 
Xu) =0 (lJ=1,...,m), 
this function must satisfy also the linear homogeneous equation 
(Xu), X,(u)) = 0 (168) 


for any choice of subscripts 7 and k. On assigning all possible values to the 
subscripts, we can thus form (1/2) m(m — 1) new linear homogeneous equations, 
which are, in the sense indicated, a consequence of system (163). Certain of 
these new equations may reduce to identities, i.e. all the coefficients of the 
Px may vanish. We associate in some definite order the new equations which 
do not reduce to identities with the equations of system (163), whilst investiga- 
ting in each case whether or not the added equation is a linear combination of 
the equations already present. If it is a linear combination, we naturally discard 
it. Having carried out this process, we may arrive at a new system in which the 
number of equations is greater than m. We again form the Poisson brackets 
of the left-hand sides of the new system — without, of course, repeating the 
Poisson brackets which have already been formed for the original system. As 
above, we add to the system the new equations obtained. On proceeding in 
this way, two cases are possible. It may happen that wo arrive at a system in 
which the number of equations is equal to n. Such a system has only the trivial 
solution u = const, so that the original system has also only a trivial solution. 
The second possibility is that we arrive at a system in which the number of 
equations is less than n, and for which all the new equations obtained with 
the aid of the Poisson bracket prove to be linear combinations of the equa- 
tions of the system itself. Such a system is said to be complete. Hence it follows 
from the above discussion that our original system either has only a trivial solution, 
or it is equivalent to a complete system; and hence we arrive at the problem of 
integrating a complete system. We shall assume that our original system (163) 
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is already complete, i.e. all the possible Poisson brackets (X;(u), X;(u)) are 
linear combinations of the left-hand sides of the equations: 


(Xu), Xu) = S Bi Xu), (169) 


where the coefficients pie are functions of the wg, or else the brackets are 
dentically zero. 


119. Complete and Jacobian systems. Let us consider some fundamental 
properties of complete systems. Instead of the x, we introduce the new inde- 
pendent variables 


Yk = PxlLys «+ +) Lp) (k = 1,2, en” n), 


these equations being assumed soluble for the 2,. System (163) becomes in 


the new independent variables: 

ðu Ou 
aa +... + bna = 0 j= 1l, 2, ..., M), 
Oy; + + di dYn (j ) 


where, by the rule for differentiation of functions of a function: 


n ay, 
by = 2 ajs a = X,(y)). (170) 


Whatever the choice of function u, we have Y ju) = x ju), where the right- 
hand side is expressed in terms of the independent variables æ, and the left- 
hand side in terms of the independent variables yy. Consequently, for any sub- 
scripts ¢ and k: 

X(X,(u)) = YAY (u)) 


and 
X(X(u)) — Xy(X(u)) = VAY Au) — YUVA) - 


On taking (167) and (169) into account, we can write: 
m 
YY Ku) — YK ilu) = 2 yo) Yiu). 


where the coefficients y(/") are obtained from the i") simply by passage to 
the new independent variables. It is thus seen that, if the original system is 
complete, the new system obtained as the result of any change of the independent 
variables is also complete. 

We now consider a second property of complete systems. We form m linear 
combinations of the left-hand sides of equations (163): 


Zu) = dj Xiu) +... + dim Xm(u) G=1,...,m), 


where the coefficients dj, are assumed dependent on the xg, and the determinant 
formed from these coefficients is assumed non-zero. With these assumptions, 
the system of equations 


Z(u) =0 (j= 1, 2,..., m) (171) 
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will obviously be equivalent to system (163). We shall in fact describe the new 
system as equivalent to system (163). We show that, if the original system is 
complete, any system equivalent to it is also complete. In fact, the Poisson 
bracket (Z,(w), Z,(u)) consists of a sum of expressions of the form: 


dip Xp(dig X(u)) = dkg X (dip Xp(u)) > 
or, by (164), a sum of expressions of the form: 
dipl X pldkg) X,(u) E diq X(Xu))] a Ayal X (dip) X (u) + dip X(Xp(u))] 
= dip Xpldrq) Xl) — drg X q(dip) Xp(u) + dip dral X p(Xp(u)) — X,(Xp(u))] - 


On observing that all the expressions X p(X) — xX, ne p(u)) are linear combina- 
tions of X;(u), we see that the Poisson bracket (Z,(u), Z,(u)) is expressible 
linearly in terms of the X (u), and consequently in terms of the Zj(u) also, 
which proves the completeness of system (171). We now introduce a new con- 
cept, which is a particular case of the concept of completeness: we say that 
system (163) is a Jacobian system if all the Poisson brackets (X;(u), X;(u)) 
vanish identically for it, i.e. if all the coefficients of the p, in these brackets 
are identically zero. It is easy to transform a complete to a Jacobian system 
with the aid of elementary algebraic operations. In fact, let us take the original 
system (163), which we shall assume complete. Since the equations of this system 
are linearly independent, the matrix of its coefficients has rank m, and we can 
solve the equations for m of the p,. We can assume without loss of generality 
that the equations of the system are soluble for p,, ..., Pm, i.e. instead of system 
(163) we can write the equivalent system: 


Pi + CiymetPmit +... + CinPn = 0 
Pa F Co mitPmir ++ -F C2,nPn = 0 (172) 


Pm + CmmiPmer +--+ + omnPa = 0. 


This system, by what has been proved above, must be complete. We show that 
it is in fact Jacobian. As before, we write X,(u) for the left-hand sides of the 
equations of the system. We have to show that all the coefficients pee in 
formula (169) vanish identically. It follows at once from the form of system 
(172) and the definition of Poisson bracket that the expression on the left-hand 
side of (169) does not contain p, for s < m, whilst on the right-hand side the 
coefficient of p,(s < m) is obviously equal to pf". Hence it follows at once 
that all the coefficients {bP must vanish, i.e. system (172) is in fact Jacobian. 
We remark that not every Jacobian system is necessarily of form (172), but, 
by what has been proved, on reduction of a complete system to form (172), the 
latter proves to be Jacobian. 


120. Integration of complete systems. Instead of integrating the complete 
system (163), we can integrate the equivalent Jacobian system (172). 

We take the first equation of this system and the system of ordinary differen- 
tial equations corresponding to it: 
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This system must have (n — 1) independent solutions 


P(X, -o-s En) =O; -0.3 Pallo -ees La) = Cy, 


where the left-hand sides of these equations must be solutions of the first of 
equations (172). We remark that (m — 1) solutions can be written down at 
once, viz. 

£ = const; ...; Zm = Const. 


We introduce (n — 1) new variables. 


Ys = PhLi -- +. Ly) (s =2,... n). (173) 


By virtue of the independence of the solutions, the above equations must 
be soluble with respect to (n — 1) of the variables xp, and we can choose the 
function 9,(z, ..., £n) such that the complete change of variables 


Ys = Vs(Lpy -> +s Ly) (s = 1, 2,..., n) 


is soluble for all the xp. If, for instance, equations (173) are soluble for a,, ..., 
Zn, it is sufficient for us to take p, = xp. We transform system (172) to the 
new independent variables. Using (170), and the fact that Øz, ..., Pn are solu- 
tions of the first of equations (172), we see that the first of the equations written 
reduces to the form: du/dy, = 0. Using this equation, we can strike out all the 
terms containing ðu/ðy, in the remaining (m — 1) equations, and, by virtue 
of the linear independence of the equations, we can solve these equations for 
(m — 1) of the derivatives du/dy,. We can assume without loss of generality 


that the remaining equations can be solved for 0u/dy,, ..., Əu/ðym. Thus, the 
transformed system has the form 
Ou 
Y (u) = — = 
= a 
Ou ou ðu 
a (174) 
ðu ðu 
Y plu) = wat m, m+1 Oma aa «+H Amn dyn =0. | 


The original system was Jacobian, and therefore complete, so that the trans- 
formed system must also be complete. But since it is soluble for the derivatives, 
it must also be Jacobian. We remark that it follows at once from the discussion 
of [119] that the transformation of a Jacobian system to new independent vari- 
ables leads to a system which is also Jacobian. 

The first of equations (174) shows that the function u must be independent of 
y,- We show that the coefficients in the remaining equations of system (174) 
do not contain y,. In fact, every expression: 


Oh; mı _ Ou Ohin _Ou 
on Oma TS Oy On 
must vanish identically by virtue of the fact that system (174) is Jacobian, 


which in fact proves our assertion. We can therefore throw away the first 
equation in system (174) and integrate the remainder on the assumption that 


¥,(¥(u)) — YAY (u)) = 
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u does not depend on y,. We thus arrive at a closed system of (m — 1) equations 
with (n — 1) independent variables. On carrying out the above-mentioned 
operation with this system, we arrive at a closed system of (m — 2) equations 
with (n — 2) independent variables and so on. We finally arrive at a single 
equation for the function u of (n — m + 1) independent variables. On again 


writing Yı, ».-, Yn-mpı for these variables, we arrive at an equation of the 
form 

ðu ðu ou 

a— + 92a — +--+ Inm BO =O, 

OY, g Yz In m+ OV n—m+t 


where the independent variables y; are functions of the original independent 
variables x,, ..., %,. The system of ordinary differential equations corresponding 
to this last equation has (n — m) independent solutions: 


Pilyo ees Ynemet) =C 53 Paem(Ya +--> Yn-m1) = Cnem> 


and the general solution of this equation takes the form 


us Py, s.. Yn—m) , 


where ¥ is an arbitrary function. This formula in fact gives the general solu- 
tion of the original system (163). 


121. Poisson brackets. We shall use the above results for developing a 
method for finding the complete integral of a non-linear first order equation 
in the case of any number of independent variables. As in the case of two indep- 
endent variables, an auxiliary problem must be considered as a preliminary. 


Let the function u(x, ..., &n) be required, given its partial derivatives as func- 
tions of the independent variables sp: 
Pk = P(X, - -+> Ly) (ikh Danana (175) 


Since the result of differentiation is not dependent on the order, we see that 
functions (175) must satisfy the following (1/2) n(n — 1) relationships: 


Op (r1, sees Lp) Op, (@1, ere Ln) 


Ox, On; (178) 


These relationships are sufficient as well as necessary for determining the func- 
tion u. We have already proved this for the cases n = 2 and n = 3 [II, 73]. 
On generalizing Stokes’ formula to the case of n-dimensional space, we discover, 
as in the case n = 3, that, when conditions (176) are satisfied, the line integral 


(Xis. Xn) n 


U(X.) Ly) = P P(X, +++, Ly) Ax, 
s2 


does not depend on the path and gives a function u having the partial derivatives 
(175). 

The sufficiency of conditions (176) can be proved in the general case by 
applying the method of complete induction. We shall assume that the suffici- 
ency has been proved in the case of (n — 1) independent variables, and we show 
that the assertion of sufficiency is now true as regards n variables. Suppose, 
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then, that functions (175) satisfy relationships (176). In view of our assumption 
that the conditions are sufficient for (n — 1) variables, we can use the first 
(n — 1) of functions (175) to construct a function u of independent variables 
(£o <., nı) having the partial derivatives: Ux, = py(z., ...,%,) (k = 1, 2, 
...,” — 1). This function will contain x, as a parameter, since x, appears in 
the pp. In addition, we can add to the function u an arbitrary constant, which 
can be regarded as a function of the parameter £p. 
We thus obtain the function: 


u(a, execs} Trew Xp) + €(&,) , 
which satisfies the (n — 1) conditions: 
Uxy = Plt +++ Ly) (A= 1, 2,..., n — 1). 


It further remains to choose ¢(z,) such that the condition u, = pp(a,, ..-, £n) 
is satisfied, which leads us to the equation: 


de(xp) 
d£n 


= Ppl «++. Ln) — Uxn s 


and it remains for us to verify that the right-hand side of this equation 
contains x, only. On differentiating with respect to x, for k <n and taking 
(176) into account, together with the fact that ux, = Pk, we obtain: 


which is what we had to prove. 
We now suppose that the partial derivatives p, are defined implicitly with. 
the aid of the n equations: 


Flay, +++) Ep Pis ++ +s Pn) = Gs (s=1,2,...,), (177) 


which we assume soluble with respect to the py. We show that the necessary 
and sufficient condition for the py defined by equations (177) to satisfy relation- 
ships (176) is that all the Poisson brackets of the left-hand sides of equations 
(177) vanish identically, i.e. we must have the following (1/2) n(n — 1) identities 
in z; and p;: 


n (0F;, OF OF; OF 
moros d (St tet t= (178) 


We assume here that the right-hand sides of equations (177) are arbitrary 
constants. 

We take two of equations (177) and differentiate them with respect to the 
independent variable x,: 


OF; | y OF; Pio, Er, o Fk Pio, 
ðr, fı Op; 9, , aa, jay op; ox 
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On multiplying the first of these equations by 0F;,/dp,, the second by OF',/dp,, 
subtracting the first from the second and summing over 8, we get: 
i ; 
nou OF, OF; Op; R m OF; OF, Op n 
p F ae ir ara a a yt =H 
(Fi Fx) + 2 sal Op; Ops Oars j=ls=1 Op; Ops, Ox, 


On changing the notation for the variables of summation in the second sum, 
we can rewrite the last formula as: 


n 2 OF, OF; ( Op; ap 
Fa F; > (PL — ) =o. 1 
(Fy Fx) + 2, Op; Op, \ Oa, r; (179) 


If p, satisfies relationships (176), it follows at once from the last formulae that 
identities (178) must be fulfilled for any subscripts. We now suppose conversely 
that identities (178) are satisfied, and show that the pp defined by (177) must 
satisfy relationship (176). If identities (178) are fulfilled, formula (179) can 
be rewritten as: 


n n OF, OF; ( Op j Op, ) 
Lik Ii Pj SPs | o, 
2, p> op j aps \ Ox, Oa; 


where we can assign any values to the subscripts 7 and k. On assigning to the 
subscript k the values k = 1, 2, ..., n, we get n equations which can be regarded 
as n homogeneous equations in the n quantities: 


S: OF; ( Op; oes | 
>a IA meter j=1,2,...,n). 180 
a Op, \ 02, drj (j n) ( ) 


The determinant of this homogeneous system is a functional determinant of 
functions F, with respect to variables p,, and we assume it to be different from 
zero [system (177) is soluble with respect to the p,]. Consequently, we can say 
that quantities (180) must vanish. On fixing subscript j and assigning to i 


the values 7 = 1, 2, ..., n, we again obtain a homogeneous system in the quan- 
tities: 
2P; _ 3Ps (= 1,2,..., n), (181) 
Oz, Ox; 


the determinant of which is again a functional determinant of the F, with 
respect to the p,. It follows at once from this that all the quantities (181) must 
vanish, which is what we wanted to prove. Thus, the necessary and sufficient 
condition for system (177) to define py which are the partial derivatives of some 
function u is that the functions F, are in involution in pairs. We have assumed 
that the right-hand sides of equations (177) are arbitrary constants, and in 
connection with this it has been necessary to require that relationships (178) 
be satisfied identically. If we fix the values of certain of these constants, it is 
sufficient to require that relations (178) be satisfied by virtue of the equations 
thus obtained. 

We shall mention further some elementary properties of the Poisson bracket. 
If p and y are any two functions of variables x; and pp, and a and b are numbers, 
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it follows at once from the definition of Poisson bracket that the relationships 
hold: 


(9. ¢) =9; (y, p)= — (P,P) (0, 9) = 0; (ag, by) = ab(y, p). 


Let œw be a further function of the above-mentioned variables. The following 
identity holds: 


(9, y), w) + (y, œ), p) + ((@, p), Y) =0, (l 82 


which is usually known as Poisson’s identity. This identity contains doublePois- 
son brackets. To form the first term in the formula, we must form the Poisson 
bracket (p, y) and then use the function thus obtained to form the bracket 
((p, Y), œ). To prove identity (182), we remark first of all that each term of the 
identity contains first order derivatives. In view of the symmetry of the identity 
with respect to all three functions, and also with respect to variables x, and 
Pk, all we need do to prove the identity is to verify that all the terms contain- 
ing 09/0p;, vanish on the left-hand side. By using the definition of the Poisson 
bracket, it can be seen that the coefficient of 3p/ðp; on the left-hand side of 


the identity is: 
| ð (2) ðv ə (2) j- 
L L Ops \ Oxy, J Ox, Ox, \ Oxy ) Op, 
a ` (= dw ay w) yÍ f3) (=) oy ə (2) 4] 


Op, Ox, Ox, Op, Op, Ox, ) Ox, Oa, \ Oxy) Op, 


By carrying out the differentiations, we easily see that this coefficient in fact 
vanishes. 


s=1 


122. Jacobi’s method. We now turn to the generalization of the Lagrange— 
Charpy method, viz., to the solution of the problem of seeking the complete 
integral of a first order equation with any number of independent variables; 
it will be assumed here that the equation does not contain the required func- 
tion, i.e. that it has the form: 


F(x, trey Tm Pi, e+) Dn) = 0. (183) 


If we can succeed in choosing a further (n — 1) functions F such that the n 
functions obtained are in involution in pairs and such that they are soluble 
for the pk, we can find pp satisfying conditions (176) by taking system (177) 
in which we have substituted a, = 0. By this means, we can find u. System 
(177) gives us (n — 1) arbitrary constants, then a further arbitrary constant 
is obtained on finding u from its partial derivatives py. The functions fg can 
be found in stages. Suppose that the first m functions F, F} ..., Fm have 
already been found so that they are in involution in pairs and can be solved 
for m of the px. To obtain the next function F' m+, we have to form the m equa- 
tions: 

(F,,u)=0; (Fa u)=0; ...; (Fm) =0. (184) 


These are linear homogeneous equations for the required function Fm4, of 2n 
independent variables x, and py. 
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We write the system for F m+ in the expanded form: 


n 
(Se. ðu _ OF; ou )=0 Gal oañ): (185) 


kai Op, Oxy Ork OD 
Since the F, are assumed soluble for m of the p, we must assume that some 
determinant of order m of the functions F, in the variables p; differs from zero, 
so that the rank of the matrix of coefficients of the derivatives in system (185) 
is equal to m, i.e. equations (185) are certainly linearly independent. We show 
that the system is complete. This is done by forming differences (165) for system 
(184): 
(Fy (Fg, u)) a (Fy( Fp, u)). 


We have to show that these vanish identically. On applying identity (182), 
the differences can be transformed to: 


o9 (Fp u), Fp) ai ((u, Fp) Fà = ((Fp, Fp u). 


But functions F, and F, are in involution, whence it follows at once that the 
differences in question vanish. Therefore, by what was said in [120], system 
(185) has 2n — m independent solutions. We have the obvious solutions of 
this system: 

u = Fi; u=F, ...5 u= Fm (186) 


Consequently, there must exist in addition to these a further 2n — 2m solutions, 
which must be soluble simultaneously with solutions (186) for (2n — m) of 
the variables x, and pp. Thus there must certainly be a solution u = Fm4 
of system (185) such that the equations F, = 0, F, = az; ...; Fm = amp 
are soluble for (m+ 1) of the p,. To find the next function Fm4z 
we construct the system: 


‘Fy,u)=0; ...; (Fma u)=0, 


for which we can perform the same process as for system (184). We can construct 
in this way all n functions such that they are in involution in pairs, and system 
(177) (with a, = 0) is soluble for all the pọ. As seen above, this in fact leads us 
to the complete integral of equation (183). 

We have assumed that the equation does not contain the required function. 
If we have an equation containing this function: 


Fay, ..., Eo U, Po -+ P) =O. 


by increasing the number of independent variables by one, we can arrive at 
an equation which does not contain the required function. For this, it is suf- 
ficient to seek the solution of the equation in the implicit form: 


WT -- -s Tm U) =C, 


where C is an arbitrary constant. On applying the implicit function differentia- 
tion rule, an equation is obtained as usual for v which does not contain the func- 
tion itself. 
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123. Canonical systems. Let us establish the connection of the previous 
discussion with the Cauchy system. We shall take the case when the equation 
does not contain the required function and is soluble for one of the derivatives. 
For symmetry, we introduce (n + 1) independent variables and denote one 
of these variables by t, whilst the derivative with respect to t is written as 
Po = u. The equation will have the form: 


Pot A(t, £i, -3 Em Pis -++s Pn) = 9, (187) 
whilst the corresponding Cauchy system will be the canonical system [115]: 


da, 


d 
J = Hw [Pr S — Hy. (188) 


Let 
g(t, Tis sere Em Pu Pn) =0 


be a solution of this system, i.e. 
n 
da, dp, ) _ 
m+ Š (v= “ay + pe Sre) =0 


by virtue of system (188). We can write the last equation in the alternative 
form 


% + (H, 7) = 0. (189) 


Consequently, the necessary and sufficient condition for the function p to 
give a solution of the system is that it satisfy equation (189). Suppose that 
ọ and y give two solution of the system. We show that their Poisson bracket 
(p, y) is also a solution of the system (or becomes a constant). It follows at 
once from the definition of Poisson bracket that 


f] 
Ot (p, y) = (Pp y) + (p, yi) $ 


On substituting the function w = (p, y) instead of p in (189), we get: 
(Pe Y) + (P Y) + (Ep, Y)) =0. 


But p and y are solutions, so that we can substitute in the last equation: 
p= — (H, p); v= -— (H, Y), 


and hence arrive at the relationship: 


za (H, Pp), y) a (p, (H, y)) + (H, (p, y)) =0, 


which is satisfied as an identity by virtue of (182). Thus, the Poisson bracket 
of two solution of a canonical system is also a solution of the system, or else is 
constant. 

We now suppose that the n solutions of system (188) are given: 


Polt, Ly, - 0+, Lay Prs +++) Pn) = As (s=1,2,...,”), (190) 


these being in involution in pairs and soluble for the pp. We associate the dif- 
ferential equation (187) itself with equations (190) and show that the (n + 1) 
functions obtained are in involution in pairs, if we take into account the inde- 
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pendent variables ¢, 2,,..., &n and the corresponding derivatives Po, Pis.» -s Pn- 
Functions (190) are obviously in involution in pairs even after adding the inde- 
pendent variable ¢, since none of them contain p,. It is sufficient here to show 
that each of functions (190) is in involution with the left-hand side of equation 
(187). On equating to zero the corresponding Poisson bracket, we arrive at 
the equation: 


Ps 
ay tP) = 0, 


which is certainly satisfied, since functions (190) are solutions of system (188). 
On taking into account the results of [122], we can say that, if equations (190) 
are solved for the py (k = 1, ..., n) and equation (187) for po, and if the expres- 
sions obtained for the pp are substituted in function H, the sum 


Pı da, + Pe daz +... + Pran — Hdt 


will be the total differential of some function v(t, 2, ..., &n, @p » < -, an). It will 
obviously yield the complete integral of equation (187). By using Jacobi’s 
theorem, we can say that the remaining n solutions of canonical system (190) 
can be obtained by simple differentiation, viz., they are defined by the equations 
Vay = bp (k = l, ..., n). 


124. Examples. 1. Let us take the system of two linear homogeneous equa- 
tions: 


X= Pı + (22 + £, — Bay) Pa + (Z3 + T3 Ta + T1 14) | (191) 


Xa = Po F (23 Xa — Lz) Pg + (L1 Lg Ca + Le — 2, T2) p = 0. 


On forming the Poisson bracket of the left-hand sides, we obtain the further 
equation: 
X =P; +2 p, =0. 


The Poisson brackets (X,,X,;) and (X,, X,) differ only by a factor from the 
left-hand side of the last equation. We thus have a complete system consisting 
of three equations. On solving it for p, Pz, Pa, we get the Jacobian system: 


Pı + (£3 + 82j) py=0; P+ £p, =0; Py +2 pı=0. 


The last equation has the solutions: x,, 7, and z, — £, x}. We introduce the 
independent variables: x1, %2, x, and t = x, — x, x3. The system can be rewritten 


as: 


Ou ðu Ou Ou Ou 
2 = rd —_—_— — = -ro = 
Oa hae Oe ge ae Os 


The first two equations give a Jacobian system with independent variables: 
Zi, Xz, t. The second of them has the solution: x, and t — (1/2) x}. We introduce 
the new independent variables x,, x, and t = t — (1/2) x7. The equations mentioned 
ean be rewritten as: 


ðu Bu 
2 — . —_ 
Jm, + 32} ar =0; + ee 
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The first of these equations has the solution: 


z3 
Uu =T— T or u= gr, — Ttt; — 4 — 2}, 


2 
and an arbitrary function of this argument is a solution of system (191). 


2. Let us find the complete integral of the equation: 


Fi = (Pi + 22)? + (a, + 2)? — £3 P= 0. (192) 
The jo (F, u) = 0 has the form: 
ðu 
2(py + £2) =— + 2(a, + Pe) Z — 23 z — 2A", + pa) 2 
= = 02x, 
2 Da - =i (193 
— 2(p, + £2) Ope + Ps op, ) 
This equation has the obvious solution u = x, + p We put: 
F: =x, +P: =z. (192,) 
We associate with equation (193) the equation (F,, u) = 0, i.e. 
ðu tu 0 
Op, Or, 


This equation and (193) have the solution: u = 23 Pz, ie. 
F, = 23 P3 = Qz. (192,) 
We solve (192), (192,) and (192,) for Pi, Pa» P3: 


— a 
= ; Z . 3 
Pı = — T: + Va, — a}; Pz = Qz — LY; Pe : 

3 


On establishing the function u from its partial derivatives, we obtain the 
complete integral of equation (192): 


us — £, £ + Ya, — ax, +a, 2, + az log2,+a. 


125. The method of majorant series. In our investigation of Cauchy's 
problem we have assumed that the given and required functions are 
real functions of real independent variables. The whole of the theory 
can be worked out on the assumption that all the functions are analytic 
in their arguments. In this case the arguments can take both real and 
complex values. We shall start from this stand-point in our proof of 
the existence and uniqueness theorem for the solution of Cauchy’s 
problem. As a preliminary, certain supplementary propositions must 
be discussed. 


Suppose we have a power series in m variables: 


Plen o- Zm) = A E aE (194) 
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convergent under the conditions: 
Ja] < By 3.23) [tal < Ba (195) 


We shall assume that the radius of convergence of series (194) is in 
fact somewhat greater than the numbers Rp. Let M be the greatest 
value of the modulus of function (194) when conditions (195) are 
satisfied. We have seen that the power series obtained by expansion 
of the function [IIL, 83]: 


z Z z 
1 — (1--#)..-( ~#} 
( Ry ) R: Bm 
has positive coefficients throughout, which are not less than the 
moduli of the coefficients of series (194). In other words, the latter 


series is a majorant of series (194). 
In general, a majorant of a series 


(196) 


œ 
D SO pis i a eee (197) 
P 


is defined as a series of the same form in which the coefficients are 
non-negative (i.e. greater than or equal to zero) and are not less than 
the moduli of the corresponding coefficients of series (197). As we 
know, every power series is absolutely convergent inside its circle 
of convergence [III,, 83]. If a majorant series of series (197) is con- 
vergent for | zr | < ox (k = 1, 2, ..., m), we can obviously assert that 
series (197) is convergent inside the circles | z| < ox. On taking all 
the numbers Fp as the same in expression (196) (all the R, can be 
replaced by the greatest), we can consider the two functions: 


(198) 


and 


peter ea (139) 
R 


The expansions of these functions in power series have the forms 
respectively: 


ahi. tht © ar Ci H.-H em)? 
2 M RPiıt..-+Pm and au RP z 
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and it may be seen by expanding (2, + ... + Zm}? that the coefficients 
in the expansion of function (199) are not less than the corresponding 
coefficients in expansion (198), i.e. function (199) (or the corresponding 
power series) will also be a majorant for function (197) (ie. for the 
corresponding power series). 

The method of majorant power series is used for proving the existence 
of solutions of differential equations in the case of analytic functions. 
We shall first give the proof for an ordinary first order differential 
equation. Suppose we have the equation: 


the right-hand side of which is a power series in x and y, convergent in 
the neighbourhood of z = y = 0, i.e. 


ww Š ap it? yi. (200) 


p, q=0 
Let us seek a solution of this equation, regular at the point x = 0 
and satisfying the initial condition: 


Y |x=0 = 0. (201) 


To obtain the required solution, it is sufficient to form its Maclaurin 
series, i.e. to evaluate the derivatives at x = 0. The constant term of 
the Maclaurin series is given by initial condition (201) and vanishes. 
The value of the first derivative at « = 0 is given by the differential 
equation, and we have yj = pọ To find the second derivatives, we 
differentiate both sides of the equation with respect to x: 
Y= DS yt Yt DS Geng X? ott y 
P,q=0 P,q=0 
and substitute x = 0, y = 0, y’ = Gq in its right-hand side. The value 
of the second derivative at x = 0 is thus obtained as 
Yo = Aro + Mp1 Apu - 


On proceeding in this way, we can find the derivatives of all orders 
at x = 0 and form the Maclaurin series: 


fot at Bart.. (202) 


It follows from the above working that there can exist only one solution 
which is regular and satisfies the initial condition. But in order to 
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assert that such a solution in fact exists, we have to show that series 
(202) has a radius of convergence greater than zero. We remark here 
that all the above operations performed on the series are valid by 
virtue of the fundamental properties of a power series inside its 
circle of convergence. If series (202) proves to be convergent, it follows 
at once from the actual procedure for obtaining its coefficients that 
its sum satisfies equation (200). 

A direct consequence of the above working is that the coefficients 
of series (202) are polynomials in a,, with non-negative numerical 
coefficients. For, during the successive differentiations of the equation 
and the substitution in its right-hand side of the initial values of the 
derivatives already obtained, we do no more than perform on the 
coefficients the operations of addition and multiplication. Hence, if we 
replace the series on the right-hand side of equation (200) by a majorant 
series, series (200) will also be replaced by a majorant series. If this 
majorant series proves to be convergent for x sufficiently close to zero, 
then series (202) for equation (200) will be all the more convergent. 
The vital point in the following proof is that the substitution of a 
majorant series for the series on the right-hand side of (200) leads us 
to an equation which can be integrated in a closed form. Suppose that 
the series on the right of (200) is absolutely and uniformly convergent 
for | «|< Rand |y | < R, and let M be the greatest value of the sum 
of this series under these conditions. On passing to a majorant series, 
we obtain the differential equation 


SY (203) 


in which the variables are separated: 


Eam 


On integrating and taking (201) into account, we obtain: 


y — dy = — MR log (1-4), 
whence 


y=2— Ris amies(1 3). eos) 
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where the value of the radical must be taken equal to unity for x = 0, 
i.e. such that initial condition (201) is satisfied. Function (204) is 
regular at the point x = 0, and can therefore be expanded in a power 
series. 

The coefficients of this series obviously coincide with the. coefficients 
that are obtained by the process described above of term by term 
differentiation of equation (203). Therefore, series (202) for the major- 
ant equation is convergent in the neighbourhood of x = 0. It will be 
all the more convergent for the original equation, as we saw above. 
This proves not only the uniqueness, but also the existence of the 
regular solution of equation (200) satisfying the initial condition (201). 


126. Kovalevskaya’s theorem. We shall use the above method of 
majorant series or functions to prove the existence and uniqueness 
of the solution of Cauchy’s problem for a partial differential equation. 
We shall here always consider equations of an explicit type. Suppose 
we have the first order equation: 


Dy = f(%y, o-c, Ens Uy Poy + +5 Pn) 5 (205) 
where f is a regular function at the point: 
z=... =% = 0; w= uO, p, = pO, ...; p, =p, (206) 


and the initial values of the independent variables can be taken as 
zero without loss of generality. We seek the solution satisfying the 
following Cauchy condition: 


U [emo = Plz +++ En): (207) 


The function g(x, ..., n) is here assumed regular when its argu- 
ments become zero, and in addition, 


(P)o = u; (Pxz)o = pP (k =2,..., n), (208) 


whilst the zero subscript always indicates that all the arguments are 
to be replaced by zero. Before solving this problem we shall simplify 
the Cauchy condition by means of an elementary change of the re- 
quired function: instead ofu we introduce the new required function 
u’ in accordance with the formula: 


u =W + (ay, ..., n) + ATZ, 
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where the constant A is the value of the right-hand side of (205) 
with the initial values (206) of the arguments, i.e. in simpler language, 
A is the constant term in the expansion of the right-hand side of (205) 
in a power series: 


A= /(9, ERRIN (P)o (Pxe)o cee (Pxa)o) : 


The new required function must satisfy the equation: 


Uy, = f(u -os En W + P+ AL, Pra H Ugo- Pen F ha) — 
a f(9, oe ey 0, (P)o; (Px) ace ey (Pando) , (209) 


and instead of (207) we have the initial condition: 
w |,,-0 =0. 


Let us consider the arguments of the function on the right-hand side 
of (209). The argument u’ + p + Az, becomes equal to (p) if we put 
all the x, = 0 and u’ = 0. Similarly, each of the arguments py, + ux, 
becomes equal to (Px,)o if we again put all the xs = 0 and ux, = 0. 
Therefore the arguments of this function for zero values of £s, w’, Ux, 
coincide precisely with the initial values (208), for which function f is 
regular. We can therefore say that the right-hand side of (209) is a 
regular function at the point: 


C=... = bp = UW SH Uy, =... = Uy, = 0. (210) 


In addition, on taking into account the subtracted term on the 
right of (209), we can say that this side vanishes for the initial values 
(210) of the arguments. We have thus reduced the initial Cauchy value 
and all the initial values of the arguments of the function on the right 
of the equation to zero. If we retain our previous notation, we now 
obtain the following problem: given the differential equation: 


Py = f(y, «+ Ens Uy Pos ++ +s Dn) 5 (211) 
where f is a regular function at the point: 
Ti =... = Üp, = U = P, =... = P= 0, 


and vanishes at this point, we require the solution satisfying the 
condition: 
u |x 0 = 0. (212) 
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We remark that the right-hand side of (211) must be expandable in a 
series of the form: 


oont.. a tH. C2 uh pla... ph 
(Q_...00...0 = 9), (213) 


convergent for all values of the arguments sufficiently close to zero. 

Precisely as in the case of an ordinary differentialequation, we can 
use equation (211) and the initial condition (212) to evaluate the coef- 
ficients of the Maclaurin series of the required function u, i.e. the 
values of all the partial derivatives for zero values of the arguments. 
When differentiating with respect to any argument except xı, we can 
first put x, = 0. 

Hence, the initial condition (212) shows us that 


ast... tan 
a) = 0, (214) 
dat... dat Jo 


where a; are any desired non-negative integers. We shall now work out 
the initial values of the derivatives in which differentiation with 
respect to 2, plays a part. It follows from (211) that: 


(=), ena (215) 


On differentiating both sides of (211) any number of times with respect 
to the variables x, ..., &n, then introducing zero values of the argu- 
ments, we obtain on the right-hand side the values already calculated 
for derivatives (214) and (215), and hence find: 


Iltarr... + anu ) 
( Oa, dr... Org” Jo 


for any non-negative values a, ..., an. We now take the equation 
which is obtained from equation (211) by differentiation with respect 
to 2,, and follow the same procedure with this as with the original 
equation. This gives us completely defined values for the derivatives: 


( O2+a,+...+ anu ) 
K: 


dx? Ont... 0x2” 


On continuing in this way, we can work out any partial derivative of 
the required function for the initial values of the arguments, and form 
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the Maclaurin series: 


= 1 Oat... Hanu P ax 
an acne U! an! ( Ir... L" | ee Onan en) 
The foregoing arguments, like those in the case of an ordinary differen- 
tial equation, prove the uniqueness of the regular solution of our 
Cauchy problem. To prove the existence, we have to show that series 
(216) is convergent in certain circles with centre at the origin when the 
initial values obtained for the derivatives are substituted in it. We can 
say, precisely as in the previous section, that, if we replace series (213) 
by a majorant series, and if series (216), formed in the way described 
above for the majorant equation thus obtained, is convergent, it will 
be all the more convergent for the original equation. Suppose that 
series (213) is absolutely and uniformly convergent under the condition: 


Jal <o --.5 |ta]<e@ lu] <o | pa] <ER; ...5 |Pa] <ER, 


and let M be the greatest value of the modulus of the sum of this 
series under these conditions. The function 


will be majorant for (213), the number M being subtracted from the 
right-hand side of the previous formula in order to get rid of the con- 
stant term which is in fact absent in series (213). The function: 


(- EEE i - patete) PE 


will be all the more majorant for series (213). If we divide the variable 
x, by some number a satisfying the condition 0 < a < 1, the various 
powers of this number will appear in the denominators of the coeffi- 
cients of the terms containing powers of x,, and the function 


M 


| Fl tar Hantu 
= 


— M 
\o- Pst. t Pe) 
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will still more be majorant for (213). We thus have the majorant 
equation: 


M 


ay 
. e R 


By evaluating the Maclaurin coefficients for the solution of this equa- 
tion satisfying the initial condition (212), we obtain a power series which 
vanishes for x, = 0, and which is majorant for series (216) formed for 
equation (211). If this power series proves to be convergent, series 
(216), formed for equation (211), will be all the more convergent. We 
next find the solution of equation (217) which satisfies 


U | x0 = Ph Zo - + +5 Ln) (218) 


instead of the zero initial condition, y being a power series with non- 
negative coefficients. Successive evaluation of the Maclaurin coeffi- 
cients for this solution can be performed precisely as above, except 
that the initial condition (218) leads to the appearance of certain non- 
negative numbers instead of zeros on the right-hand side of (214) for 
all non-negative values of the ax. The evaluation of the further coeffi- 
cients is carried out as above, and amounts to the operations of ad- 
dition and multiplication on the non-negative coefficients already 
obtained and on the positive coefficients in the expansion of the right- 
hand side of equation (218). Therefore, if we replace the zero initial 
condition (212) by initial condition (218) for equation (217), y being 
expanded as a series with real non-negative coefficients, series (216) 
for equation (217) with initial condition (218) will be majorant with 
respect to series (216) for equation (217) with the zero initial condition 
(212), and all the more majorant with respect to series (216) for 
equation (211) with initial condition (212). Therefore, it is all a 
question of proving that series (216) for equation (217) with any 
initial condition of the form (218), where p possesses the above-men- 
tioned property, is convergent inside certain circles with centre at 
the origin. 

In other words, it is all a question of finding the solution of 
equation (217) satisfying a condition of the form (218), and of proving 
that this solution can be expanded as a Maclaurin series if x, is suffi- 
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ciently close to zero. We shall seek such a solution as a function of the 
single argument z = 2, + a(z, + ... + £n). 
Here, 


so that equation (217) has the form: 


du M 
a | ae M, 
a (n— l)a du 
To a) 
or 
(n — 1) Ma) du (n—lhafdu)\? _ M = 
Q- So)" )o-*>*4) a z M. 
a 
R= zs 
@ 


We shall assume that the number a has been taken so close to zero 
that the coefficient of du/dz is positive. We obtain on the right-hand 
side of the equation, on expanding by the progression formula, a power 
series with no constant term and with positive coefficients. Our last 
equation can be written as 


du \2 du 
(T) -Ag + oem) =o, 
where h > 0 and ọ(z, u) is a power series with no constant term and 
with positive coefficients. On solving for du/dz, we get a first order 
equation: 


d 1 
=h, ih geu), (219) 


where the radical has to be taken equal to unity for z = u = 0. 
On expanding by the binomial theorem, we get: 


h? i! 21 he 
E EED T E 
EE) gy, 


and all the coefficients of powers of ọ(z, u) are positive. On further 
expanding in powers of z and u, we obtain on the right-hand side of 
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equation (219) a power series ,(z, u) with positive coefficients and 
with no constant term, and we arrive at the first order equation: 


du 
FT p(z, u). 


A theorem has already been proved on the existence of a regular 
solution of this equation satisfying the initial condition u,, = 0. 
This solution will be represented by the series: 


all the coefficients of which are positive. If we substitute 
2=2, + a(x,, +... + £n) in this expansion, we get a solution of 
equation (217) written as a power series with positive coefficients. 
This solution will satisfy, for vx, = 0, some initial condition (218), 
where tp(%, ..., 2) is a power series with positive coefficients. From 
what has been said above, the construction of such a solution of equa- 
tion (216) amounts in the long run to a proof of the existence of the 
solution of the Cauchy problem. This present proof is due to Goursat. 
The theorem itself is generally known as Kovalevskaya’s theorem, 
since she was the first to offer a finished proof. 

It follows from the proof given above that the radii of the circles 
for the variables x,, inside which the convergence of series (216) is 
established, depends only on the radius of convergence of the right- 
hand side of equation (213) and the maximum modulus M of this 
right-hand side, and does not depend on the concrete form of the 
function f. We recall that (216) gives the solution of problem (211), 
(212). As regards (205), (207), there is added the further dependence 
on the radii of convergence and maximum modulus of the function 
9(%, .--, Zn) appearing in condition (207). A similar remark applies 
to the results of the next section. 


127, Equations of higher order. The method described above can 
be applied virtually without modification to the case of higher order 
equations. Let us take as an example a second order equation with 
two independent variables, solved for the second order derivative 
with respect to x: 


r= f(x,y, u, p,q, 8, t) (220) 


(P = Ug, J = Uy, T = Ugy 8 = Uyy, É = Uyy) - 
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The Cauchy initial data in the present case consist in specifying u 
and p for the initial value of z: 


u |x=o =¢(y4); P |x=0 = p(y). (221) 


Let y(y) and p(y) be functions regular at the point y = 0. We use 
the notation: 


g(0) =w; (0) =p; (0) = Go; P0) =H; p”(0)=t 


and suppose that the right-hand side of (220) is a regular function at 
the point: 


x=y=0; U=% P=Pi T=% FS =H; t=h. 


Equation (220) now has a unique regular solution satisfying the 
Cauchy conditions (221). We shall not give the proof of this assertion, 
which is similar to the above proof, and shall confine ourselves to 
indicating the possibility of a single-valued determination of the Mac- 
laurin coefficients of the required solution. Initial conditions (221) give 
us immediately the values of the derivatives 


du atau 
( dy? ), ( Ox Oy? \, 
for any non-negative values of a, i.e. the initial conditions give us the 
initial value of the function itself and of such derivatives of it as con- 


tain differentiation with respect to z not more than once. The equation 
itself gives us next: 
( 0? u 
Ox? b g 


On differentiating both sides of (220) several times with respect to y, 
we obtain the values: 
ata y 
( 02? dy" },: 


On differentiating both sides of (220) with respect to x and using the 
equations obtained precisely as was done just now regarding the 
original equation (220), we have the values: 


Ste y 
( 3x? dy* ),- 


On proceeding further in this manner, all the Maclaurin coefficients 
of the required function can be uniquely determined. 
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We now state Kovalevskaya’s theorem in the most general case 
for a system of equations of any order. Suppose we have a system 


of m equations in the required functions w,, ..., Um of the independent 
variables 2, ..., Zn: 
Oe Uy, alu; 
= fgl £i, Up — l k=1,...,m). 222 
Oat ff wee REA] ( ) (ana) 


The right-hand sides of these equations contain the independent 
variables z,, the functions uy and their derivatives up to order rx: 
the derivatives 3u,/3xF, with respect to which the system is solved, 
must not appear in the right-hand sides. The Cauchy initial data 
now have the form: 
duk 
Up Lymo = Prl +--+, La) 

neo = Prl t3 n) x, 

gree) Uk 
3c |x,—0 


= G(x, 665 En) oes} 


x= 0 


(223) 
= pty ..., Lp) (b= 1,...,m). 


The functions on the right-hand sides of these last equations are 
assumed regular for the zero values of the arguments. We define 
the initial values of these functions and of their derivatives so that 
the common order of the derivative of function up does not exceed rg. 
We assume that the right-hand sides of (222) are regular functions 
of their arguments, for values of the arguments equal to the initial 
values of the functions which we have just obtained by the method 
indicated of differentiation of functions (223). 

A theorem now holds for the existence and uniqueness of the regular 
solution of system (222) with initial conditions (223). 

We remark that a complete theory of partial differential equations 
can be constructed by confining ourselves to analytic functions only. 
The inadequacy of this stand-point will be indicated below when 
considering higher order equations. 


§ 2. Equations of higher orders 


128. Types of second order equation. We shall start our description 
of the general theory of higher order equations with an investigation 
of linear second order equations. Suppose we have a linear second 
order equation for the function u of independent variables 4%, ..., Xn: 


n 


PAG vos Wy) Uri H= 0. (1) 
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The coefficients a; are taken to be given functions of the independent 
variables x, and it can obviously be assumed that api = Qik, in view 
of the independence of the result of differentiation on the order. 
The terms not written do not contain second order derivatives. 
They can even be non-linearly dependent on the required function 
and its first order derivatives, so that, strictly speaking, our discussion 
is of equations which are only linear as regards the higher order 
derivatives. All the functions and independent variables are assumed 
real. 

The general theory is based on a division of the equations into 
types. Equations of different types are associated with quite different 
fundamental problems, require different methods of solution, and are 
satisfied by functions with quite different analytic properties. Equa- 
tions of the form (1) will be divided into types in the present section. 
For this purpose, we form the quadratic form of the auxiliary vari- 
ables &,: 


D anték. (2) 
l, k=l 


On assigning definite values z{ to the variables z,, we obtain a 
quadratic form with numerical coefficients. If this form is positive 
definite or negative definite [III, 35], equation (1) is said to belong 
to the elliptic type at the point zs = x. Further, we shall say that 
the equation belongs to the elliptic type in some domain D of space 
(£i ---, Zn), if it is of the elliptic type at all points of this domain. 
The property of being of the elliptic type is characterized by all the 
coefficients of quadratic form (2), after reduction to a sum of squares, 
being of the same sign at every point of domain D; also, no coefficient 
must vanish. Similarly, we say that equation (1) is of the hyperbolic 
type in domain D, or as it is sometimes said, is of the normal hyperbolic 
type, if the quadratic form (2), after reduction to a sum of squares, 
has coefficients which are all of a given sign apart from one, this 
remaining coefficient being of the opposite sign. If quadratic form (2), 
after reduction to a sum of squares, has at least one zero coefficient 
at every point of D, we say that (1) is of the parabolic type in D. 
If there is no zero coefficient, yet we have neither an elliptic nor a 
hyperbolic type, the equation is sometimes said to be of the ultra- 
hyperbolic type. If the coefficients a; are constant, the type of the 
equation is independent of the independent variables. The simplest 
equation of the elliptic type is Laplace’s equation; the wave equation 
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is of the hyperbolic type, and finally, the heat conduction equation 
is of the parabolic type. Let us consider this last equation: 


Uy = A? (Ux + Uyy + Uz) $ 


We can write in the notation of (1): 


1 
xy x + Uxe xe + Uys xs — Gr Ux =0, 
and the quadratic form (2) becomes: 


Sit E+E. 


This is already reduced to a sum of squares, the coefficient of & 
being zero. 

If the coefficients a;, of equation (1) contain the function u and 
its partial derivatives ux, we can only speak of the type of the equation 
after fixing some solution ur, .. -, Zn) of it. On substituting u = u® 
and Ux, = uo in the coefficients aix, we obtain a function of x, only, 
which enables us to state the type of the equation for the given 
solution uw. In certain cases the type of the equation can be deter- 
mined for any u. 

If the equation is non-linear: 


F(a, -os Epp Uy Ugy oes Urges Urry +++ Uxq xq) = O, 


the type of the equation is determined for a given solution u by con- 
structing coefficients aj, in accordance with the formulae: 


Gin = for u =u, 


Ox, Xk 


then determining the type of the linear equation: 


n 
D Aik Ux; xp =T 0. 


i, k=1 


129. Equations with constant coefficients. Let us consider equa- 
tion (1) with constant coefficients a; and write down the correspond- 
ing quadratic form. By means of a linear transformation of the 
independent variables we try to reduce the set of terms containing 
the second derivatives in equation (1) to the simplest form. In fact, 
we introduce new independent variables ys instead of x, with the 
aid of the linear transformation: 


Yk = Cy By + - - -+ Cen Lp (k= 1, 2,..., n), 
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on the natural assumption that the determinant formed from the 
coefficients of the transformation is non-zero. The derivatives with 
respect to the old variables are given in terms of the derivatives with 
respect to the new by the expressions: 


n n 
Uy, = 2 Csi Uyy Uyi xy = a Csi Cik Uy, ys + 
= T 


On substituting in equation (1), we obtain a transformed equation of 
the form: 


n 
r — 
Zi Uy: yg H+ =0, 


where the new coefficients aj, are given in terms of the old by 


n 
Qin = 2, Cis Cht Ast » (3) 


On the other hand, if we introduce into quadratic form (2) new 
variables ns in place of the &, with the aid of a matrix which is the 
transpose of matrix ci, which amounts to expressing the old variables 
in terms of the new with the aid of this matrix, i.e. if we put 


Ek = Cy Ny tes + Crk Nn (k=1,..., n), 


it is easily seen that the transformed quadratic form will have precisely 
the coefficients aj, given by (3), i.e. 


yj 


n 
Qik Ši Èr = PLUE 
ha 


i; k=l 


But we know that the coefficients cj, can always be chosen so that 
quadratic form (2) reduces to a sum of squares, i.e.: 


n n 
D anti ék = Sin, 
i,k=1 i=1 
or, in other words, aj, = 0 for i # k and aj; = 4;. The signs of the 
coefficients A; in fact decide the type of the equation. On retaining 


the previous notation for the independent variables, we obtain a 
transformed equation of the form: 


n 
2 Ai Uy x, H- =0. 
i=l 
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If the equation is linear and has constant coefficients, not only with 
respect to the second order derivatives, the transformed equation 
takes the form: 


Ai Ux + È bitt + oU = Hy +++ Bp) (4) 


By adding a suitably chosen numerical factor to the independent 
variables £z, we can always arrange for the non-zero coefficients À; 
to be equal to (+1) or (—1). Suppose that all the A; are non-zero, 
and let us show that in this case the function u can be freed of terms 
containing the first derivatives with the aid of an elementary trans- 
formation: in fact, we introduce instead of u the new required function 
v given by: 
1 bi 
u = ve ; (5) 
It is easily shown that substitution in equation (4) gives us an 
equation of the form: 


a 
Sie ex + aY = filtr -s tp). 


All the 4; have the same sign for an equation of the elliptic type, 
and we can assume, by multiplying both sides of the equation by 
(—1) if necessary, that all the A; are positive. On replacing the 2; 
by new independent variables x; = V3; 2}, we get rid of the coefficients 
2i, and we can say, retaining the previous notation, that every linear 
equation of the elliptic type with constant coefficients can be reduced 
to the form: 


= Us gf H OU = filtr <6 +5 En): (6) 


In the case of the hyperbolic type, we shall assume that there are 
(n + 1) independent variables, and we shall write ¢ for one of them. 
We can obviously assume that n of the A; are negative and the other 
one is positive, and we use ¢ to denote the independent variable for 
which A; is positive. In the end, every linear equation with constant 
coefficients of the hyperbolic type can be reduced to the form: 


n 
un — È uxi + cu = filt, is- Ln). 
i= 
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130. Normal forms with two independent variables. We proved 
in [129] that, in the case of constant coefficients, the set of terms 
of the equation which depend on the second order derivatives can be 
reduced with the aid of a linear transformation to some normal form. 
In the case of variable coefficients, depending on the zs, we obviously 
cannot rely on carrying out the transformation to the normal form 
with the aid of a linear transformation of the variables, and we have 
to use more general transformations; though even in this case, the prob- 
lem can only be solved for the case of two independent variables. 
We therefore take a second order equation with two independent vari- 
ables, linear with respect to the second order derivatives: 


a(x, y) usx + 2b(x, y) Uyy + e(z, Y) Uy H... =0. (7) 
We introduce instead of (x, y) the new independent variables (&, 7): 
È= p(z, y); n= plz, y). (8) 


The derivatives with respect to the old variables are given in terms 
of the derivatives with respect to the new by the formulae: 

Uy = Ug Py F Un YPxs Uy = Ug Py + Uy Py 

Uae = Weg Px F eg Pr Px + U Wx H Ug Pax + Un Pxx 

Uyy = Ugg Py + Zen Py Py F Ur Py F Ue Pyy F Un Pyy 

Uxy = Ugg Px Py F Wen Px Py F Py Px) H Ua Px Py T Ug Pay F Ug Pry: 
On substituting in equation (7), we have the transformed equation: 

a‘(é, n) Ugg + 2b'(é, n) Uen + c' ($, n) Urm + = 0 , 


where 
a' (E, n) = apx + 2bp, py + cp 


o'(&, n) = aps + 2by, py + cpy (9) 
B'(E, N) = Px Px H DPs Py + Py Px) F Py Py 
The following identity may be verified by direct substitution: 


a'o — b'? = (a0 — b?) (Px Py — Py Ya)? (10) 

It is easily seen that the sign of ac — b? determines the type of 

equation (7). If ac — b? < 0, the equation is of the hyperbolic type, 

with ac — b? > 0 it is of the elliptic type, and with ac — b? = 0 

it is parabolic. By (10), transformation of the variables does not 

change the sign of ac — B?, i.e. of course, it does not change the type 
of the equation. 
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For equations of the hyperbolic type with constant coefficients, 
the simplest form in two independent variables is 


Uy, — Uyy $...= 0. (11) 


On introducing new independent variables (£, 4) instead of (a, y): 


o+y , x — 
(=a ye (12) 


we arrive at another elementary form of the hyperbolic type: 


wg, +...= 0. (13) 


It can be seen that either (11) or (13) can be taken as the elementary 
form of the hyperbolic type in two independent variables. Either of 
these equations is easily transformed into the other. 

We return to equation (7) and suppose it to be of the hyperbolic 
type in some domain D of the (x, y) plane. This means that, for (x, y) 
in D, the quadratic equation 


a(x, y) T? + 2b(a, y) t + c(4, y) = 0 (14) 


has real distinct roots. Here, we take either a#40 or c40. If 
c=a=0, equation (7) isalready of the elementary form (13). Obviously, 
we can assume without loss of generality that a # 0. Let us consider 
the first order partial differential equation: 


a(x, y) UZ + 2b(x, y) Uy Uy + elx, y) Uy = 0. (15) 


Writing f(x, y) and f,(z, y) for the roots of (14), equation (15) will 
be seen to split into two: 


Uy = f(x, y) Uy (16,) 
and 
Uy = fa(£, Y) Uy. (16,) 


If the coefficients a, b and c, and hence also functions f; and f}, are 
sufficiently smooth, the last equations have solutions with con- 
tinuous derivatives up to the second order in some part of domain D 
[cf. 100]. Let us take as p(x, y), p(x, y) of transformation (8) solutions 
of (16,) and (16,) respectively. Tnese solutions can be chosen so that 
the determinant 9xyy — yx is non-zero in the part of D in question. 
It may be observed that 


P= fi Py V= fa Py, 
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whence 
Px Py — Py Px = (fi — h) Py Py- (17) 

It follows from these last equations that, if the determinant vanishes 
at some point, both first order partial derivatives of g or p vanish 
at this point. We must therefore find solutions of (16,) and (16,) 
such that both their first order partial derivatives do not vanish 
simultaneously. 

Functions g and y satisfy (15), and by (9), we have a’ = c’ = 0, 
whilst it follows from (10) that b’ # 0, so that (7) reduces to form (13). 

As we saw in [100], the solution of (16,) and (16,) is of a local 
nature, i.e. we can construct solutions of these equations differing 
from constants in a domain which, in general, will only be a part 
of the domain in which f(x, y) are continuously differentiable, and 
the reduction of (7) to the normal form will only hold in this sub- 
domain. The same remark concerning the local nature of the reduction 
of (7) to the normal form applies for the discussion that follows. 

Let us turn to equations of the elliptic type. Here, ac — b > 0, 
and the roots of (14) are imaginary conjugates. We can write down 
(15) as before. Let us write one of equations (16): 


—b+Vac—b% | 


ty, = a y3 


where the root is taken as positive. On regarding the coefficients 
a, b and c as analytic functions of x and y, and a Æ 0, we can find 
the solution of this equation as an analytic function [126]: 
u = p(x, y) + y(x, y) i, where 


b Vac — b? b Vac — b? 
Px = — Py — yp = SP te 


We now carry out the change of variables (8). Using the system for 
gy and y, together with (9), we obtain: 


b= 0; a =e = (ac — b) (Gh +), 
and the equation becomes, after division by a’: 


eu 


3u L 
aE t ay to (18) 
Instead of (17), we have: 


2 z 
Px Py — Py Px = — Garra Fy Py. 
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The problem is therefore solved for the elliptic type as well. A solu- 
tion of this general problem, where a, b, c satisfy certain conditions 
but are not assumed to be analytic, may be found in I. N. Vekua’s 
article in DAN SSSR, vol. 100, no. 2, 1955. We still have to con- 
sider equations of the parabolic type. Here, equation (14) has equal 
roots, and (15) reduces to a single equation, i.e. (16,) and (16,) coincide. 
We take the solution of this equation as g(x, y) and any function 
as p(x, y), provided only that the functional determinant of ọ and y 
is non-zero. By virtue of the choice of gy, we have a’ = 0 in the 
transformed equation. In addition, since the equation is parabolic, 
ac — b? = 0, and (19) shows that b’ = 0. We thus have a’ = b’ = 0 
as a result of the transformation. The function c’ cannot be identically 
zero, since if it were, our equation would be of the first order, and the 
inverse transformation from (&, 7) to (x,y) could not give us the 
second order equation (7). We thus have the following canonical 
form in the parabolic case: 


Um +.--= 0, (19) 


where the terms not written do not contain second order derivatives. 


131. Cauchy’s problem. We saw above [127] that, given the second 
order equation: 
F(x, yY, u, p,9,7, 8, t) =0, (20) 


the Cauchy initial data can consist in a particular case in specifying 
the function u and its derivative u, = p for the initial value of x = 2,: 


U | care = PY); Pleoxe = P(Y) - (21) 


Such data will be described as special Cauchy data. These initial 
conditions imply that the values of the required function wu and its 
partial derivative p are given along the curve x = x, of the (x, y) 
plane. We remark that the value of the second partial derivative 
q |x=x, = 9’(y) is obtained here directly from the first of conditions (21). 
Hence we know from the initial data the function itself and both 
its first order partial derivatives along % = 2p. It is easy to conceive 
of more general Cauchy data. Let A be a non-self-intersecting curve 
on the (x, y) plane, and let the values of the required function u be 
given along this curve. We must automatically know the derivative 
of u along A with respect to the tangential direction to A. To find 
the first order derivative with respect to any direction, we must be 
given one further value along 4, i.e. the value of the derivative of u 
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with respect to any direction other than the tangential must be 
specified along 4. Knowing the derivatives with respect to two direc- 
tions on the (x,y) plane along A, we can find the derivative with 
respect to any direction on the plane along A. Therefore, the value 
of the function and of its derivative with respect to any non-tangential 
direction must be specified along 4 in our present case. The specifica- 
tion of u along a curve å in the (x, y) plane leads us to a curve l in 
three-dimensional space (x, y, u). Furthermore, the partial derivatives 
p and q are known along A. The Cauchy data therefore finally reduce 
to specifying a curve Z in three-dimensional space (x, y, u) and to 
specifying the positions of the tangent plane along this curve. These 
general Cauchy data can be described as follows in parametric terms: 
we are given five functions of one parameter: 


x(t), y(t), u(t), pit), a(t), (22) 
which must satisfy the relationship 
du = pdx +qdy. (23) 


This last relationship amounts to the requirement that the specification 
of both derivatives p and g along A does not contradict the specification 
of u itself along å i.e. that the derivative with respect to the tangent 
to 4, worked out from the given p and q, has in fact the values obtain- 
ing along å by virtue of the specification of u. The five functions (22) 
satisfying (23) define a strip in three-dimensional space (zx, y, u) and 
the Cauchy problem amounts to seeking the integral surface of equa- 
tion (20) which contains the strip. 

The Cauchy problem is similarly posed in the general case for 
functions of any number of independent variables. Let us take say 
the second order equation in three independent variables: 


F(X, ay Cas Wy Uyy Uggs Uggs Ur xy Uy ge e) =O. (24) 


The initial Cauchy data amount here to specifying the function u 
and its first order partial derivatives on a surface S of three-dimensional 
space (T1, Tz, X3). Since the values of u itself are given on S, to specify 
all the first order partial derivatives on S we only need to specify 
the derivative with respect to any direction not in the tangent plane 
to S. If the surface S supporting the initial Cauchy data is a plane 
a, = xf”, we have the special form of the initial Cauchy data: 


U h= = P(T L3); Ux, amo = P(E £3) - (25) 
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The Cauchy problem in the parametric form amounts to specifying 
seven functions of two parameters: 


Lilt fa), Lolli tg), Xe(ty, ta), Ulti t), | (26) 
Ugl ta), Uxg(tr t) Ueg(tr, te), 
where the condition: 
du = u,, dx, + u,, dv, + u,, dx, . (27) 


must be satisfied. The specification of functions 2,, x2, 2; amounts to 
specifying a surface, and the remaining data to specifying a function 
u and its first order partial derivatives on the surface. Data (26), 
satisfying condition (27), are usually described as a strip, or more 
precisely as a first order strip in four-dimensional space (2,, 2, £a, 4), 
and the Cauchy problem consists in defining the integral surface of 
equation (24) containing the given strip. In the case of a function 
u of n independent variables (7, ...,%,) the strip is given in the 
form of (2n + 1) functions of (n — 1) parameters: 


x(t, wees tazi); u(t, ...s tn—1) Wyltis ...s tn—1) (k = 1, 2, eae n) ’ 


where the functions must satisfy the relationship 


n 
du = Pam dzy. 


If one of the independent variables is time ¢, and the surface support- 
ing the initial Cauchy data is the plane t = 0, we get the usual problem 
of mathematical physics of integrating an equation with given initial 
conditions [II, 163]. 

The initial Cauchy data define the function u and all its first order 
partial derivatives on the curve or surface that supports the initial 
data. If we associate the differential equation itself with the initial 
data, as we saw in [127], in the case of the special Cauchy data we 
can also uniquely determine on our curve or surface all the second 
order derivatives of the required function. We shall describe the strip 
as a characteristic strip if the strip plus the differential equation itself 
does not lead to unique determination of the second order derivatives. 
We shall discuss this question in detail in the next section, for a 
quasilinear equation in two independent variables. 
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132. Characteristic strips. We shall consider an equation of the 
form 
ar + 2bs+ct+h=0, (28) 
in which the coefficients and the term h are given functions of (x, y, u, 
p, q). We want to find the integral surface of this equation containing 
the given strip: 


x(t), y(t), u(t), pt), q(t) (du = pdx + qdy). (29) 
We obviously have: 
dp=rdx+sdy; dg=sdx+idy, 


and on adding the equation itself, we have three first degree equations 
for the second order derivatives of the required function on the base 
curve 2 : x(t), y(t), supporting the initial Cauchy data: 


dz -r + dy. s = dp 
dg. s + dyt = dg (30) 
ar + 2bs + ct = — h. 


In this system 7, s, t are the unknowns, whilst the remaining quantities, 
by (29), are known functions of the parameter t. If the determinant 
of the above system is non-zero, we obtain definite values for the 
second order derivatives. Hence, the necessary and sufficient condition 
for incompatibility or indeterminacy of the problem of seeking the 
second order derivatives is 


dz, dy, 0 
d=] 0, da, dy/=0, (31) 
a, 2b, c 
or, in the expanded form: 
ady? — 2bdady+cdz2?=0. (32) 


Let us find a second condition guaranteeing that the problem is 
indeterminate, i.e. that system (31) has an infinite set of solutions. 
We shall assume that one of the second order minors of determinant 
(31) differs from zero. We assume for definiteness that 


0, dy 


” = —ady#0. 


In this case system (30) will have one characteristic determinant 
[III, 9], and the necessary and sufficient condition (in addition to (31)) 
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for it to be indeterminate is that this characteristic determinant 
vanishes [III,, 9]: 


dz, dp, 0 
0, dg, dy|=0, 
a, —h, c 


or, in the expanded form: 
adpdy + hdx dy + cdz dg = 0. (33) 


On also recalling (23), we finally get the following three equations 
which completely define a characteristic strip as a strip along which 
the search for the second order derivatives of system (30) leads to 
am infinite set of answers: 


a dy? — 2b dx dy + cdz? = 0 
adp dy + hdz dy + cde dg = 0 (34) 
du = pdx + qdy. 


Let us analyse separately the case of special Cauchy data: 


Waxy = PU); P lezz = PY) - (35) 


Here, the role of parameter ¢ in expressions (29) is played by the 
variable y, and the variable x retains the constant value x = 2p. 
Condition (32) leads to a = 0. We observe that this condition should 
not be satisfied as an identity after substitution of initial data (35) 
in the function a. System (30) now becomes 


sdy = dp; tdy= dq; 2bsi+c=—h 


and the necessary and sufficient condition for it to be indeterminate 
is that the third equation be a consequence of the first two. On multi- 
plying this equation by dy and taking the first two equations into 
account, we arrive at the condition: 


2bdp + cdg = — hdy, 


which in this case replaces condition (33). Finally, for the special 
Cauchy data (35), we have the following conditions defining a 
characteristic strip: 


a=0; 2bdp + cdq = — hdy; du = qdy. (36) 
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The condition a = 0 shows that it is impossible to find uxx from 
equation (28). The second condition: 


dp dq = 


implies that the p and q given on the straight line x = zy are such 
that equation (28) is satisfied, since on this straight line s = dp/dy 
and ¢ = dg/dy. The third condition gives the obvious expression: 


q kas = 9’ (y) : 


133. Higher order derivatives. We have discussed in the previous 
section the question of finding the second order derivatives on a 
given strip. We now consider finding the higher order derivatives. 
Suppose we have the case when determinant (31) is non-zero. We take 
the total differential of the first two of equations (30) and differentiate 
the given equation (28) with respect to x and y. This gives us four 
first degree equations for the four third order derivatives of the 
required function u on the strip: 


(dz)? ty, + 2da dy Uyyy + (AY)? Uyyy =... 

(dx)? Uyyy -+ 2dæ dy Uyyy + (dy)? Uyyy =.. 
Ayyy F 2Uy xy F CUxyy =.. 
AUyxy + Wtbyyy H CUyyy 


The determinant of this system is 


(dx)*, 2dady, (dy), 0 
0, (dx)? 2dady, (dy)? 
a, 26, c, oO |’ 
0, a, 2b, c 


It can be shown that this determinant is equal to the square of 
determinant (31), i.e. is identically zero. For, writing y for any root 
of the equation 

a + 2by+cy2?=0, (37) 


we add to the elements of the first column of 4, the elements of the 
second column multiplied by y, the elements of the third column 
multiplied by y?, and of the fourth column multipled by y?. The 
elements of the first column now become: 


(dz + ydy)?, y(dx + ydy)*, 0, 0, 
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whence it is clear that A,, being a homogeneous fourth degree poly- 
nomial in dx and dy, is divisible by (dz + y dy)?. The coefficient of 
(dx)* in the expression for A, is c?, and if we write y4, yz for the roots 
of (37), we can write: 


A, = (da + y, dy)? (dz + y dy)?, 


or, taking into account the property of the roots of a quadratic 
equation: 


A, = (c dz? — 2bdady + ady?)? = A? 


We have assumed in the proof that (37) has distinct roots. But if 
A, = A? holds on this assumption, it will also hold when (37) has 
equal roots. To verify this, we only need to vary somewhat the 
coefficients a, b, c so that (37) has distinct roots, then pass to the 
limit in 4, = 4? as the altered coefficients tend to their initial values, 
for which the roots of (37) are equal. 

Similarly, five first degree equations can be obtained for the five 
fourth order derivatives, and the determinant of this system also 
proves to be non-zero, and so on. We suppose the corresponding 
functions to be analytic and regular. Hence, as in the case of the 
special Cauchy data and the equation solved for r [127], the deriv- 
atives of all orders can likewise be calculated in the general case on 
a given strip, on the assumption of non-zero 4. We could form the 
corresponding Taylor series and prove its convergence as in [126]. 

We now turn to the case when the given strip is a characteristic 
strip. We shall confine ourselves here to the special Cauchy initial 
data (35). These initial data themselves give us s and ¢ for x = £p, 
and it only remains to find r. But on substituting the initial data 
obtained in (28), we obtain an identity by (36), and the derivative r is 
at first sight completely indeterminate at x = x). We differentiate 
both sides of (28) with respect to x: 


ary + 2bs, + ct, + (ay + aup + apr + ags) r + 
+(...)s+(...)#@+(...) =0, (38) 


where the brackets with rows of dots contain expressions precisely 
analogous to the expression in the bracket containing derivatives of a. 
If we substitute in this equation initial data (35) and the already 
known second derivatives 


S|x=xo =P (Y); t= |eoxy P” (Y) 
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on using the notation r |x=x, = œ(y), it is easily seen that we get a 
Riccati equation for the required function w(y), i.e. an equation of 
the form 


a (y) w (y) + B (y) œ (y) + y (y) œ (y) + ô (y) = 0, 


where a, 8, y and 6 are known functions of y. If we take any solution 
of this equation, we then know r at x = 2,, and hence know all the 
third order derivatives at z= 2, except uxxx- To find the initial 
value of this latter derivative we have to differentiate (38) with 
respect to x and introduce all the initial data already found into the 
equation thus obtained. Hence we arrive at a linear differential 
equation for the required function txxx | x=x, = ©4(Y): 


ay (y) œi (Y) + By (y) @1 (Y) + yı (y) = 9. 


This process can be continued further. New arbitrary constants will 
be continually introduced on integration of the above Riccati equation 
and the subsequent linear equations, and the real difficulty of the 
problem lies in choosing the values of these constants so that the 
resulting Taylor series is convergent. It can be shown (though we 
shall not dwell on this) that there is an infinity of ways of doing this 
for equations of the hyperbolic type, i.e. an infinite number of integral 
surfaces pass through a characteristic strip. Conditions (36), or in the 
general case (34), are thus the necessary and sufficient conditions to 
be satisfied by the initial data in order that integral surfaces exist 
containing a given characteristic strip. 

Let us take as an example the simplest second order equation of 
the parabolic type: 


t—u,=0, ie. Uy = uyy. (39) 


Here, a = b = 0, c= —1, and equation (32) gives dx = 0, i.e. 
x = const. There must be some singularity along any line x = zy 
when trying to solve Cauchy’s problem. Suppose that we have the 
special Cauchy data (35). On putting x = x, in (39), we get p(y)=o"(y), 
whence the function p(y) is seen to be completely determined by 
specifying g(y). This corresponds to the necessary fulfilment of the 
second of conditions (36). Only the first of conditions (35) therefore 
needs to be stated in the present case. 

If we differentiate (39) with respect to x and put x = 2%, we com- 
pletely determine the initial value: r leex, = p! Viy). Having obtained 
this initial value, we can obtain the initial value at x = 2, of the 


398 FUNDAMENTAL THEORY OF PARTIAL DIFFERENTIAL EQUATIONS (134 


third order derivative with respect to x by differentiating (39) twice 
with respect to x and setting « = x), and so on. Here, the initial 
values of the derivatives with respect to x are uniquely determined, 
whilst the above-mentioned differential equations degenerate into 
finite relationships. Having found the initial values of the derivatives 
of all orders with respect to x at v= £a we can construct the 
corresponding Taylor series. It may happen that it is convergent in 
the neighbourhood of x = x, only if g(y) is an entire function satisfy- 
ing some auxiliary condition. We recall that, when considering the 
problem of heat propagation in an infinite rod [II, 204], we found a 
solution of equation (39) satisfying the first of conditions (35), in the 
form of a definite integral. It was obviously not necessary there to 
assume that p(y) is an entire function. To pass to the earlier notation 
of [II, 204], x must be replaced by ¢ in (39), and y by x, whilst we 
took a?= 1 in the equation of [II, 204]. 

If we put p(y) = 0, we obviously get an identically zero solution 
of (39). Let us show that a further elementary solution of (39) exists, 
satisfying the same initial condition u xx, = 0 except at the point 
y = 0, x = 2,. Suppose that 

w= l 

Vz — ay 


u=0 for x< zt (40,) 


2 
e 40-%) for x > a (40,) 


Function (40,) and all its derivatives tend to zero as x tends to 
£, (from greater values), i.e. the function defined by (40,) and (40,) 
and all its derivatives remain continuous on passing through the 
straight line x = 2», whilst u and all its derivatives vanish on the 
line itself. The only exception is the point + = %, y = 0, at which 
the constructed function has a singularity. It can be seen by direct 
differentiation of (40,) that the constructed function satisfies equa- 
tion (39). At every point of x =v, the function evidently ceases 
to be analytic or regular in 2, since it is identically zero to the left 
of the straight line and non-zero to the right. Hence the function 
cannot be represented by a Taylor series in positive integral powers 
of (x — £o). Solution (40,) differs by a constant factor from the 
solution providing an elementary heat source [II, 204]. 


134. Real and imaginary characteristics. Since the coefficients of equa- 
tion (28) can depend on vu, p, g as well as on x and y, we can determine 
the type of the equation only after fixing some point in five-dimensional 
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space (£, Y, u, p,q). Now if b — ac > 0, we have the hyperbolic 
type, if b — ac < 0 the elliptic, and if b? — ac = 0 the parabolic. 
Let (29) be a given strip, which we assume to be real. If our equation is 
elliptic along this strip, the expression on the left-hand side of con- 
dition (32) cannot vanish; consequently no real strip can be a charact- 
eristic strip. We shall only consider the hyperbolic type below. 
Equation (32) is a quadratic equation in dy/dx. In the case of the 
hyperbolic type it has two real distinct roots, which we shall denote 
by u(x, yY, u, p,q) and p,(2, Y, u, p,q), so that the above equation 
splits into two: dy = dx (i = 1, 2). We can therefore write two 
systems of equations in place of (34): 


dy — u,dx = 0 
au,dp + hu,dx + cdg = 0 (¢=1, 2) (41) 
_ du = pdx + gdy, 


to which there correspond two systems of characteristics. 

The situation is particularly simple when the equation is purely 
linear in the second order derivatives, i.e. when the coefficients 
a, b and c depend only on the independent variables (x, y). In this 
case the fundamental equation (32) becomes an ordinary first order 
differential equation with variables x and y: 


a (x, y) dy? — 2b (x, y) dx dy + c (x, y) da? = 0. 


In the hyperbolic case it defines two families of curves on the (2, y) 
plane, which are generally called characteristic curves or characteristics 
of equation (28). The special feature of any characteristic is that, 
if we lay down certain Cauchy data along this curve, i.e. the function 
u and its first order derivatives, the strip thus obtained either leads 
to an incompatible system (30) for the second order derivatives, or 
else is a characteristic strip. In the case of any non-characteristic 
curve, any Cauchy data lead to definite values of the second and 
higher order derivatives. In the elliptic case, (32) has imaginary 
roots for dy/dx, and there are no characteristic curves on the (x, y) 
plane. If we pass to complex values of the variables (x, y), imaginary 
characteristics can be obtained from (32). All the functions are 
naturally assumed to be analytic here. Finally, in the parabolic case, 
(32) gives us one family of characteristics on the (x, y) plane. It will 
be seen on turning to the results of (32) that, when reducing an equation 
to the canonical form, we chose a family of characteristics as the 
coordinate lines on the (x, y) plane. 
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135. Fundamental theorems. Just as in the case of a first order 
equation, the characteristic manifold plays a fundamental role in the 
solution of an equation. The fundamental theorems are exactly 
like those that hold for first order equations. 

Suppose that two integral surfaces of equation (28) have finite 
order contact along some curve l of space (x, y, u), ie. they have 
a common tangent plane along the curve though certain derivatives 
of higher order than the first may prove to be different along the 
curve. It may easily be seen that the curve plus the tangent plane 
along it must represent a characteristic strip. For, if this were not 
the case, it would follow from the discussion of (133) that completely 
determinate values would be obtained for the derivatives of all 
orders along J. We thus have the theorem: 

THEOREM 1. If two integral surfaces have finite order contact along 
a curve l, this curve together with the corresponding tangent plane repre- 
sents a characteristic strip. 

The basic property of a characteristic strip is that, along it, the 
equation leads to an indeterminate system (30) for the second order 
derivatives. This property obviously does not depend on the choice 
of independent variables, and we thus have the theorem: 

THEOREM 2. Characteristic strips transform to characteristic strips for 
any reversible and smooth change of variables (x, y). 

Let S be an integral surface of equation (28). On the surface u, 
p, q are definite functions of the independent variables (x, y). On sub- 
stituting for u, p, q their expressions in terms of (x, y) in the coefficients 
of (28), we get definite expressions for these coefficients in terms of 
(x, y), and equation (32) becomes a differential equation of the first 
order, defining two systems of curves on S. Equations (23) and (32) 
will be satisfied along each of these curves l, and it may easily be 
seen that the second of equations (34) must also be satisfied along l. 
For, if it were not satisfied, we should have an incompatible system 
for the second order derivatives, and this contradicts the fact that 
the strip defined by l and the tangent plane to S lies on S. We thus 
have the third theorem: 

THEOREM 3. Any integral surface can be covered by a family of 
characteristic strips. 

It may be mentioned that, if we stay in the real domain, this 
result only holds for the hyperbolic or parabolic cases; in the hyper- 
bolic case we can cover the integral surface by two families of charac- 
teristic strips. 
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We now prove the following converse: 

THEOREM 4. If a family of characteristic strips u = u(x, y), where 
u(x, y) has continuous derivatives up to the second order, forms a 
surface S, this surface is an integral surface of equation (28). 

Let S be a surface covered by a family of strips, along which 
equations (34) are satisfied. We have along each of these strips: 


dp=rdx+sdy; dg = sdz + tdy. 


On substituting these expressions for dp and dq in the second of 
equations (34), we arrive at the following two equations: 


as dy? + (ar + ct + h) dz dy + cs dz? = 0 
ady? — 2b dx dy + c dz? = 0. 


On multiplying the second by s and subtracting from the first, we 
arrive at the fundamental equation (28), where it must be observed 
that the product dxdy differs from zero, since x and y are the inde- 
pendent variables. 

In the case of a first order equation, the characteristic strips were 
given by an ordinary system of ordinary differential equations, and 
in view of this, the problem of solving a first order partial differential 
equation reduced the solution of a system of ordinary differential 
equations. In the present case system (34) is a system of three exact 
differential equations for five required functions. Levi has shown 
(Math. Annal., vol. 97) how system (34) can be extended so as to 
obtain a system of five differential equations of the first order with 
five unknown functions — a system having a special form. A solution 
of the Cauchy problem can be constructed in a unique manner for 
this system, which leads to the solution of the Cauchy problem for 
equation (28) also. 

The next section discusses particular cases when system (34) has 
a solution. 


136. Intermediate integrals. For convenience in future working, we transform 
(34) for the characteristic strips into a new form. On recalling the basic property 
of the roots of a quadratic equation, we can write H, H, = c/a, and this equation 
can be used to rewrite (34) with 7 = 1 as: 


h t 
dy — pm dz =0; dp + pdg +z 47 =0; du—(p+qu,)da=0. (42) 


The second system (with ¢ = 2) is obtained from the first by interchanging 
the symbols 4, and 4, We shall seek a function V(x, y, u, p, q) such that its 
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total differential vanishes by virtue of (42): 
V da + Vy dy +Vydu + V,dp +V,dq=0. (43) 


Having found dy, du and dp from system (42) and after substituting in the 
left-hand side of the last equation, we must be able to equate to zero the coef- 
ficients of the remaining differentials dz and dg. Hence we find that the neces- 
sary and sufficient condition for V to be a solution of system (42): 


V (x,y, u, p,q) =9, (44) 
is that V satisfies two linear homogeneous first order partial differential equa- 
tions: 

Vet ta Vy + (P +g) Vu — È p=0, 
Vg — K: Vp=0. 


(45) 


If uand yp, are interchanged in these equations, an analogous system is obtained, 
expressing the necessary and sufficient condition for V to be a solution of 
the second system of characteristic strips. The methods of seeking the solutions 
of system (45) have been described in [120]. Suppose we have managed to find 
a solution of this system which is non-trivial (not a constant). We show that 
every solution of first order equation (44), which is not a singular solution, is now 
also a solution of equation (28). In fact, the total differential of V must vanish 
here by virtue of (42), i.e. must be a linear combination of the left-hand sides 
of these equations: 


av = a (dy — m da) + f (ap + mdg +Ž de) +y(du—pax—gay), (46) 


Let S be an integral surface of (44). On this surface, u, p,q are definite func- 
tions of (x, y), and by solving the first order equation dy — uds = 0, we 
get a family of curves covering S. In addition, we must evidently have 
du = pdx + gdy along these curves. Since, by what has just been said, the 
factors of a and y in (46) must vanish along our curves, the following equa- 
tion must hold along the curves, i.e. on the surface S: 


B(ap + mag + = dz) <0. 


By hypothesis, the integral surface S is not a singular solution, so that the 
coefficient of dp either or dg will be non-zero on the left-hand side of (43). It 
follows from this that 90, i.e. all three of equations (42) are satisfied along 
our curves, so that S is in fact covered by characteristic strips of equation (28). 
But now, by the fourth theorem of [135], this surface is an integral surface of (28). 
Hence, knowing solution (44), we obtain a class of solutions of (28) by integrating 
the first order equation (44). Suppose we have found two independent solutions 
of system (45): V, and V,. The expression V, — ©(V,), where @ is an arbitrary 
function, will now also be a solution of system (45), and we have the following 
solution of system (42): 


V,— (V) =9, (47) 
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containing the arbitrary function ®. Suppose we want to find the integral 
surface of (28) containing a given strip (29). On replacing x,y, u, p,q by 
their expressions (29) in functions V, and V,, we get two definite functions 
of the parameter ¢: v(t) and v(t). Equation (47) now reduces to the form 
v,(t) — Dfv,(t)] = 0. We introduce instead of t the new variable o = v,(¢). On solv- 
ing this equation for ¢, we get t = w(c), and the previous equation, expressed in 
the variable g, defines the form of our function ®(c) = v,[w(o)]. After finding 
the form of ®(o), equation (47) will become a definite first order equation. 
On solving the Cauchy problem for it, with initial data (29), we get a solution 
of the Cauchy problem for (28) also. Every solution of system (42) or of the 
analogous system obtained by interchanging uw, and y, is usually called an 
intermediate integral of equation (28). We remark that, if system (45) is complete, 
it has three independent solutions. It can be shown that this can only be the case 
when 4 = Mo. 

Note. Suppose that h = 0, and that coefficients a, b and c are constant 
or depend only on p and q. Now, uw, and u, also depend only on p and q, and 
we can find a solution of system (45) if we seek V depending only on p and gq. 
The first equation will now be satisfied for any choice of V(p, q), since h = 0, 
and we get a single equation for V: V} — u,(p, q)V, = 0. Having found a solution 
Vi(p, q) of this equation, we obtain the first order equation V,(p, q) = const., 
every solution of which also satisfies the original second order equation. 
Instead of up, q), we could have used the second root (p,q) of equation 
(32), and another first order equation: V,(p,q) = const would have been 
obtained. 


137. The Monge—Ampere equations. The whole of the above theory of 
characteristic strips and intermediate integrals can be extended at once to 
equations of a more general type, viz., equations which are linear in r, s, t and 
rt — s, ie. of the form: 


ar + 2bs + ct + g (rt — 8?) +-h=0 (g # 0) 


This is general known as a Monge—Ampere equation. If a strip is given, the second 
order derivatives will be uniquely determined along this strip if the expression 


A = a dy? — 2b da dy + c dz? + g (dx dp + dy dg) 
differs from zero. If this expression vanishes, whilst 
B =a dp dy + h dz dy + c dq dx + gdp dq 


differs from zero, determination of the second order derivatives will lead to 
an incompatible system. The characteristic strip is given by the following three 
equations: 


A=0; B=0; du = pdv + q dy. 
If we write u, and 4, for the roots of 
12 + 2bu + ac — gh = 0, 


the two systems of characteristic strips can be defined by the equations: 


gdp + eda + m dy =0; gdg +ady + pdx =0; du = pdr + q dy. 
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The second system can be obtained from the one written by interchanging 
4 and u, All these results are obtained by working similar to the above. The 
fundamental theorems of [135] also remain valid for Monge-Ampere equations. 

When seeking the intermediate integrals, instead of (45) we arrive at the 
system: 


c 4 
Ket pg Vo a 


y a 
Vy + Vu Vp — E V=. 


The second system can be obtained from the above by interchanging u, and pg 
as previously. All the properties described above for intermediate integrals 
still hold. 


138. Characteristics with any number of independent variables. 
We now consider an equation of the second order in any number 
of independent variables: 


n 

2, Qix tH- 50 (Qir = Ari) (48) 
where the unwritten terms do not contain second order derivatives. 
The coefficients a;, will be assumed for the present to be functions 
of the independent variables z, only. We shall confine ourselves in 
the present case to discussing the condition for unique determination 
of the second order derivatives to be impossible from equation (48) 
and initial Cauchy data, i.e. an incompatible or indeterminate system 
is obtained when seeking these derivatives. This condition is analogous 
to (32) for the case of two independent variables. We shall start our 
discussion of the problem with the case when the initial Cauchy data 
have the special form: 


u Iya mp (Xp, sey Zn); Ux, lxje x,” = yY (Xo, ee ey Xp). 


These initial data enable us to define all the first order derivatives 
and all the second order derivatives except Uxx, on the hyperplane 
x, = «0. To find Ux,x, we have to make use of (48) itself, after putting 
a, = x), If it happens here that a # 0, we obtain a definite value 
for the derivative in question. Whereas if a = 0 after the sub- 
stitution, we either arrive at an impossible equation or obtain an 
identity. Thus the required condition has the form, in the case of 
special Cauchy data: 


an = 0. (49) 


138] CHARACTERISTICS WITH ANY NUMBER OF INDEPENDENT VARIABLES 405 


We now turn to the general case, when the initial Cauchy data are 
given on some hypersurface: 


W; (%1,.--,%,) = 0. (50) 

In addition to the function œ of the last expression, we introduce a 

further (n — 1) functions s(t, ..., Zn) ($ = 2, ...,) such that we 
can perform the change of independent variables: 

Ls = W, (%,.--, Lp) (s=1,...,n), (51) 


i.e. such that these last equations are soluble for the z,. We express 
the derivatives with respect to the old variables in terms of the 
derivatives with respect to the new, only the terms containing the 
derivatives of interest to us being written down: 


w, , Ba, 900, 
Ux; = Uyi Ox; + seg Uxx =. “xin Fy, Ox, cae 
t 


The transformed equation will have the form: 


n 
dii Uxix, +... = 0, where a= X an gar (52) 
, kal 

and the unwritten terms do not contain the derivative u,,,,. By (51), 
the initial data for the transformed equation are given on the hyper- 
plane x’ = 0, i.e. they have the special form. We can therefore make 
use of condition (49) in our present case, though only in the new 
independent variables. On taking (52) into account, we can thus say 
that the necessary and sufficient condition for the initial Cauchy 
data on the hypersurface (50) to lead to incompatibility or indetermi- 
nancy when seeking the second order derivatives is that the function 
@, satisfies the equation: 


0, (53) 


where this equation must be satisfied for œ, = 0, i.e. in other words, 
by virtue of equation (50). We shall call every hypersurface satisfying 
this condition a characteristic surface or characteristic of equation (48). 

If we fix some point M (x, ..., c), the coefficients Qir Will have 
fixed values at this point, which we shall denote by a{®. The direction 
of the vector, the real components a,, ..., an of which satisfy the 
equation: 


n 
=> al aay, = 0, (53,) 
k=1 
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will be called the characteristic normal direction at the point Mọ. 
Equation (53) is equivalent to the fact that, at every point of the 
surface (£ ..., %n) = 0 the direction of the normal to the surface 
is the characteristic normal direction. If the surface S(w, = 0) is 
such that the normal direction is characteristic at no point of the 
surface, i.e. the left-hand side of (53) is non-zero throughout the 
surface, it follows from what has been said above that the change 
of variables (51) will enable us to rewrite (48) as 


Uxtxt = 5 a; ik Uxixe + Sa, Uxixg F- (48,) 
i,k=2 i=2 

where the surface S becomes the plane xí = 0. This enables us to 
transform a Cauchy problem with initial data on surface S to a 
Cauchy problem with initial data on the plane vi = 0. If (48) has 
an analytic character, e.g. is linear and has analytic coefficients, 
the surface 8 is non-characteristic and œ; is an analytic function, 
then the transformed Cauchy problem can be solved, given suitable 
conditions, in accordance with Kovalevskaya’s theorem. If S is a 
characteristic surface, the function u and its first order partial 
derivatives must be connected on it by some relationship. For, u and 
its partial derivatives on S are expressible in terms of the same 
magnitudes on the plane x; = 0 and vice versa. Let 


U = Po (Ez ---, En); Ux, = Pı (%3,---,%,) for 2, =—0 


tig = Ge (k= 2,...,n). 


If S is a characteristic surface, aj, = 0 for xi = 0 in the transformed 
equation, and we have: 


n x 
Dd aktin + > aiti +... = 0, 
i, k=2 i=2 


where the unwritten terms contain only first order derivatives. The 
following connection is therefore obtained between functions po and q): 


0 1 
> aik Ox; E a F Sa a AH 
i,k=2 
This relationship does not in general lead to an identity in p, and ç}. 
We now suppose that coefficients aj, depend on u and ux, as well 
as on 2s. The initial Cauchy data on the (n — 1)-manifold (50) depend 
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on (n — 1) parameters. Let us assume that a, ..:, £y are these para- 
meters. On substituting these expressions for the initial data in the 
coefficients aj,, we obtain equation (53) as before, where the equation 
must be satisfied by virtue of (50), and we can find whether or not 
w = 0 is a characteristic surface for the given initial data. 

We shall confine ourselves in future to the case when the coefficients 
air depend only on the z,. It may be remarked that, if (48) is an 
equation of the elliptic type, equation (53) can have no real solutions 
apart from œ, = const., as in the case of two independent variables. 
The constant solution is obviously of no interest for our problem. 


139. Bicharacteristics. Equation (53) must be fulfilled by virtue 
of (50). Let us require that this equation be satisfied as an identity 
with respect to the x,. Equation (53) now becomes an ordinary first 
order partial differential equation, and every solution of it differing 
from a constant will yield a whole family instead of a single charact- 
eristic: 

W (Uy, +++, n) =C, (54) 


where C is an arbitrary constant. Conversely, the necessary and suffi- 
cient condition for the last equation to define a family of characteristics 
with an arbitrary constant C is that the function @,. satisfies equa- 
tion (53). Precisely as in [100], it can be shown that every charact- 
eristic can be included in a family of form (54) and that the solutions 
of (53) therefore give us all the characteristics. 

In the equations of mathematical physics, the independent variable 
time plays a special role as compared with the remaining variables, 
which usually give the spatial coordinates. We shall assume in future 
that this special independent variable is xz, and we shall write x, = t. 
We introduce the notation 2, ...,%m for the remaining variables, 
i.e. we assume n =m + 1. 

Let us write surface (50) in the explicit form with respect to t: 
t — w(%,, ..-,%m) = 0, and let us assume that the coefficients ax 
do not depend on t. 

On substituting the left-hand side of the equation t — œ = 0 in 
(53), we get the following equation for the function w: 


m Go Ow u do | 
> Vk Gg Ox ~ 2 D lin B+ Ann = O. (55) 
i;k=1 PENR i=1 d 
This equation must strictly speaking be satisfied by virtue of t = w. 
But it does not contain the letter ¢ at all, so that we can say that it 
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must be satisfied identically. On returning to the general case, let us 
consider equation (53) and write the corresponding first order Cauchy 
system. Equation (53) does not contain the function œ, itself, so that 
we shall not write down the relationship that contains da, in the 
corresponding Cauchy system. We thus obtain the following system 
of ordinary differential equations: 


Fe 2 SS MiP; (56) 
(k = 1, 2, n) 
dp, _ $ ĉa 


where s is an auxiliary parameter. We take a family of characteristic 
hypersurfaces w(t, ..-, %1) =C and put pr = 9,/dr,. Now, pı is 
expressed in terms of (%,, ..., &n), and, on substituting these express- 
ions in the right-hand sides of equations (56,), we get a first order 
system for (x, ..., %,). If we take any solution of this system and 
substitute in the above-mentioned expressions for p, in terms of 
(£i .-., n), it may easily be verified that the functions obtained 
will satisfy equations (56,). In fact: 


= n Bw Gay 
ue) be Oh de: 22, ae Bey Uy Pi = 2 > Be ayp; (57) 
i=l i k 


We replace the subscript i by 7 in (53) and differentiate both sides 
with respect to 2,: 


n Oay e Op; n Op; 
PA Ox, j 2, ij Oa, £1 2, jPi ory 
Since aj; = aji, the last two sums are equal, and we can use the last 


identity to rewrite (57) as: 
dp, Oj 


sda me By, RiP; > 

ds ife Ox, EJ 
which is in fact the same as (56,). We remark that equation (54) is 
now a solution of system (56,). For: 


do, _ 


= Z dw, 90, 
2 =, ik Bry Orp ’ 


and the last sum is identically zero, by (53). The curves of space En 
with coordinates (2, ...,%n), which are obtained as a result of 
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integrating system (56,), in which we put p; = 0 ,/0 x; are called 
bicharacteristics corresponding to the system wœ, =C of characteristic 
surfaces. 

If we take a point on a hypersurface œ, =C, as the initial values of 
the x, when integrating system (56,), the whole of the corresponding 
bicharacteristic will lie on the hypersurface, i.e. every characteristic 
surface of equation (48) can be formed from bicharacteristics. We now 
indicate the conditions in which the solutions of systems (56,), (56,) 
form a characteristic hypersurface. Surface (54) is an (n — 1)-manifold 
in R,. The parameter s appears in the equation of the bicharacteristic, 
so that we must form the characteristic hypersurface (54) by taking 
a family of bicharacteristics depending on (n — 2) parameters. 
We shall assume that the initial values af and p{ of the variables 
appearing in system (56,), (56,) depend on (n — 2) parameters t,, ..., 
tn». On repeating the arguments of [106], it is easily seen that the 
necessary and sufficient condition for the family of bicharacteristics 
obtained to give a characteristic hypersurface is that the above- 
mentioned initial values satisfy the following relationships [110]: 


n 
> QP pP =0, (58) 
ife 
n ax) . 
Pa =0 G=1,....n—2), (59) 
S= 


where the a$® are the results of substituting z, = a in the Aix. We are 


assuming here that at least one of the functional determinants of 
order (n — 1) of variables (2, ..., &n) with respect to (s, ti, ..., tas) 
differs from zero. 

All the above results follow directly from the Cauchy method of 
solving first order equations [110]. There is a minor complication 
in the present case, in that the equation of the integral surface is 
sought in the implicit form @,(2,, ...,%,) = O, whereas the Cauchy 
system (56) does not contain œ itself. 

A fundamental role in mathematical physics is played by a singular 
integral surface of equation (53), namely the characteristic conoid 
of this equation. This characteristic surface is obtained by the above 
method if we take the z{® as fixed, i.e. independent of the parameters 
(the vertex of the conoid), and subject the p{ to condition (58). 
We remark that the n quantities p{” are defined from this equation 
as functions of (n — 1) parameters. Since (58) is homogeneous, one of 
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the parameters appears as a factor in pf. But it is easily verified that 
equations (56,) and (56,) are unchanged if we replace s by (1/a)s and 
Pr by apk, where a is independent of s. Hence the parameter appearing 
as a factor in the p{® can be taken say equal to unity. 

If the coefficients aj, are constant, equations (56,) show that the 
Px must be constant, whilst we see from equations (56,) that the x, 
are first degree polynomials in s, i.e. if the aj, are constant, the bicharac- 
teristics are straight lines in Ry. 

Let us take an important particular case. We introduce the above- 
mentioned notation z, = t and consider an equation of the special 


form: 
m 
Uy — > akua +... =0. (60) 
i, k=1 


where m = n — I, and the aix do not contain t, i.e. depend only on 
(£i ..-+,;%m). We shall assume that the quadratic form 


m 
Ain Ši Fx 
ikel 
is positive definite for all values of £,. Equation (53) now becomes: 


dw, }2 E Qo, Jw __ 
( at ) -2a Ox; Or, 


We shall seek the characteristic hypersurface in the explicit form in t: 


w (Zi oo 5 Lm) —t=0 OP Gy -3 Em} (61) 
Here, pọ = 3w,/ðt = —1, and we obtain for the functions œ the 
first order equation: 
m 
X A, 0x 0%, = l (62) 
i,k=1 
or 
m 
> UK PiPr=1- (63) 
i, k=l 


The Cauchy system corresponding to this equation will be 


day dt -n dp, 

m = 2 5 Dy daj 
2 Dd) Qki Pi Qik Pi P. — L , 
2. ki Pi oe ik k ifa Oxy PiPj 


If we take some concrete characteristic hypersurface (61), it follows 
from (63) and the last system that the bicharacteristics forming it 
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must satisfy the following system: 


drg R 
a a Ari Pi (Pi = Ox) (k=1,..., m). (64) 

i=l 
Instead of regarding surface (61) as a fixed surface in n-dimensional 
space R, with coordinates (x,, ...,%m,t), we can regard it as a 
surface moving in the course of time in m-dimensional space Rm 
with coordinates (x, ...,%m). In this case, we regard the solutions 


of system (64) as curves À in space Rm, defined parametrically with 
the aid of the parameter ¢ (time). Now, of course, a curve A in space 
Em will no longer lie on the moving surface (61). 

If, for instance, we had the cone 


vi+ a—et = 0, 


in space R, with coordinates (2, £, t), we must regard it as a circle 
on the (2, 2,) plane with centre at the origin and with variable 
radius ct. If the straight generators of this cone were bicharacteristics, 
the curvesA in the (2, 2) plane consist of a pencil of straight lines 
issuing from the origin. This example corresponds, as we shall see 
later, to the case when the given equation is the wave equation: 


Un — c? (ise + Ux) =0. 


140. The connection with variational problems. Let A be the 
matrix of coefficients aix. On solving equations (64) for the p,, we 
get pi = A-'dz,/dt, where, as usual, A~-! is the inverse of matrix A. 
On substituting the expressions obtained for the p; in the left-hand 
side of (63), we transform the quadratic form in p; into a quadratic 
form in da,/dt, i.e. we have 

m n 
2 ba et Stk = Stu PiPe=1, (65) 
i, k= ik= 


i, 


sa 


where the matrix B of coefficients bix is given in terms of the matrix A 
by the expression [III, 32]: 


B = (A“)* AA = (A-1)*, 
or, allowing fo rthe fact that A is symmetric: B = A-}, 
We introduce a metric into space Em, defined by 
m 


do? = > by, dx; dæ- 


i,k=1 
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The integral 


Jom f || È toza, bin dæ; da, = | Sb bx, vi wi, dé, (66) 


i, k=1 


taken over any bicharacteristic that forms part of the characteristic 
hypersurface (61) is equal, by (65), to the difference in the values of 
t corresponding to the ends of the path of integration, i.e. the length 
of any arc of the bicharacteristic is defined, given metric (66), by the 
difference in the values of time corresponding to the ends of the arc. 

On comparing the above results with those of [80], we see that (63) 
is the equation of the basic field function for integral (66). The family 
of hypersurfaces w(%,, ..., Um) = t is therefore a family of transversal 
surfaces of some field of the variational problem for integral (66). 
Further, it may readily be seen that the bicharacteristics, correspond- 
ing to the family in question and defined by equations (64), will be 
extremals of the field. This is proved simply by using (64) to show 
that the bicharacteristics cut the hypersurfaces w(x, ...,%m) = t 
transversally. 

For, the transversality condition here reduces to the proport- 
ionality of p; = œx, and the derivatives of the integrand of (66) 


with respect to xj [80], i.e. to the proportionality of p; and PS bik £h- 
But we obtain on solving (64) for the p;: 


k 
Pi = > bik k, 
k=l 
which in fact proves our assertion regarding the transversal inter- 
section of the family of characteristic hypersurfaces by the correspond- 
ing bicharacteristics. 

We remark that the case of a characteristic conoid corresponds to 
a quasisphere in space Em with centre (x, ..., a) corresponding 
to the vertex of the conoid, and with radius f. 

If equation (60) corresponds to a wave process in space Rm, the 
first order equation (63) defines the geometrical optics of this process 
with the aid of the characteristic surface, and the bicharacteristics 
are rays defining the same geometrical optics. The above con- 
siderations lead to a geometrical optics having a direct connection 
with a variational problem. If we are given the wave front S, at 
t = 0, to obtain the wave front 8; at any instant t, we must construct 
a family of quasispheres with centres on S, and radius ¢, and take 
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the envelope of this family (the Huyghens construction). This con- 
struction corresponds to what was said in [109] regarding the solution 
of Cauchy’s problem for first order equations with the aid of the 
characteristic conoids of the equation. We shall not dwell on the 
proof of the construction. It can be carried out on the basis of the 
theory of the complete integral. We remark that the envelope of the 
quasispheres of radius ¢ can consist of two hypersurfaces. Only one 
of them will give the wave front at the instant t. 

All the above discussion can be carried out in space En, where ¢ 
is included among the coordinates, instead of in space Em. For greater 
symmetry, we take the general case of equation (48): 


n 


> Qik Ux;,x, + ... = 0 (aki = Bix) , (67) 
ik=1 
where aix are given functions of (2,, ..., &n). The characteristic surfaces 


will be given by the equation 


D = X apPiPa=0 = 2 (68) 
(tm Pe P= S apa0 (v= Bt); 
‚k= 


where D(x,, ..-, Zn, P ---» Pn) denotes the left-hand side of the 
equation. The Cauchy system corresponding to this equation, i.e. the 
system of ordinary equations defining the bicharacteristics, is given 
by equations (56,) and (56,). On replacing the auxiliary parameter s 
by s/2, we can write this system as 


d 
St=s5Dn;: =y Da (k=1,...,n). (69) 


The first equations of this system have the form: 


da, z k 
d ey Pi ( =], 2, ..-, 2). 
i=1 
On solving these equations for p; and substituting in (68), we get: 
z da; dx 
Ora ag (70) 


where the matrix B of coefficients b; is given by B= A-1. We 
introduce the metric into space Rp: 


n 
do? = > bir dz; dz. 


i k=l 
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The main difference from the previous metric is that the right- 
hand side can take negative as well as positive values for an equation 
of the hyperbolic type (an alternating quadratic form [III, 35]), so 
that do, can be imaginary. 

It follows from (70) that the special feature of a bicharacteristic 
is that do, = 0, i.e. given the above metric, the length of any segment 
of a bicharacteristic is zero. The non-real nature of the present metric 
must be borne in mind here. 


141. The propagation of a surface of discontinuity. Suppose that 
the second order derivatives of a solution u of equation (48) have dis- 
continuities of the first kind on the surface 


Y (£o «++, 2) = 0, (71) 


while the solution itself and its first order derivatives remain con- 
tinuous on passing through this surface. We shall consider the solution 
u from the two different sides of surface (71) as two different solutions 
of equation (48). These solutions have the same Cauchy data on this 
surface, though their second order derivatives have different values; 
we can therefore say that (71) must be a characteristic surface of 
equation (67). We should have arrived at the same result if we had 
assumed that the second order partial derivatives, as well as w itself 
and its first order derivatives, remain continuous on passing through 
surface (71), whilst only the derivatives of order higher than the 
second are discontinuous. In general, a solution of the second order 
equation (67) is said to have a weak discontinuity on surface (71) if, 
on passing through the surface, u and its first derivatives remain 
continuous, whilst certain derivatives of order higher than the first 
have discontinuities of the first kind on the surface. It follows from 
the above discussion that a characteristic surface must be a surface of 
weak discontinuity. 

On distinguishing the independent variable z, =t as above, 
instead of (71) we have a moving surface of weak discontinuity in 
space Rm: 

P(x, .--, Um, t) = 0. (72) 


Let us find the displacement velocity of this surface. We take a 
point M on surface (72) and draw the normal to the surface at M 
towards the side where y > 0. We take the segment MM, along this 
direction of the normal, from M to the point of intersection M, with 
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the surface corresponding to the instant (t + At). The limit of the 
ratio | MM,|:át as At—>0 is usually called the displacement 
velocity of surface (72). On introducing the notation: 


g= E xis (73) 


we have the following expression for the direction-cosines of the 
normal: 


cos (n, x,) = Vt. (74) 
We differentiate (72): 
m 
> Px da; + y, di = 0. 
i=l 
The quantity dz; can be taken as the projection on the coordinate 


axis, of the infinitesimal displacement MM, along the normal and we 
can therefore write: 


m 

> Px | UM, | cos (n, x) + pdt = 0. 

i=l 
On taking (74) into account, we get the following expression for the 
rate of displacement of surface (72): 


tea (75) 


In the case m = 2, we have a curve moving on the (x, x.) plane, 
in the case m = 3 we have a surface moving in three-dimensional 
space (Ti, La, La). 

Let us take as an example the wave equation with m = 1: 

Uy — a Uyy = Q. 


The fundamental equation (53) becomes: 


-ayo or X= ta, 


x 


and it shows that every weak discontinuity must move along the 
x axis with velocity +a. The characteristics on the (x, t) plane are 
two families of straight lines x + at = c. We consider also the equation 


— f (ux U;) Uy e =0, 


which is encountered when Pe tetas the motion of a compressible 
fluid in the one-dimensional case. Equation (53) becomes: 


y? — f(u Wys u) py = 0. 
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Suppose that the fluid is at rest on the x axis beyond the discon- 
tinuity, i.e. we have uy, = u= 0 on this side of the discontinuity 
and at the point of discontinuity itself. The above condition becomes 


y? — f(0, 0) yg = 0, and the speed of propagation of the discontinuity 


is given by: 
P=+/}f/(0, 0). (76) 


We now turn to the wave equation in three independent variables: 


Uy, — a (sax + Uraa) =0. 
Equation (53) now becomes: 


Yt — a? (Yx, +3) = 0, 


or, using (73), the last equation can be written as y; — a’g? = 0, 
and this first order equation expresses the fact that every charac- 
teristic curve on the (x), x) plane must move with velocity a. Asimilar 
result is obtained for the characteristic surface in three-dimensional 
space (£4, Xə Xa), if we start from the wave equation: 


Unt — a? (Uxx A Uxare + Uxx) =0. 


We remark that the coefficient a? can be assumed dependent on the 
coordinates (£i, Vy, Lz). 


142. Strong discontinuities. We have assumed in our study of 
discontinuous solutions of second order equations that the function 
itself and its first order derivatives remain continuous on passing 
through the surface of discontinuity and that only derivatives of 
the second order upwards have discontinuities (weak discontinuities). 
But we were able to assert with this assumption that the surface 
of discontinuity must be a characteristic surface. We now turn to 
a study of strong discontinuities. These imply, in the case of a second 
order equation, that even the first order derivatives have discon- 
tinuities. Our aim is to discover the circumstances in which a surface 
of discontinuity is necessarily a characteristic surface, as before. 
Let us take the wave equation in three independent variables. 
We introduce an operator on the left-hand side of this equation: 


l 
O U = Uyy F Uyy — r Uit (77) 
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This expression is usually known as a Lorentz operator. We bring in a 
further operator, containing the first order derivatives: 


P (u) = u, cos (n, x) + uy cos (n, y) — E cos (n, t), (78) 


where n is a direction in space (xv, y, t). Let D be a domain in space 
(x£, Y, t), S the surface bounding it, and n the direction of the outward 
normal to 8S. On applying the usual Gauss formula, we can write 
the following Green’s formula for the Lorentz operator precisely as 
in (II, 193]: 


SS ffeQu—uQojdr= ff [oP (u) — uP (v)] ds, (79) 
b D 


where u and v are two functions having continuous derivatives up to 
the second order in D. Suppose that the domain D is split by a surface 
ø into two parts D, and D,, where ø is a surface of discontinuity 
for the first order derivatives of the function u. Let us consider the 
conditions that this discontinuity must satisfy for (79) to remain 
valid as before throughout D as regards a function u with discontin- 
uous derivatives and as regards any function v with continuous 
derivatives up to the second order. We shall first of all assume that 
u itself remains continuous on passing through ø. Let M be a point 
of the surface o and l any direction lying in the tangent plane to o 
at the point M. We shall assume that the derivative du/dl has the 
same limit as we approach M from both sides of o, and that this 
limit is equal to the derivative of the values of u on ø itself taken 
with respect to the direction l. This condition is sometimes called 
the kinematic compatibility condition. If n is a fixed direction normal 
to o at M, we shall assume that du/dn has definite limits as we 
approach M from either side of the surface, but that these limits may 
be different for the two sides. 

We now turn to the formulation of a condition which is known as 
the dynamic compatibility condition. We shall assume that expression 
(78) has the same limits on both sides of the surface as we approach 
any point of the surface (n is the direction of the normal at this 
point), provided we take the same normal direction n in both cases. 
We assume further that (79) is applicable separately to the parts D, 
and D, of D. This will certainly be true if u has continuous derivatives 
up to the second order as far as the surface in D, and D,. If we apply 
(79) for D, and D,, we shall have directly opposite directions of the 
outward normal in both these cases on the surface o, so that the 
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expression P(x) will differ in sign for the two integrals. On adding 
these two formulae, we obtain (79) for the whole of D, since the two 
integrals over o cancel each other. Thus, given our assumptions 
regarding the strong discontinuity of the function u, we find that 
(79) holds for the whole of D. 

We now deduce some important consequences of our propositions. 
Let n be the unit vector normal to o, and let us consider the vector 
product grad uxXn. If 1 denotes the unit vector in the direc- 
tion of the projection of grad u on the tangent plane to o, so that 
grad u = du/dl-1-+- du/dn-n, the vector product in question is equal to 
du/dl (1 Xn), so that it is continuous on passing through the surface o. 
If we form the three components of the vector product, we get the 
following expressions, which must be continuous on passing through 
o by virtue of the kinematic compatibility conditions: 

U, COS (n, Y) — uy cos (n, x) = M, 
uy cos (n, t) — u cos (n, y) = M, (80) 
Ui COS (n, x) — u, cos (n, t) = M}. 


In addition, the condition stated above gives us a fourth expression, 
which must also remain continuous on passing through o: 


Uy COS (n, %) + u, cos (n, y) — EE cos (n, t) = M,. (81) 


We shall regard equations (80) and (81) as four first degree equations 
in Ux, Uy, uy. If the matrix of the coefficients of this system proved 
to have a rank equal to three, i.e. if at least one third order determinant 
of the matrix differed from zero, we should be able to solve the 
corresponding three equations with respect to the above-mentioned 
derivatives, and these derivatives would be expressed in terms of 
the continuous functions M,. All the first order derivatives of u 
would then remain continuous on passing through o, and we should 
not have a strong discontinuity. We can therefore assert that the 
rank of the matrix of coefficients must be less than three, i.e. all the 
third order determinants of the matrix 


cos (n, y), — cos (n, x), 0 
0 cos (n, t), — COS (n, Y) 
— cos (n, t), 0 cos (n, 2) (82) 


cos (n, x), cos (n, y), — a cos (n, t) 
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must vanish. On striking out say the first row, we arrive at the 
condition: 


cos (n, t) cos? (n, x) + cos (n, t) cos? (n, y) — = cos? (n, t) = 0. 
We assume that cos (n, t) 0, and we thus obtain the following 
equation: 
cos? (n, x) + cos? (n, y) — ip cos? (n,t) = 0. (83) 
If y(x, y, t) = 0 is the equation of the surface ø, this equation may 
obviously be rewritten in the form: 


2 


l 
Yet Vy -r= 0, 


and we now see that the surface o must in fact be a characteristic 
surface of the equation (] u = 0 in the present case of a strong 
discontinuity. The condition cos (n, t) #0 is obviously equivalent 
to y; 0. If condition (83) is fulfilled, it is easily shown that all the 
third order determinants of matrix (82) must vanish and that M, 
is a linear combination of M,, M, and M,; in fact, we now obviously 
have: 
cos (n, t) M, = cos (n, y) M, — cos (n, x) Mg. 


Hence it will be seen that, if the kinematic compatibility conditions 
are fulfilled so that M,, M,, M, are continuous and ø is a charac- 
teristic surface of the equation (] u = 0, the continuity of M, must 
follow from this, i.e. the dynamic compatibility condition is fulfilled. 
It is worth remarking that we arrived in the previous discussions at 
the equation of the characteristic surface without being at all con- 
cerned with an investigation of the solutions of the equation [} u = 0; 
we merely started from equation (79), containing the expression [] u 
on the left-hand side. 


143. Riemann’s method. We now turn to the solution of the Cauchy 
problem and start with the case of a linear equation in two independent 
variables, which will be assumed to be already reduced to the normal 
form: 


L (u) = Uy + a (x, y) Uy + b (x, Y) Uy + o (x, y) u = f(x,y). (84) 


The arguments of the coefficients and the function f will often be 
omitted in what follows. We have written L(u) for the left-hand side 
of the equation. We recall that the basic condition (32), defining a 
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characteristic, becomes dædy = 0 for the above equation, so that 
the characteristics of (84) are the straight lines x = const. and 
y = const., parallel to the axes. Along with the operator L(u), we 
consider the so-called conjugate operator, which is defined as follows: 


M (v) = v,, — (av), — (bv), + cv. 


The coefficients a and b are obviously assumed to be continuously 
differentiable in this case. Using the expressions for Z(u) and M(v), 
the following elementary identity is readily proved: 


2[oL (u) — uM (v)|= (u,v — vyu + 2buv), + (uyv — vyu + 2auv)y. 
(85) 


We take a domain D with contour 2 on the (x, y) plane and let u 
and v have continuous first order derivatives in D and a continuous 
second order mixed derivative. On integrating both sides of identity 
(85) over the domain D and using the familiar formula [II, 69]: 


SCs -a)r [Pde + Ody, 


we now obtain the following Green’s formula: 


2 f f [v2 (u) — uM (v)] dS 
D 
= — (uyv — vyu + 2buv) dx + (u,v — vyu + 2auv)dy. (86) 


After these preliminary remarks, we now proceed to the solution of 
Cauchy’s problem for equation (84). 

Suppose that J is a given curve on the (a, y) plane that is cut in not 
more than one point by any straight line parallel to an axis. The equa- 
tion of this curve can be written as x = z(y) or y = y(x). We assume 
that non-zero derivatives x’(y) and y’(v) exist on the part of l in ques- 
tion. The solution of equation (84) is sought satisfying a Cauchy specifi- 
cation on J, i.e. the values of the function u and of its partial derivatives 
Ux, Uy are given on l, where the usual condition du = ux dx + uy dy 
must be observed. We can suppose that u, Ux, Uy are given as functions 
of x only or y only along l. 

It is assumed here that the function giving the value of u on J has 
a continuous derivative, whilst uy and uy are continuous functions. 
‘The coefficients a and b, as we mentioned above, have continuous 
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partial derivatives by hypothesis, whilst c and f are continuous in the 
domain containing / to which our future discussions relate. We shall 
prove below that the problem has a solution, given our assumptions. 
Our immediate problem is to obtain a formula for the solution on 
the assumption that such a solution exists. 

We take as the domain B the part of the (x, y) plane bounded by an 
arc of curve l and two straight lines parallel to the axes and issuing 
from a fixed point P(x, y) (Fig. 5). Suppose that we know the solution 
in this domain of the homogeneous conjugate equation: 


M (w) =0. (87) 


On applying formula (86) to the required solution u of the Cauchy 
problem and to the solution just mentioned of equ- 
ation (87), we obtain with the aid of (84): 


—2 ff ofdo= f +f +f. (88) 
D AB BP PA 


Integration over the contour 4 is split into integ- 
ration over the arc AB of l and over the straight 
lines BP and PA, parallel to the axes. The inte- 
gral over the arc of l must be assumed known, 
since we are given the value of the required func- Fig. 5 

tion u and of both its first order partial deriva- 

tives on this arc. We consider the integrals over the straight lines. 
Only x varies along PA, so that the integration over PA gives: 


— È (u,v — 0, u + 2buv) dz. 
PA 


We can rewrite the integrand as: 
u, V — vu + 2buv = (uv), + 2u (bv — v,), 


so that we have: 


— f (u,v — vu + 2buv) dx = (uv)p — (uv), — f 2u (bv — v,) da, 
PA PA 


where for instance (wv)p is the value of the product uv at the point P. 
Similarly, the integration over BP gives us the result: 


f (uyv — vyu + 2auv) dy = (uv)p — (uv)g + § 2u (av — vy) dy. 
BP BP 
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Formula (88) can be rewritten as follows: 


20(P)u(P)= f [(u v — xoy u + 2buv) dz — (u,v — v, u + 2auv) dy] 
AB 
+u(A)v(A)+4u(B)o(B)+ f 2u (bv — v,) dx 
PA 


+ f 2u (av — vy) dy — 2 f f fodo. (89) 
PB D 

Suppose that we know, not just any solution of (87), but a solution 
satisfying the following conditions on the straight lines PA and PB: 


bv —— v, =0 on PA and av—v,=0 on PB, 


and such that, in addition, v(P) = 1. In this case the integrals over 
PA and PB fall out in (89), and we get the following expression for 
the value of the required function u(P) at the point P, the coordinates 
of which are denoted by (£o Yo): 


2u (£o Yo) = u (A) v (A) + w(B)0(B) + f (upv — vpu + 2buv) dx — 
AB 


— (u,v — vyu + 2auv) dy — 2 ff fodo. (90) 

D 
We shall now discuss in more detail the conditions which must be 
satisfied by the solution v of equation (87). Along PA we must have: 


0, =b (x, Yo) v. 


Fhis equation can be regarded as an ordinary differential equation in 
the independent variable x, and integration of it gives us the following 


value for v on PA: n 
§ b (x, Yo) dx 
v (£, Yo) = €” (on PA). (91) 


Similarly, we obtain on PB: 


f a(x y)dy 

v (£o y) = e” (on PB). (92) 

We now have v(£a Yo) = 1 at the point P(£o, Yo) itself. Thus the so- 

lution v of equation (87) must have given values defined by (91) and 

(92) on PA and PB. It will obviously depend on the choice of the point 

(Xo, Yo), i.e. in essence it is a function of a pair of points. We denote it 
by 

U(X, Y; Lo, Yo)- (93) 

This solution of equation (87), satisfying conditions (91) and (92), is 

known as Riemann’s function. This function depends neither on the 
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Cauchy data on J, nor on the form of this contour. The point (x, y) 
plays the role of argument for it, whilst the point (£o, Yọ) has the role 
of parameter. We remark that the existence of a solution of the 
problem could have been proved by showing directly that (90) in 
fact gives a function u(x, Yọ) which satisfies (84) and the conditions 
on l. This proof presents certain difficulties, and a different proof of 
the existence of a solution of the Cauchy problem will be found in later 
sections. 

The Riemann method described above reduces the solution of the 
Cauchy problem to finding the Riemann function (93). This func- 
tion is itself a solution of homogeneous equation (87) of the same 
type as equation (84), but with supplementary conditions entirely 
different from the Cauchy conditions; in fact, as we saw above, we are 
only given the value of the function v itself on the two characteristics 
PA and PB issuing from a given point P. We shall prove below the 
existence of the Riemann function. We remark further that the 
basic formula (90) has been obtained on the assumption that a solution 
of the problem exists. Therefore, if a solution exists, it must necessarily 
be given by formula (90), and the uniqueness of the solution of Cauchy’s 
problem is thereby proved. But it still remains to show that (90) in 
fact yields a solution of the problem. We shall prove later, not merely 
the existence of the Riemann function, but also the existence of the 
solution of the Cauchy problem, and hence at the same time prove 
that (90) in fact yields the solution of the problem. 

If we assume for the moment that all the above-mentioned existence 
theorems have been proved, we can pass to a discussion of some con- 
sequences of formula (90). As we have just mentioned, this formula 
proves the uniqueness of the solution of the problem. In addition, it 
follows at once from this formula that, if the Cauchy data are given a 
sufficiently small variation on the contour J, the solution may be 
varied by as little as desired, i.e. the solution of the Cauchy problem 
depends continuously on the initial data. Furthermore, a direct con- 
sequence of (90) is that the value of the required function u at the 
point P depends only on the initial data, distributed over the arc AB 
of L. If we continue the initial data specified on arc AB by two different 
methods beyond the arc, whilst preserving the continuity of the initial 
data at points A and B, we obtain outside the curvilinear triangle 
PAB two different solutions of the Cauchy problem, i.e. to be more 
precise, we get two different systems of Cauchy data, which will cor- 
respond to the two different solutions of the Cauchy problem, though 
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these solutions will coincide in the curvilinear triangle PAB because 
the initial data in both problems are the same along the arc AB. The 
characteristics PA and PB will be those curves along which the solu- 
tions, which are the same in the triangle, split up into two distinct 
solutions. 

None of the arguments of the present section assume that the func- 
tions are analytic. Mention must be made of the role of the condition 
that a straight line parallel to an axis, 
i.e. a characteristic, intersect the curve l 
in not more than one point. We take a 
curve l, (Fig. 6), which is cut in two points 
by a straight line parallel to the x axis, and 
suppose that the initial Cauchy data are 
specified on it. On using Riemann’s method 
we can find the value of the required func- 

Fic. 6 tion u at the point P, either by using the 

curvilinear triangle PAB or the curvilinear 

triangle PBC. The two formulae obtained in general give different 

results for u at the point P, so that the problem proves incapable of 
solution. 


144. Characteristic initial data. We now take the problem to which 
we were led when constructing the Riemann function. Only the case 
of a homogeneous equation will be considered here. Suppose we want 
to find the solution of the equation: 


Uyy + au, + buy + cu=0, (94) 


if only the value of the required function u is given on the straight 
lines CA and C B, parallel to the axes (Fig. 5). Let (&, 7) be the coordi- 
nates of the point C. We observe that, if u is given on CB, ux must 
also be known along CB. But now, on substituting y = n and the 
known functions u and ux, equation (94) becomes an ordinary first 
order linear equation for the function wy along CB. Integration of this 
equation will give us the partial derivative uy along CB. Similarly, 
knowing the value of u along CA, we can find both the first order 
partial derivatives of u along CA. The arbitrary constants obtained 
by solving the ordinary first order equations can be determined, 
since uy and uy can be assumed known at the point C. These arguments 
show us why it is sufficient to specify u only along the characteristics 
CA and CB. The Riemann method described above is immediately 
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applicable to the present problem, and we get the expression for the 
required function: 


2u (P) = u(A)v(A) + u(B)v(B) +f (u,v — out 2auv) dy + 
CA 

+f (u,v — vpu + 2buv) dz, 
cB 


where, as above, v is the Riemann function (93). 
We carry out the integration in the first of the above integrals 
after rewriting the integrand as: 


u,v — vyu + 2Zauv = — (uv), + 20 (au + u). 


A similar transformation can be used for the second integral. As a 
result, we obtain the formula: 


u (P) =u(C)v(C) + f v(au+u,)dy+ [o(bu+u,)dx. (95) 
CA CB 


Let us use this formula to prove a property of the Riemann function. 
We remark first of all that the conjugate to the operator M(v) will be 
the initial operator L(u). For: 


M (v) = v,, — av, — bv, + (c — a, — by) v, 
and the conjugate operator becomes: 
Ly (u) = uyy + (att), + (bu)y + (0 — ay — by) u 
= Uyy + au, + bu, + cu = L (u). 


We apply (95) to the Riemann function u of the operator M (v). The coef- 
ficients of vx and vy in the operator M(v) are equal to (—a) and (—b), 
so that the Riemann function of this operator is the solution of (94) 
satisfying the equations: au + uy = 0 and bu + ux = 0, on the straight 
lines CA and CB and in addition, we must have u(C) = 1. The point 
C(é, n) will play the role here of the point P(x», Y,) of function (93). 

On using formula (95) for this particular case, we arrive at the 
expression: 

u (Xo, Yo; È n) =V (E, N; To Yo), 


i.e. the Riemann function (93) of operator Z(u) transforms to the 
Riemann function of the conjugate operator M(v) if we interchange 
the points (x, y) and (£o Yo) in it. If the expression M(v) is the same 
as L(v), the expression or operator L(u) is said to be self-conjugate ; 
the Riemann function for a self-conjugate operator is a symmetrical 
function of the two points on which it depends. By using the expres- 
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sions for L(u) and M(v), the conditions may easily be written down 
for L(u) to be self-conjugate: a = b = 0. The problem of finding the 
solution of (94) when the function itself is specified on two character- 
istics is usually known as the problem with characteristic initial data. 
Just as in the case of the Cauchy problem, formula (95) shows that the 
problem with characteristic initial data can only have a single solution. 


145. Existence theorems, It remains for us to prove the theorems 
establishing the existence of the solutions of Cauchy’s problem and of 
the problem with characteristic initial data. We start with the latter 
problem and confine ourselves to the case of a homogeneous equation. 
Suppose we want to find the solution of equation (94) taking specified 
values on the characteristics x = £% and y = Yo: 


ulk- = PY); Uly- =P (%) [y (Yo) = p (20)]. (96) 
Assuming that the coefficient b has a continuous derivative with respect 
to y, we can rewrite (94) as a system of two first order equations: 


u, + bu =w; (97) 
w, + aw = du, (98) 
where 
d =ab + b, — c, 
and the following initial condition is obtained for the new function w: 
w ly=ye = g' (x) + b (x, Yo) p (x) = w (x). (99) 


If we regard (97) as an ordinary linear differential equation and take 
the first of conditions (96) into account, we get an expression for the 
function u(x, y) in terms of w(x, y): 


u(x, y) =e 


ü Je w (¢, y) dé + p(y) |: 


x (d 
— f by) dé] X$ § bE, y) dë 
x 


Similarly, equation (98) gives us: 


Š f a(x,n)dn y, fanan 
wy) =e ” J d (æ, n) u (a, n) dn + 
Yo 
+g (x) + b (x, Yo) p (2)]. 
These equations are equivalent to equations (97) and (98) with initial 
conditions (96). On introducing the notation: 


£ 
SEa f a(x’) da 
K (x, y; E) =e , K, (x, Y; n) =e d(x, n), (100) 
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we can rewrite the above equations in the form: 


= TOG, y) dé x 
u(x, y =e ™ y (y) + f Kı (x, y; ë) w (£, y) dé 
j (101) 
y 
— §a(x,n) dy y 
w(x,y)=e ” w (x) + f K, (x,y; n) u(x, n) dn. 


Yo 


The method of successive approximations, with the usual argument 
for establishing the convergence, enables us to prove the existence and 
uniqueness of the solution of the last system. In order to be able to 
return from equations (97) and (98) to (94), a continuous mixed deriv- 
ative Ux, must exist. It is clear from equations (101), which are 
satisfied by the continuous functions u(x, y) and w(x, y), that uxy does 
in fact exist provided b(x, y) has continuous first order partial deriva- 
tives and y(y) has a continuous derivative. If we substitute for w(x, y) 
from the second of equations (101) in the first, we obtain an ordinary 
Volterra equation with iterated integral for u(x, y). 

We turn to the proof of the existence of a solution of the Cauchy 
problem. As we saw above, the equation of the curve / that supports 
the Cauchy data can be written in the form x = æ(y) or y = y(x), 
where (y) and y(x) have continuous non-zero derivatives. The Cauchy 
data on / can be regarded as functions either of the independent variable 
x or of the independent variable y. We write these data in the form: 


u gee w=? (y) = Yi (2); Uy ae (xy = Fi (x). 


When solving equations (97) and (98), we must take into account 
the initial data: 


u pare =y% (y); w [yey (x) = P (x) + b [z, y (x)] y, (x) = w (x). 


We thus obtain, as above, the following system of integral equations: 


= j b (£, y) dé x 
a vy) + J K, (z, y; a (&, y) dé, 
=o) (102) 


u (x, y) =e 


= i a(x,n) dn y 
w(z,y)=e 79 w (a) + { K, (z, y; n) u (x, n) dn, 


y &) 


where K(x, y; £), K,(x, y; n) are given by (100). The proof of the con- 
vergence of the method of successive approximations is performed for 
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the system in the usual way, and an existence theorem may thence be 
proved for the solution. If the point P is located as shown in Fig. 5, 
the length of the path of integration can be replaced by (a — x) when 
integrating with respect to ¢ in inequalities, and by (8 — y) when 
integrating with respect to 7, where a and § are the greatest values 
of x and y in the rectangle with sides parallel to the axes in which the 
solution of the problem is considered, and where the coefficients 
satisfy the conditions established above. These conditions were e.g. 
continuous first order partial derivatives for coefficients a and b, and 
continuous c and f, these latter being required when carrying out 
Riemann’s method. We could equally have discussed the non-homo- 
geneous equation (84). Here, it is sufficient to add the function f(x,y) 
to the right-hand side of equation (98). The uniqueness of the solution 
is easily proved, by using system (102) instead of having recourse to 
Riemann’s method. 


146. Method of successive approximations. We could have proved the 
existence theorems by applying the method of successive approximations direct 
to equation (94), just as we did in the case of ordinary differential equations. 
Let us start with the case of characteristic initial data (96). Equation (94) 
with initial data (96) is equivalent to the integro-differential equation: 


xy 
u (x, y) = p (x) + Y (y) — p (xo) — $ $ [a (£, 1) ue (£, n) + 


Xe Ye 
+ b (E, n) Uy (E, 0) + ¢ (Ẹ, n) u (£, 0)] 4, dn, (103) 
where the term outside the integral satisfies initial data (96) by virtue of the 
obvious condition p(x) = y(Yo)- 
We can take as the first approximation the function 
Uy (x, Y) = p (x) + ¥(Y) — P (20). 


The remaining approximations are worked out successively from the formulae: 


un (2, y) = Uo (£, Y) — -f flew mEn + g, ny En y, 
Xo Yo 
+ c ($, 7) Uns (E, 9)] AE dn (n=1,2,...). (104) 


By using elementary inequalities, it can be shown that the successive functions: 


Bun (x, Oun (T, 
Un (£, Y), nD, ae 


are uniformly convergent in the rectangle R illustrated in Fig. 5, on the assumption 
that the coefficients of the equation are continuous functions in this rectangle. 
On passing to the limit in (104), we easily see that the limit function of the 
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sequence u,,(x, y) satisfies equation (103), and therefore satisfies equation (94) 
and initial data (96). 

We now turn to the Cauchy problem. Let R be a rectangle containing in its 
interior the part of the curve l on which the Cauchy data are specified and such 
that the coefficients of the equation are continuous functions inside R. Let 
(x, y) be a point inside R. Let us write D,, for the curvilinear triangle PAB, 
bounded by the arc AB of l and by the two straight lines PA and PB, parallel 
to the axes and issuing from the point P(x, y}. The initial Cauchy data can be 
written as: 

ul=gp(x) tyy); Ul= 9’ (a), uyi =w (y). (105) 


For, as we have already remarked, it can always be assumed that the initial 
data for u, and uy are expressed in terms of x or y. On integrating these functions, 
we also obtain initial data for u in the above-mentioned form. Equation (94) 
with initial data (105) is equivalent to the equation: 


u (x, y) = p (2) + y (y) + JS [a (£ n) ug (E, n) + b (E, n) un (£ n) + 
D. 
” + e ($, n) u (E, m] dë dn. 


In (103) we wrote the iterated integral with an indication of the limits, and 
with this form of writing it is a matter of indifference where the point P(x, y) 
is situated with respect to the characteristics x = x, and y = yọ. In the last 
formula we write a double integral and take the mutual disposition of the point, 
curve and axes shown in Fig. 5. We take as the first approximation: 


uo (x, y) = p (x) + Y (y), 


and the following approximations are worked out from the formulae: 


un(e = ulen t ff [a Gy EER oe p Er 5. 
Da 


+ o ($, 7) Un- ($, n)] dé dy. 


It can be proved as above, with the aid of elementary inequalities for the integ- 
rals, that the sequence u,,(z, y) is uniformly convergent in the rectangle R to a 
limit function which is in fact the solution of the Cauchy problem. 

We saw earlier [II, 51] that the method of successive approximations can 
be used to prove an existence theorem in the case of a non-linear differential 
equation. Similarly, the method of successive approximations just described 
can be used for a non-linear partial differential equation of the form: 


Uxy = f (x, y, u, P, q). (106) 


Suppose that the initial Cauchy data on the curve l(y = y(x)) are expressed 
in terms of the independent variable x: u(x), p(x), q(x), where we must have 
u(x) = p(x) + y’(x) q(x). We shall assume that the functions have continuous 
derivatives. We form the auxiliary function 


w (x, y) = u (x) + [y — y (@)] q(x), 


which obviously has continuous derivatives w, and w,. This function satisfies 
the required initial data on J. On replacing u by the new function u, = u — w 
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we obtain zero initial Cauchy data for it on 1. Obviously, we now have to trans- 
form to the new required function in equation (106). We can therefore assume 
that we have zero initial Cauchy data for equation (106). The function f on the 
right-hand side of the equation is assumed to have continuous first order 
derivatives with respect to all its arguments for values of (x, y) sufficiently close 
to l, and for values of (u, p, q) sufficiently close to zero. Equation (106) with 
zero initial data becomes: 


u (æ, y) = — f f FÈ, n, u, p, q) dé dn, 
Dry 


and the usual method of successive approximations is applicable to this equation 
if we confine ourselves to (x, y) lying in some neighbourhood of the curve l. 
We must take as the first approximation u, = Po = lo = 0, and the following 
approximations are worked out from the formulae: 


Un (a, y) Si f $ 1, N, Un- Pn-v qn-1) dé dn ’ 
Dzy 


Pn (£, Y) = f Í (x, N, Un- Pn-1> qn-1) dy ’ 
BP 


Qn (2, Y) = f$ E, y, Unt Pn- In-1) dé. 
AP 


We remark that a non-homogeneous equation could obviously be also con- 
sidered when applying the method of successive approximations for a linear 
equation, and we could reduce the initial data in the Cauchy problem or in the 
problem with characteristic initial data to zero, precisely as above for equation 
(94). The initial homogeneous equation would here become non-homogeneous 
for the transformed function. 


147. Green’s formula. The solution of the Cauchy problems becomes 
a good deal more difficult for second order equations when the number 
of independent variables is greater than two, and our treatment will 
be confined to the general outlines of the subject. 

We recall that the method of solution of the Cauchy problem has 
been indicated [II, 171] for the wave equation when the initial con- 
ditions are specified at t = 0. This special method cannot be general- 
ized, however, to equations with variable coefficients. We shall mention 
another method of solution of the Cauchy problem for equations with 
constant coefficients in the present section. This method is a generali- 
zation of the Riemann method, and like the latter, is based on a pecu- 
liar use of Green’s formula. It gives a solution of the Cauchy problem 
when the initial conditions are specified not only on the plane £ = 0, 
but also on several non-characteristic surfaces. It resembles in its 
basic idea the method used for equations with variable coefficients. 
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We take the example of the wave equation with variable coefficents 
in the next section and describe the method of solution of the Cauchy 
problem for linear equations with variable coefficients due to I. S. 
Sobolev. 

We have succeeded in constructing Green’s formula in the case 
when the left-hand side of the equation has a special form [143]. We 
now deduce Green’s formula for the general case of a linear operator 
with partial derivatives up to the second order. We shall assume in 
future that all the derivatives mentioned exist and are continuous. 

Let 


m m 
L(u)= X airus + Y brx + cu (aki = Air) (107) 
i k=l k=l 
and 
— € (arv) X 3 (bkv) 
M (w) =A En 2 in + cv, (108) 


where aik, b, and c are given functions of the independent variables. 
Let D be a bounded domain in m-dimensional space (2, ..., £m) and 
S its boundary surface. 

Green’s formula expresses the m-tuple integral 


S.-J [oL (u) — uM (v)} dr (109) 


in terms of an (m — 1)-tuple integral over the surface S. The following 
identity is easily verified by direct differentiation: 


vL (u) — uM (v) = 


3 Ov ) aik 


fa (v ae = Ses b 
Oa, | EL" Gay by Ox, ) Org uv] + >> On; (buo) , 


and we obtain by applying Ostrogradskii’s formula: 
f; . f [v2 (u) — uM (v)] dr = f-; . f [eP (u) — uP(v) + ueQ] dS, (110) 
where 


(111) 


=] cos (n, x;), 
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and n is the direction of the outward normal to 8S. We define a direction 
v at points of S: this is done by putting 


-| Š| 2 D Vik C08 (n, & Ji (112) 
and defining the direction v by the formulae: 
cos (V, £y) = N È tu cos (m, z) (k=1,2,..., m). (113) 
The first of formulae (111) can now be rewritten as: 
P (u =N È i osl, x,) = ye, 


and Green’s formula (110) can finally be rewritten as: 


f. J [vL (u) — uM (v)| dr = 


=|-.-[[y(o% aR) +we]as. a 


We remark that, if 


m aik À 
= =b, i=1,2,... m), 
2 ar A ( ) 
Q vanishes, the operator M(v) coincides with L(v), and we can write 
L(u) as: 


L (u) = =Š ra Aig Ux, + CU. 
=l k=1 


The operator L(u) is said to be self-conjugate in this case. 

Suppose that L is a characteristic hypersurface of the equation 
L(u) = 0 or L(u) = f, where f is a given function of the independent 
variables. Let w(x,, ..., £m) = 0 be the equation of this hypersurface. 
The quantities cos (n, x;) are proportional to the partial derivatives 
pi = x; and by (113), the direction-cosines of v are proportional to: 


m 
> Vik Pi: 
i=l 


These sums are the right-hand sides of the equations of the bicharac- 
teristics [139]: 
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forming the characteristic hypersurface S, and we can therefore say 
that: if S is a characteristic hypersurface, the direction v on it coincides 
at every point with the direction of the bicharacteristic lying on S and 
passing through this point. Consequently, the direction v lies in the 
present case in the tangent plane to S; v is sometimes called the 
conormal to S. We now show the significance of Green’s formula (114) 
for solving the Cauchy problem. Suppose we want to find the solution 
of the equation 

L(u)=—f, (115) 


if u and the conormal derivative du/d» are given on some surface S,. 
We shal] assume that S, is such that the direction v on it is not in the 
tangent plane. Then the fact that u and 
du/dv are given on S, implies that the deriv- 
ative of w with respect to any direction 
can be found on S,. We use the following 
procedure to find u at a point M (2f, ..., 9) 
outside S,. We draw the characteristic con- 
oid of equation (115) with vertex M, and 
suppose that half of this conoid forms with 
the part of S, a bounded domain D of space i $, 
(£i -< -, €m) (Fig. 7). Then Green’s formula 

(114) is applicable to the domain D, u being Fre. 7 

taken as the required solution of equation 

(115) and v as some singular solution of the conjugate equation 
M(v) = 0. The surface of D consists of the piece of S, on which w 
and 0u/dv are given, and the lateral surface I of the characteristic 
conoid. The direction v coincides on I’ with the direction of the 
tangent to the bicharacteristic lying on T, and this enables us to 
integrate by parts when integrating over I’. 

Let us carry out this method for the wave equation 


Mo 


L(u) =u, + Uyy — Up = — f (x, y, t). (116) 


The characteristic conoid is a circular cone in this case, for which 
the angle between the generator and the height is equal to x j4. The 
operator L(u) is self-conjugate, formula (112) gives N = 1, and we 
get from (113): 


cos (v, x) = cos (n, x); cos (v, y) = cos (n, y); cos (r,t) = — cos (n, t), 
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whence it is clear that the direction vis the mirror image of the direction 
nin the planet = 0. The equation of the characteristic cone with vertex 
(£o Yo to) will be: 


(£ — £o)? + (Y — Yo)? — (t — to)? = 0. (117) 
We use the following solution of the equation L(v) = 0: 
t—t)? > t—t 
v = log Thal - l (118) 


where 
r? = (x — 2o)? + (Y — Yo). 

We take the half of cone (117) turned towards decreasing values of t. 
We have (t — ¢,)/r = —1 on the lateral surface T' of this cone, and 
the solution (118) vanishes on this surface. 
Differentiation with respect to v on T'is differ- 
entiation with respect to the conormal direc- 
tion on T, i.e. with respect to the direction 
of the generator of the cone, so that we have 
dv/dv = 0 as well as v = 0 on T. But solu- 
tion (118) has a singularity at r = 0, i.e. 
the straight line through the vertex of the 
cone parallel to the ¢ axis is a singular curve 
of solution (118). We separate this curve by 
a circular cylinder T, of radius c. Let D’ de- 
note the remaining part of domain D. The 
boundary of this domain will consist of the lateral surface T, of 
the cylinder (Fig. 8) in addition to 8S, and I’. Let Si be the part of 
S, lying inside our cone, after subtracting the part that lies in T7,. 
We now apply formula (114). On observing that L(v) = M(v), 
Lu) = —f(x, y, t), L(v) = 0 and that v = dv/0y = 0 on T, we get: 


if (v 7 u a) as = ff frear. (119) 
Tet Sj D’ 


i 


Fie. 8 


The direction v coincides on T, with the direction of the outward 
normal, i.e. is opposite to the direction 7 measured from the ¢ axis. 
If p denote the polar angle in the coordinate system: £ — To = T CO8 Q 
and y — Y, = 7 sin p, we get: 


Sos 2u as = Da (120) 
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We have r = e on T, and, by (118), v will be of order log e. Since 
e log e-> 0 as e-> 0, we can say that integral (120) tends to zero 
along with e. Further, we have: 


BOOS ooo Ov t— ty 


ov Ər r yt — t) — r? 


where the radical must be taken as positive. On T,: 


VE — t) — 7 = Vit — to)? — e, 


and as —> 0 this radical tends to (tọ — t), since t < t. We thus have: 


t ea S a eS dpd 


to 


= 2n È u (£o Yo t) dt, 
A 


where ¢’ is the value of ¢ obtained at the point of intersection of the 
straight e r = 0 with the surface S,. Formula (119) therefore gives: 


af (£o Yor t) dt = Near —# a) a8 + J tear, 


where 8, is the part of S, lying inside the above-mentioned cone. The 
right-hand side consists of given values, and differentiation with 
respect to tọ gives us the final result: 


U (£o You fo) = mm [Jo u =) ds +] Jia, (121) 
S: D . 


We have obtained this formula on the assumption that a solution of 
the problem exists. Strictly speaking, we must also show that the 
right-hand side satisfies all the conditions of the problem. This is 
extremely difficult, since the position of cone (117) changes as ¢, varies. 
If S, is the plane t = 0, the solution is one which we obtained pre- 
viously. This method of solution of the Cauchy problem is due to 
Volterra. A detailed account of it can be found in Webster and Szegő: 
Partial Differential Equations of Mathematical Physics (Vol. I, ch. 6). 

Another method of solution of the Cauchy problem is connected 
with Green’s formula, namely Hadamard’s method. When this method 
is used, we take the solution of the equation M(v) = 0 that becomes 
infinite throughout the lateral surface of the characteristic conoid, 
or of cone (117) in the case of equation (116). This fact calls for special 
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precautions when applying Green’s formula and leads naturally to a 
special new concept of integral. 
In the case of the equation: 


m 
= S Uxx — Uy = — f 
s=1 


Hadamard’s singular solution has the form: 


m 


v=[t— 4) - 3 — aye 2. 


A detailed treatment of Hadamard’s method as applied to linear 
equations with variable coefficients can be found in his book Le 
Probléme de Cauchy et Les Equations aux Dérivées Partielles Linéaires 
Hyperboliques (Paris, 1932). The application of Hadamard’s method 
to equations with constant coefficients is dealt with in Courant and 


Hilbert: Methods of Mathematical Physics, Vol. II. 


148. Sobolev’s formula. We have had Kirchhoff’s formula [IT,202] 
in the case of the wave equation in four independent variables. Let 
u be the solution of the wave equation having continuous derivatives 
up to the second order in a domain D of space (t, £a, %), bounded 
by a surface S. Kirchoff’s formula gives u at any point inside D in 
terms of an integral over S, containing retarded values of u and its 
first order derivatives. We have also seen that, with a special choice 
of surface S, Kirchhoff’s formula leads to asolution of Cauchy’s problem 
when the initial data are given at ¢ = 0 [II, 202]. Kirchhoff’s formula 
can be generalized to the case of the wave equation with any even 
number of independent variables: 


Unt = Usixy F Uxexe + p + Uxsz4, Xokt1 ? 


and, as above, it yields a solution of Cauchy’s problem for this equation 
[cf. 153]. 

We shall now generalize Kirchhoff’s formula to the case of the wave 
equation with variable coefficients: 


Uy = c? (x, Y, 2) (Us + Uyy + Uz) ’ (122) 


where c(x, y, 2) is a positive function having a sufficient number of 
derivatives. In future we shall often write c( M) instead of c(z, y, 2), 
where M is the point with coordinates (x, y, 2). 
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If we use the theory of characteristics for equation (122), we natu- 
rally arrive at an extremum problem for the functional: 


M, Mi oT mr 
= ds f Vda? + dy? + dz? : 
t= |e ae (12) 
Me Me 


In this case the transversality condition is the same as the ortho- 
gonality condition, and we can construct a field for the variational 
problem as indicated in [79]. Let r(M; M,) be the basic function of 
the central field with centre M,. This function gives the magnitude 
of integral (123) over the extremal from M, to M. The equation 
t(M; M,) = const gives quasispheres with centre M, with the metric 
defined by (123). We have for the function t( M; M,): 


1 


grad? t (MZ; M) = My’ 


(124) 
i.e. 
1 

EP te aan (124,) 
The function t (M; M,) is obviously symmetric in M, and M. If cis a 
constant, t(M; M,) = r/c, where r is the distance from M, to M. 
In the general case we use t instead of r/c for finding the retarded values 
of any function u( M, t) and, as in [II, 202], we introduce the notation: 


u(M,t—t)=[u(M,1)]. 
Let u(M, t) be a solution of (122), and let us simplify the writing by 


putting u(M, t — t) = u,(M, t). 
We pass to retarded values in equation (122): 


[u] = è (AL) [Au], (125) 


where A is the Laplace operator. We express [Au] in terms of w,. 
We have: 
grad u, = [grad u] — [u;] grad t 
Au, = div grad u, = (126) 
= [Au] — 2 [grad u,]- grad t — [u,] At + [un] grad? t, 
and, on substituting for [Au] from the last equation in (125), we obtain 


with the aid of (124): 


1 l 
zy [un] = Aw, + 2 [grad u] + grad r + [u] Ar — [un] 2’ 
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We have, in analogy with the first of expressions (126): 


grad 


0 
= = [grad u] — [uy] grad t, 


3 
and, on substituting for [grad w] from the last equation in the pre- 
vious formula, we obtain the following important expression: 


Ou, Ou, 


Au, = — 2 grad t » grad a T- 


We multiply both sides of this equation by an as yet undetermined 
function o( M): 


Ou, 


— oAt ai 


Ou, 
t 


câu, = — 20 grad t- grad 5 


(127) 


and choose o(M) so that the right-hand side is the divergence of a 
vector of the form (— du,/d¢) w, where w is a vector independent of u: 


odu, = div (-- st w). (128) 
We expand the right-hand side: 
odu, = — a div w — grad Ta Ww. 


On comparing with (127), it will be seen that (128) will hold and w 
will be independent of u, if the following two equations are satisfied: 


w= 2ogradt; divw=odt. (129) 


On substituting the first of these equations in the second, we obtain 
an equation for ø: 
div (20 grad t) = sår, 
i.e. 
2 grad o. grad t + oAt=0, (130) 
or in coordinate form: 
2 (0x Ty + Oy Ty + 02T) + oAt = 0, (131) 


i.e. we get a linear first order equation for o. Having found o, we can 
determine the vector w from the first of expressions (129). Let D be a 
domain of three-dimensional space (x, y, z) and S its boundary surface. 
Suppose that the functions o and u, have continuous derivatives up to 
the second order in D. We apply Green’s formula: 


Wy (cAu, — u, Ac) dv =e i, — Uy, a) ds, 
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where n is the direction of the outward normal to S. On using (128) 
and (129), we can rewrite Green’s formula as: 


—[fJudoao— J faiv (204 )ao— {float t — m Jas, 


and we obtain on applying Ostrogradskii’s formula to the integral 
containing the divergence: 


ðu ðr Ou 
ffe Gt on z + 20 on a Jas + f | fm Aodo =o. 
S D 
On returning to the function u and observing that 
ðu ðu du] Or 
a = eel | eel oe 
we obtain the following fundamental formula: 


SVelse]- as +ossLer as Sfo. (ase 


We could have taken any field, rather than a central field, in all 
the above working. The function ø which has to satisfy equation (130) 
obviously depends on 7, i.e. on the choice of field. We shall in future 
be concerned only with a central field and o will be denoted by 
o(M; M,). All our discussion relates only to a neighbourhood of M, 
in which the extremals of integral (123) do not cut themselves and 
form a field. If c is a constant, t = rjc as already mentioned, and the 
function o = 1/r is easily shown to satisfy (130). 


149. Sobolev’s formula (continued). Suppose we have succeeded in 
constructing a function o(M; M,) with continuous derivatives up to 
the second order in the neighbourhood of the point M, having a singu- 
larity at M, and satisfying the following conditions: 

(1) the product o(M, Mo) t (M; M,) has continuous derivatives up 
to the second order, including the point M,, and 


lim o(M; M,)t(M; M) = —} 


ae TS (133) 


(2) o(M,; M)=o(M; Mo); (134) 
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(3) the Laplace operator of o(M; M,) satisfies the inequality: 


K 


|Ao(M ; Mol < Srey? 


(135) 
where K is a constant (which does not depend on M); 

(4) if S, is a closed surface, having M, as an interior point, and n is 
the direction of the outward normal to 8,, the following equation 
holds in the limit as 8, contracts indefinitely to M: 


i 00 (M; M 
lim ff oi Mo as = — an. (136) 
S, 


7M, 


If c is a constant, the function ø = 1/r satisfies all these conditions. 

We now use a function o(M; M,) with the above properties to 
construct a formula for solutions of equation (122). Let u( M, t) be such 
a solution in the domain D, bounded by the surface S, and let M, be 
an interior point of D. Suppose that a central field exists with centre 
M containing the domain D, and that we have a function o(M; M,) 
with the above properties. 

We exclude from D a small sphere S, with centre M, and radius e. 
We can apply (132) to the remaining domain D’: 


Mae + ar Lael} as + IIE las + 
+f {Jlu]dode =. (137) 


We show that the integral over S, gives us —4zu(M,, t) as £ — 0. 
For, the quantities: 
Ou or f ou 
[alenas [ae 
are bounded on approaching M,; t(M; M,) is of order £ on S, and by 


(133), o( M; M) is of order 1/e on S,, whilst the area of S, is of order e?. 
It follows from this that the integrals: 


JJelsn |3s and f Soa [a] 


& 


tend to zero along with e. There remains the integral: 


—fftuj as = — f fu mt- Sas. 
Se Se 


149] SOBOLEV’S FORMULA (CONTINUED) 44l 


Here the normal is taken as outward with respect to D’, i.e. inward 
with respect to the sphere S,. On the sphere, u(M,t— t) tends to 
u(M, t) as £ — 0, and on taking (136) into account and recalling what 
has been said about the normal direction, we see that the last integral 
in fact gives —42u(M,, t) in the limit. Formula (137) gives the requir- 
ed formula in the limit: 


vial: 0 fT fol Se] 00 & + 0 [Sass 


+ = [fea Aodv, (138) 


which was obtained by Sobolev. 

If c is constant, then o = 1/r and Ao = 0, the triple integral falls 
out, and we get the usual Kirchhoff formula. In the case of variable c 
(non-homogeneous sphere) the value of u at M, is obtained as a result 
of the retarded illumination not only of points of the surface S, but 
of the whole of the domain D. 

Formula (138) can be used in solving the Cauchy problem for equa- 
tion (122). Let the solution of (122) be required that satisfies the given 
initial conditions: 


u(M, t) lizo = fo (M) ; u, (M, t) l-o = fı (M). (139) 


We apply formula (138) to the required solution, the quasisphere S; 
with centre M , and radius ¢ being taken as the surface S, i.e. we suppose 
that S has the form: t(M; M) = t. Now, the values of the functions 


ou ou 
ed [al Ler] 
on the right-hand side must be taken at the instant t — t(M; M) or 


since t (M; M,) = t, at the instant t = 0. On taking into account the 
initial data (139), we can rewrite (138) as: 


u (Mo t) = 5 ff fo ole fo E Lø or h) dS + real [u] Ao dv, 
D; 


S: 


where D, is the domain bounded by the quasisphere S;. The double 
integral on the right is a known function, which we denote by F(M,, t). 
We have thus obtained the integral equation for u(M, t): 


u (My, t) = F (My, t) + seh f ft Ac(M; M,)dv. (140) 
D 
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We have had to assume, when deducing this equation, that ¢ is such 
that a central field with centre M, and a function o(M; M,) with 
the above-mentioned properties exist in D;. 

We remark that, when M, and t vary, the domain D, also varies, 
and equation (140) is analogous to a Volterra equation. It can be 
shown that this equation has a unique solution for ¢ sufficiently close 
to zero; this solution can be obtained by the ordinary method of suc- 
cessive approximations, and is at the same time the solution of our 
Cauchy problem for equation (122). If the space is infinite, the close- 
ness of ¢ to zero is demanded by the possible appearance of singulari- 
ties in the field of the variational problem on the extension of D,. 
When boundaries are present, we naturally have to reckon with the 
arrival of excitations reflected from the boundaries, which also sub- 
stantially limits the possible interval of variation of t. 


150. Construction of the function o. We turn to the construction 
of a function o with the above-mentioned properties. We shall prove 
that this function has an explicit expression in the closed form if the 
extremals forming the central field are assumed known. We must 
first prove two lemmas. 

Lemma 1. Given the system of differential equations: 


Sk. X(t, ay, La, X3) (k= 1, 2, 3) (141) 


for which the general solution 
Ly = Pr (t, Ay, Az, Az) (k = 1, 2, 3) (142) 


ts known, we have: 


Diigo) SD y OE Oe (143) 
2 3 


2 lo g 
dt D (ay, Gy, Q3) Ox, 

The expression behind the logarithm in this formula is the functional 
determinant of functions (142) with respect to d4, a, a3, whilst the xp 
on the right-hand side have to be replaced by functions (142). We 
write down the determinant just mentioned and differentiate it with 
respect to £. On recalling the fundamental definition of a determinant 
as a sum of the products of its elements, we can say that the deter- 
minant can be differentiated simply by differentiating each column 
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separately and adding all the determinants obtained [III,, 120]. We 
thus obtain: 


| Pi 2%, Op op, pz O95 
da, dt? Oa,’ da, da,’ ða, dt’ Oa, 

A OAD pass) SOM Ore Bpa |y | bp Op, Bpa | 
dt D(a, aza) | Oa, Of’ Oa,’ Oaz Qa,’ Oa,0t ’ Oa, 
pı Ipa Os p, pa Ipa 
da, t? Oa,’ da, da,’ azt ? Oa, 


OP, OP, _ Pp, 
O01,’ 02,’ Oa, Ot 
Op, 3p Op, 
T Ga,’ Dag? O1,0¢ || (144) 
Op, Ip P; 
02,’ Oaz? Oa, Ot 


On observing that functions (142) must satisfy system (141), we 
get the following identities in ¢ and ag: 


0 
FE = Xi (ts Po Po Pa) (k= 1, 2, 8). 


Differentiation of these identities with respect to a, gives us: 


PPK o Xy OP; , 
Oa, Ot -5% dz; Oa, 


On substituting these expressions for the second derivatives in the 
right-hand side of (144) and expanding each determinant into a sum 
of three determinants, we obtain: 


d D (pi, Pos Pa) OX, OX, oo). D (P1, Pos Ys) 
di D(a; az a3) — \ ea, Ox, Or, } D (ay, de, Ay) ’ 


which in fact gives (148). 

Lemna 2. Let t be the unit tangent vector to a family of curves depending 
on two parameters and filling three-dimensional space or some part of it, 
and let A be the functional determinant of a transformation from Cartesian 
to curvilinear coordinates. These curvilinear coordinates are the two para- 
meters a, and a, defining a curve of the family, and the length of are s 
along this curve, measured either from a surface which is cut by all the 
curves of the family or from a point where all the curve intersect. We now 
have 


Ə log A 


div t = a (145) 
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Let X(x, y, 2), Y (x, y, 2), Z(x, y, z) be the components of the vector t 
at the point (x, y, 2). The curves of the family now satisfy the system 
of differential equations: 


ee Waye 


dz 
ds ds =Z. 


‘ds 
Since the right-hand sides do not contain s, one of the arbitrary con- 


stants s, will appear as a term added to s, and the general solution of 
the system will have the form: 


X= Pz (S + So Ay, A2); Y = Pa (S + So Ay, Ay); Z = P3 (8 + So Ay, Ay). 


We obtain by applying the previous lemma: 


. 3X, OY ƏZ ə D (Pi; Pos Ps) 
div t = art Gy t Ge = Ge O8 D (eo ay, ay) ’ 


and if we recall that 


we in fact obtain (145). 

We now return to the central field of extremals with centre M, and 
to equation (130), which must be satisfied by the function ø. The 
vector grad + touches an extremal, and it follows from (124) that 
d7/as = n( M), where n( M) = 1: c(M). On taking this into account, 
we can rewrite (130) as 
do (M) 


2 ~p 2 (ML) +o (M) Ar (M) =0, 


where the arc length s is measured from M5. 
We use Lemma 2 to find At(M). We have: 
grad t (M) = n(M)t, 
where t is the unit tangent to an extremal of the field. Hence: 
div grad t (M) = At (M) = t -grad n (M) + n (M)divt. 


The first term on the right is the derivative of n(M) with respect 
to s, and the second, by Lemma 2, is equal to 


ð log A 
os” 


n (M) 


and the equation for o(Jf) can be rewritten as 


2 2 nM) o|? E + n(M) ZEI] o, 
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or 
2 dloga logn _ AlogA 
os 0s és’ 


whence we obtain by integration: 


o(M = Y (a, Oe) 
¥n(M)A 


where y(a,, @,) is an arbitrary function of its arguments. We take as 
parameters a, and a, the angular coordinates 95, Po of a spherical 
system of the direction of the tangent to the extremal at the point Mọ. 
The last expression now becomes 


o (M) = —— Êo P) ; (146) 


D (a, y, 2) 
|» (M) DTe, Be, po) 


We find the form of the function ¥ (0, po) from the first of the con- 
ditions of [149] for the function o(M). This condition has the form: 


lim o(M)1t(M) =n (Mo). 


MM, 


On taking the form of integral (123) into account, we can write 


where the integration is carried out along an extremal. On using the 
mean value theorem, we get: 


— = n(M,), 


and the previous condition for o(M) can be written as: 


lim o(M)s=1. (147) 


s>0 


We remark that the point M tends to M, as s —> 0. 

To investigate the functional determinant appearing in (146), we 
return to the formulae established in [81] for the canonical variables 
in the problem on geodesics. In the present case: 


g =n? (M) (x°? + y? + 2°), 
and the canonical variables have the form: 


Py = 2n? (M); p, =20(M)y'; pa = 2n? (M) 2’. 
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We have the following initial conditions: 
zo = sin Fy cos Po; Yo=sind, sing; Zo = COS Dy 
and 
Pio = 2n? (My) sin By COS Po; Pao == 2N? (Mo) sin Do sin po; 
P30 = 2n? (Mo) cos Dp. a 


The equations for an extremal of the field become 
L= Pi (To Ta T3 o Yo %)3 Y= Fa( k Z=H3( ) (149) 


where fy = SPro and gy, are functions with continuous derivatives up 
to a certain order. On differentiating the first of the formulae with 
respect to s and then putting s = 0, we obtain: 


sin 3) Cos Py = ( = ba Pio + (2), Poo + | oF, ) Pao 


By using (148) and the fact that 0, and p, are arbitrary, we have: 


Ea Eae Eara 


On making use of the remaining expressions of (149), we finp the fol- 
lowing general expressions: 


(FE) 5EM) (Z) =9 C#m. 


By using (148) and (149), we can form the functional determinant 
of functions gx with respect to the variables s, 0) and pọ. When differ- 
entiating with respect to 0, and pọ via r, we obtain a factor s, and two 
columns of the determinant will contain this factor. After dividing 
the determinant by s?, we pass to the limit as s tends to zero. We thus 
obtain, with the aid of the previous expressions: 


sin Jy COSYp, COSPy COS Yo, —Sin Posin Po 
lim | A Le = | sin 8, sing), cos® sin sin J, cos = sind 
o 8 D(s, 8%) o SING), 0 Po» o COS Poj = SIN Vo- 
so i : 
cos Bo, — sin ®, 0 


To define the arbitrary function in (146), we multiply both sides of 
it by s and let s tend to zero. We obtain by using the last expression 
and (147): 


Pita Po) x 
= =, ie P(t, i 
¥n(M,) sin 8, i (99, Yo) = Vn(Mp) sin Bo, 
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and we finally have the following expression for the function o: 


ait Ma) = Uf ae ree (150) 
nM) Dis, 8, Pa) 


It may be verified that this function has all the properties indicated 
in [149]. If n( M) = const., (s, 69, Po) are the usual spherical coordinates 
of the point M, and the last formula gives o = l/r. 


151. The general case of initial data. Now let the initial data be 
given on a surface with the equation t = g(J/), instead of on the 
plane t = 0: 


U|p-g(M) = fo (M); ilig = =f, (M). (151) 


We shall solve the problem for t > g(M). Instead of the hyper- 
sphere t(M; M,) = t, we consider the surface 


t(M; My) + o(M) =t, (152) 
and suppose that, for all positive values of the difference [t — p(M)] 
sufficiently close to zero, (152) is a closed surface of three-dimensional 


space containing J/, as an interior point; the part of the space enclosed 
by the surface is given by the inequality 


1(M; M) + pM) <t. (153) 
We now apply (138), taking the surface (152) as 8. We shall now have 


in the integrand of the integral over S: 
[u] = u(M; t — t) = u[M; p(M)] = fo (M); [u] = fı (M). 
We show that [du/dn] is also expressible in terms of the initial data. 
We have: 
Ofp(M) _ uM; 9(M)] 


on on 
__ du(M; t) ou(M; t) . op(M) 
On |t=g(M) Ot lmam ON” 
whence 
du(M; t) — Of (M) Ou (M, t) , 29(M) 
on t=o(M) on ot t=9(M) on ” 
i.e. 


Ou(M;t)] _ Əfə (M) dp( M) 
[ an |= Fn On fı(M 
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On introducing the notation 


1 Of, (M 
F(Mo t) = ir o Than y 
2(M; M) +9(M)=t 


+o( -e)n an tejas, 


we get an equation for u( M ,; t) analogous to (140): 


(Mo; ) =F (Ma d +i SÈS Ao; Modo. (154) 


t(M; M,)+ @(M) <t 


As above, it can be solved by the method of successive approximations 
and gives the solution of the Cauchy problem under conditions (151). 
All these proofs strictly speaking require the existence of a certain 
number of continuous partial derivatives of the functions c(M), fM), 
fiM) and g(M). 

Let us consider the connection of surface (152) with the theory of 
characteristics. The characteristic conoid of equation (122) with vertex 
(M, t) has the equation in four-dimensional space (M; t): 


t =t—+(M; M), (155) 


where ¢, and M(x, y, 2) are the current coordinates, and ¢ and m, are 
parameters. Surface (152) is the locus of the points of three-dimensional 
space which have the same coordinates (x, y, z) as the points of inter- 
section of the characteristic conoid (155) with the surface t, = (J) 
of four-dimensional space, i.e. surface (152) is the projection of the 
intersection in question on three-dimensional space (x, y, z). To obtain 
a clearer picture, let us imagine that everything occurs in three- 
dimensional space (2, y, tı). Equation (155) corresponds to an ordin- 
ary surface of the conical type. This surface intersects the surface 
t = p(x, y) along a curve. The projection of this curve on the (x, y) 
plane must be a closed curve l, which is the analogue of surface (152). 
The projection of the vertex of the conoid on the (x, y) plane must fall 
inside J, and the analogue of the triple integral of (154) is a double 
integral over the part of the (x, y) plane inside l. This domain naturally 
depends on the position of the vertex (£o, Yo, t) of the conoid. If this 
vertex approaches some point (xô, yo, t’) on the surface t = g(x, y), 
the curve must contract to the point (x, yo). Similarly, the closed 
surface S must contract to the point M, if the vertex of conoid (155) 
tends to a point (Mo, t’) on the surface ¢, = (1). 
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All these geometrical properties of the surface 8, needed for a strict 
proof of the existence of the Cauchy problem, are bound up with the 
fact that the tangent plane to the surface t = g(M) must not deviate 
too much from the plane ¢ = 0. It can be shown that this condition 
can be written in the form: 


grad? p(M) < (156) 


ee 

(M) ` 
It is essential here that the function ¢?(M) be connected with 7(M; M,) 
by equation (124). When condition (156) is fulfilled, the surface 
t = g() is said to be spatially orientated. In the case of the more 
general equation of the hyperbolic type: 


m 
Uun — > Ajay t...=9, 
j=l 
where u is a function of the independent variables £4, £a, ..., &m, the 
surface ¢ = 9(%, %, ...,%m) is said to be spatially orientated at a 


point if we have at this point: 


re 

> lij Px Px; < 1. 

i,j=l 
The development of this method and a full description of its application 
to the solution of the Cauchy problem for equation (122) may be found 
in articles by Sobolev (Trudy Seismologicheskego Instituta Akademii 
Nauk SSSR, no. 6 and no. 42, 1930 and 1934). This method has 
been used by Gogoladze for more general linear equations of the hyper- 
bolic type in four independent variables (Dokl. Akad. Nauk SSSR, 
1934). The method was further extended by Sobolev (Matemat. 
Sbornik, 1 (43), vyp. 1, 1936) to general linear equations of the hyper- 
bolic type in an even number of independent variables. We shall 
indicate in the next section the modifications introduced into the ori- 
ginal method by Gogoladze, then show how the method is extended 
to any even number of independent variables in the case of the wave 
equation with constant coefficient c?. 


152. Generalized wave equation. Instead of (122) we shall consider 
the more general equation: 


1 2: ca 
eit = > Gj Ux; x + biun + hu, (157) 
i= i=l 


=1 
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where the coefficients a;, bj, c and h are functions of the independent 
variables 2,, £, 2, and the a; are greater than a certain positive number. 
We construct instead of function (123): 


J= |<, (158) 


where 


(159) 


The basic function t(M; M,) of the central field satisfies the following 
equation: 


3 
1 
Duta. (160) 
i=1 


The retarded value of any function u(M; t) may be determined as in 
[148]. We obtain the following equation for the function o, instead of 
(131): 
3 3 da 
2 Y 4; Tx, Ox, + 6 > [at + ( 2-5 
i=l 


i=l 


fice bi) Ta] =0. (161) 


Ti 


Condition (133) takes the form: 


(2 (0) = ziy)» (162) 


lim o(M; M,)t(M; M,) = 1 _ 


M>M, Val a a§ 


where a} are the values of functions a; at the point M,. Instead of 


(135), we have: 


z ; 
|L(o)} < 7M; M,) ’ (163) 


where L(u) is the right-hand side of equation (157) and K is a con- 
stant, whilst (136) becomes: 


3 
lim f (Da Ox, COS (n, #;) dS = — 4r. (164) 
SM, S, i=1 


Instead of (138) we have: 


u(Mo; t) = l f P(e) — [u] P(o) + o[ P(t) + oR{u] las 
sS 


4 af S fra M(o) dv. (165) 
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where 


3 
Pv) = X 4;0,;008(n, 4), R= Pail ae — bi) cos (n, 2;), 
i=l 


i=1 


M(c) being the operator conjugate to L(c). By using (165), we can 
carry out a similar reduction to that of [149] of the Cauchy problem 
with initial data (139) to the integral equation: 


u( Mg; t) = F(My; t) + i | | | 10 Mlo) dv. 


D 


We remark that there is a certain indeterminacy in the writing of 
equation (157), bound up with the fact that we can exclude the factor 
c? in different ways. In particular, by multiplying both sides of the 
equation by c? and including this function in the coefficients of the 
equation, we can take c = 1. 

We obtain a formula for o(M; M,) analogous to (150): 


d bs 3a; 1 dx; 
X (bi =) — — ds 
n(M,) sin 0, 6° a Bu) as 

D(a, £2, £3) yr 
n(M) <2» Ta 2a) Yarasa 
(M) Hie, by, py) 1 


o? (M, My) = ’ (166) 


where s is the arc length of the extremal joining M, and M, ds? 
being calculated from (159). 


153. The case of any number of independent variables. To apply 
Sobolev’s method in the case of a large number of independent vari- 
ables, several functions o have to be introduced. The application of 
the method will be described for the wave equation with constant 
coefficients: 

l 2k+1 
en CES > Unx (167) 

i=l 
[see Sobolev, On a Generalization of Kirchhoff’s Formula (Ob odnom 
obobschenii formuly Kirkhgofa), Dokl. Akad. Nauk. SSSR, 1933]. 

Let M denote the point in space R2;,4, with coordinates (a, ..., Zex41)- 
We shall consider in addition the space Rk}, with coordinates 
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(Zis ++ +5 Zok 1) or (M; t). The characteristic cone for (167) with 
vertex (M; t) has the equation in Rk: 


hott, (168) 
where 
2k+1 
r? = S (x; — xf). (169) 
i=i 


We write [p] as usual for the retarded value of the function 9: 
ey ee ss 
[o(M;i)] = 9(M,t=), 


i.e. the value of y on the half of cone (168) which is lower as regards t. 
As we have already mentioned [138], certain relationships between 
the function u satisfying (167) and its derivatives hold on the charac- 
teristic surface. We establish these relationships for the derivatives 
of u with respect to t: 


u,= [37] (s=0, 1, 2,...), (170) 


where the us will be regarded as functions in R.,4,. We remark first of 
all that the fundamental equation (124) has the form in the present 
case: 


(gra) =. (171) 
On carrying out the differentiation of u, with respect to the coordinates 
both directly and via the argument (t — r/c), we can use the fairly 
obvious expression: 
atiu Oe? u r 
grad u,,,-grad L = [grad Gre | . grad — — [Sr] grad? T’ 

where the point denotes the scalar product in Re,4;, to obtain the 
equation: 

Au, = — 2 grad u,4,-grad — — wsp AZ, (172) 


S 


On introducing the operator: 


Lw) = — 2 grad v- grad — — vA 


Q 1 2, — af v 5 
ta ; a Ar, (173) 
i=1 
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we can rewrite (172) as 
Au, = L(u,+1) (174) 


These are in fact the relationships which are satisfied on cone (168). 
The operator L satisfies 


vL(w) + wL(v) = — div (20w grad Z) : (175) 
We have for powers of r: 
Ars = (2k +8 — jer; Lq) = — (s+ k)r=t. (176) 
We introduce the functions o;: 
(2k — 2) (2k — 4)...(2é + 2) 2i 


= ACE: gp = p2k+1 (177 
a= p h (2k — k3). ei Ok =T (177) 


(i=1, 2,..., k— 1). 


We have: 
L(c) = 0; L(0;41) = Ao; Ao; = 0 (i = l, 25: ..3 k pari 1). (178) 


Let D be a domain in space Rx} not containing the point M,. We 
form the integral of multiplicity (2k + 1): 


d S- 1) ee [(u s—1 Adk—s+1 — Ok—s+1 Atus) F 


s=1 
+ (Ok—s+1 L(Us) + Us L(Or—s41))] day... d£zxr41. (179) 


It follows from (174) and (178) that this integral vanishes. On taking 
into account (175) and the formula 


v Aw — w Av = div (v grad w — w grad v), 


we can transform integral (179) to an integral over the surface S 
bounding the domain D. If we also take into account the equation: 


g 
Ou, [tty ata c 
ðn |an] | ati] dn’ 
we can write: 


k s—1 s 
a Oops, [F tu Ou 
| Uae lee 


Psi aT 
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where n is the direction of the outward normal on S. If D contains M, 
as an interior point, the above formula can be applied after excluding 
M, by a small sphere. On then passing to the limit in the usual way, 
we obtain the formula: 


u(M,t) = 4 jà- 1) [Ate | ou |- 


on 


Fu c Fu 
— kesti | an =| ~~ Fk-st1 a | aus i ee 
where the constant A is given by 
2k—1 i+? 
u r (==) 


2-1 a4 : $ 

ae 1 

Xk —lja? H r (-$ ) 
izi 


When 2k + 1 = 3, (180) is the same as Kirchhoff’s formula. If the 
surface S is taken as the sphere with centre M, and radius ct, the 
retarded values of the derivatives of u are expressible in terms of the 
initial data for u and w at t = 0, and we obtain an explicit solution 
of the Cauchy problem; this solution was obtained earlier in another 
form [TI, 171]. Similarly, we can use (180) to solve the Cauchy problem 
for the case when the initial conditions are given on a surface t, = ¢(M). 
It may be mentioned that derivatives of the initial data also appear 
under the integral sign, so that, to obtain a solution of the problem, 
we have to require continuity of the derivatives of the initial data 
up to a certain order depending on k, as was mentioned earlier. 

This method has been extended to non-linear hyperbolic equations 
by S. A. Khristianovich (Matematich. Sbornik, t. II, no. 5, 1937). 


154. Basic inequalities. Let us consider a hyperbolic equation of 
the form 
n n 
D Amnura + bit + ob — Uy =f, (181) 
i,k=1 i=l 
in which aix, bi, c and f depend on (%4, ..., n, t), where b;, c and f are 
continuous, whilst a; has continuous first order derivatives in the 
domains of space (2, ..., Zn, t) which we shall describe below. Since 
(181) is of the hyperbolic type, the inequality must hold: 


> Qik i >AS E (A> 0), (182) 
ei 


i,k=1 
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where 4 will be assumed to be a positive constant for the domains in 
question. We shall assume in future, for greater clarity, that n = 2, 
i.e. we consider three dimensional space R with coordinates (2,, £a, t). 
The discussion can readily be carried over to the general case. 

Our problem is to find inequalities satisfied by the solutions of (181), 
in terms of the initial data and coefficients. It will follow at once from 
these inequalities that the solution of the Cauchy problem is unique 
and that it depends continuously on the initial data. The discussion 
that follows is similar to our proof in [II 179] of the uniqueness of the 
solution of the Cauchy problem and boundary value problem for the 
wave equation. 

Let D be a finite domain in space R, bounded by a smooth surface S, 
and let n be the direction of the outward normal to S. Suppose we 
have a solution of (181) in D, continuous together with its derivat- 
ives up to the second order as far as S. We form the integral: 


2 
J=f f[( = Qik Uxy Ux, + UF) COS (n, t) — 
S ikal 


2 
— 2 X Ay Ux, tų 008 (n, %,)]dS. (183) 


i; k=1 


On applying Ostrogradskii’s formula and using (181), we obtain 


r= ffj palf e- $g) 


+ > aik aya | de (184) 
ot Mt Xe : 


i, k=2 


The integrand in (183) can be written as 


l 


2 
A [ = Qir (Ux, CO8(2, t) — Uy COS (n, %;)) (U x cos (n, t) — 


(185) 


2 
— U; COS (n, X)) + uz (cos? (2, t) — © ax cos (n, x) cos (n, %,))]. 
i; k=1 
Suppose that the domain D is bounded by the planes t = 0, t = C 
(C > 0) and by a characteristic surface, on which cos (n, t) > 0. We 
now have 


2 
cos? (n, t) — © Gj, cos (n, L) COS (n, Xx) = 0 (186) 
ijk=1 
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on this surface, and by (182), (185) is non-negative on the lateral 
surface. We remark that the same conclusion follows if, instead of the 
lateral surface being characteristic, the condition is satisfied on it: 


2 
cos? (n, t) — © a, c0s(n, x;) cos(n, ty) > 0. (187) 
i,k=1 
In this case the surface is said to be spatially orientated [cf. 151 ]. Further, 
cos (n, t) = 1 for t = C and cos (n, t) = —1 for t = 0, and cos (n, %) 
and cos (n, 2) now vanish. On writing 


2 
K(i) = f | (X in tes; Un + UP) der, dats, (188) 
Bi) i,k=1 


where B(t,) denotes the section of D by the plane t = t, and recalling 
that (185) is non-negative throughout the lateral surface, we get: 


2 


{fy 2u| & (b: 25 st da, dx, dt, + 


ô ` Bit) = ear 
+ ff {= Katy, Ux, Ae, dx, dt, > K(t) — K(0) 
i,k=1 
0 B)? 
(0<t< 0). (189) 
Suppose that 
se |< Po (190) 


where P, is a positive number, so that 


ea 


B(ty) 


We have further: 


Ux, Ux, Ax, day) < 


Pol f 2) Jux" [ux] dar, dæ. 
Bie) PET 


2 2 
a [ttx ` [txl <2 > Ux, = 
k= 


k=l {=l 


But, by (182), 


so that 


t 
| j Mu Ux, Ux, AX, dx, At, | <P, fxw dt,, 
0 


jit 1 
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where P, is a positive constant depending on the coefficients. Similarly: 


j f | a S(u- a. ) tx dx, dz, dt, 


— doz 
6 BÈ) = k 


t 
< P, | Ei) dt, 
0 


where P, is a constant analogous to P,. We use the notation: 
L= f j u? dx; dz. (191) 
“Bit 
On applying the inequality | 2ab | < a? + 6, and observing that 


2 


A Qik Ux, Ux, > O, (192) 
i k=l 
we obtain 
if f f 2cu,uda, da, dt, |< < P, ec ) + L(é,)] dé,. 
ò Bt) 
If we use the inequality | 2fu| < u? + f? and (192), we obtain 
| f ee dx, dz, | < K(t,) + M(t), 
where 
M(t,) = f fdz, dz, (193) 


B(h) 


On substituting the inequalities obtained in (189), we have: 


KU) < K(O)+ (Py + Pat Pa +1) f KU) at 
+P, f Lt ) dé + fae) at, (194) 


We now consider an inequality for L(t). We consider the integral 


=f f Je (Eis Ta, t1) ] n da, da, dt. 
ö BÈ) 

It can be regarded as a triple integral over the domain D, bounded 
from below by the plane ¢ = 0, from above by the plane of con- 
stant ¢, and at the sides by the above-mentioned surface S, on which 
cos (n, t) > 0. On applying Ostrogradskii’s formula, we easily obtain 
the inequality 

Jı > (ubdz, dx, — y E 
B À 
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{ fuzde,dz, < f [urde de, + f f f 2u, dey de, dt, (195) 
B (0) 


Bñ 0 B) 


whence, by using the inequality | 2uzu,, | < uj, + u? and (192), we 
obtain 


t t 
L(t) < L(0) + f K(i) di, + fL) dey. (196) 
0 0 
Addition of (194) and (196) gives: 


t t 
K(t) + L(t) < K(0) + LO) + P f LK (4) + L(t)] dé + f M(t) dé, 
0 0 
(197) 
where the constant P = P, + P, + P} + 2 depends on the sizes of 


coefficients aj, bi, c and of the derivatives of aip. On introducing the 


notation 
t 
w(t) = f [K(t,) + L(t)] dt, 
0 
we can write 


“ay [w] = — Pe w(t) + e- LK) + Lid], 
whence we obtain by using (197): 
t 
-E [et w(t)] < et ò + o=”! M(t) di, 
0 


where 

ô= K(0) + L(0). (198) 
We integrate the last inequality from 0 to ¢ then multiply both sides 
by ef: 

t ta 
w(t) < > (eP?—_ 1) + oP! f o-Pta [ faenar] dt,, 
0 ô 
i.e. 
t t 


t 
[EKE + Lld < Ss (eP! —1) + o”! Foret f M(t) de, | des. 
0 0 0 

On substituting this in the right-hand side of (197), we obtain 


K(t) + L(t) < eP! + PeP! f eP! | Ò M(t,) di] dt + f M(t) dh. (199) 
0 0 0 


155] THEOREMS ON THE UNIQUENESS AND CONTINUOUS DEPENDENCE 459 


This inequality will hold all the more if the left-hand side contains 
only K(t) or L(t). For a homogeneous equation (f = 0) we have to put 
M(t) = 0, and we obtain 


K(t) + L(t) < ĝe”. (200) 
On taking (182) into account, we can write the inequality 


Ki) > f f (2u, + fuk, + uz) da, dzs. (201) 
“BY 
We can assume without loss of generality that the A in (182) satisfies 
0<A<1, so that (200) (with f = 0) leads to an inequality of the 
form: 
f fes, + u2, + u?) dæ, dz, < e ePt, (202) 
Ba) 


We remark that the inequalities obtained above hold for all t for 
which we can construct a domain D; of the above type. 

The above inequalities and their applications to the theory of partial 
differential equations may be found in well known works by Friedrich, 
Levy, Schauder and Sobolev. 


155. Theorems on the uniqueness and continuous dependence of 
the solutions. The above inequalities lead readily to theorems on the 
uniqueness of the solution of the Cauchy problem and on the con- 
tinuous dependence of the solution on the initial data and the non- 
homogeneous term of the equation. We consider the difference between 
two solutions of the Cauchy problem for the same initial data and 
reduce the uniqueness theorem to the following: if the non-homo- 
geneous term f in equation (181) vanishes and the initial data are 


ulizo = tulizo = O, (203) 


the solution of the problem must be u = 0. We draw the characteristic 
conoid through any point (a, xh, £) and suppose that it forms, 
in conjunction with the plane t = 0, a domain D of the type described 
above. Let u(x,, 22, t) be a solution of the problem for f = 0 and with 
initial conditions (203), which is continuous together with its derivatives 
up to the second order in the domain D. We can use e.g. inequality 


(200), where it follows from what has been said that 6 = 0. Hence 


Lit) = f { u? da, dx, = 0, 
“B(t) 
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so that u = 0 in D. This assertion retains its force if the homogeneous 
initial conditions (203) hold only on the base B(0) of D instead of 
throughout the (x, y) plane, since ô = 0 even in this case. We can 
conclude from this that the value of the solution of homogeneous equation 
(181) at the point (x, 2, t®) depends on the values of the initial data 
only on the base B(0) of the characteristic conoid with vertex (x0, x8, t). 
We are assuming here that the conoid forms, in conjunction with the 
plane £ = 0, a domain D of the type mentioned. 

The continuous dependence of the solution on the initial data re- 
duces, precisely as above, to the fact that if f = 0, and the functions 
Polti %2) and p (z1, %2) appearing in the initial conditions 


ulio = Po (Zis Ta); Wilio = Pr (Zis L3) (204) 


are small (in some sense), then the solution u(2,, £, t) is also small 
(in the usual sense). Suppose that the initial data are small in 
the sense that integrals L(0) and K(0) are small, i.e. suppose that 
L(0) < e and K(0) < £, where e is a small positive number. It now 
follows directly from (200) and (201) that L(t) and K(t) satisfy 
throughout the domain D: 


K(t) < 2e™%; L(t) < 2ee™. 


The continuity of the dependence on the initial data can be proved, 
not only in the sense of inequalities for integrals K(t) and L(t), but 
also in the sense of an inequality for the absolute value of the function 
itself if n = 1, i.e. if we have two independent variables x, and t. This 
follows at once from Riemann’s method [143], if the equation is 
reduced to the canonical form, as employed with Riemann’s method. 
If the number of independent variables is greater than two, we cannot 
use these inequalities to deduce from the smallness of | po | and | ¢, | 
that | u | is small (for f = 0). Let us consider the case n = 1 with the 
aid of the inequalities deduced above. 

We have in this case the independent variables (x, t), and the domain 
D is a trapezoid ABB,A, with in general curvilinear lateral sides. 
The straight line A,B, has the equation t = C. Let x = &,(¢) be the 
equation of the side AA, and x = &,(t) the equation of BB, We 
assume that the absolute value of the derivative of p(x), as well as of 
pox) and p(x), appearing in the initial conditions (204), is small. 
The integrals of the squares of these magnitudes over the base AB 
of domain D are now also small, and L(0) and K(0) are therefore small; 


155] THEOREMS ON THE UNIQUENESS AND CONTINUOUS DEPENDENCE 461 


we have here: 


a(t) 
K(t) = | [a(x,t) už + uj] de, 
&() 
where a(x, t) > m = 0. It follows from the above inequalities, since 
L(0) and K(0) are small, that L(t) and K(é) are small for 0 < t < O, 
whence we can conclude that the integrals 
&,(t) ED Ealt) 
w(x, t)dz; | uz (x, t)dæ; | wf (x,) da, (205) 
50 5) AG) 
are small. Suppose that these integrals do not exceed some positive 
number 7. Application of Buniakowski’s inequality gives: 


x 
{u(a,t) —ulé, (t), = [ S edr] 
&,(t) 
x x 
< f uz (x,t) dæ- f 1?dg, 
ED 5) 
whence 
{u(x,t} —w(&(), 0} <an [al< e< EA] (206) 
where a is the maximum of the difference &,(t) — &,(t) in D. 
We can obtain in the same way the inequality: 


[ i ua’, t) da’ |? < an 
(t) 
lé (H) <2 < §, (t)]. 


It follows from (206) that 
uf, (6), t] = u(x,t) + olz, t) [e,t |< Van]. (208) 


On integrating both sides with respect to x between the limits 
E(t) < x < &(¢) and using (207), we get: 


(207) 


lw, (£), t] < i + Van, (209) 


where b is the minimum of the difference | & (t) — &,(é) | in D, i.e. 
| ulë (t), t] | < c°, where cis a constant. Using (208), we have on 
the basis of this last inequality: 


|u(a,t)| < dy, (210) 


where 7 is the upper bound of integrals (205) and d is a constant, the 
same for all points of D. This is in fact the required inequality for 
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| u(x, t) | throughout D. We now turn to finding an inequality for the 
solution u(x, t) in terms of the function f. 

Let the function f in the homogeneous initial conditions (203) be 
non-zero. Let | f | < Jf), where M, is a positive number; let Æ denote 
the maximum area of B(t) in the domain D. Using (193) and (199), 
we have: 


K() + Li) < FRE (ert). (211) 


We can use the inequality for the M(t,) appearing in (199) instead of 
the inequality for |f |. 

The integrals K(t) and L(t) can be made as small as desired for the 
difference U — u, between two solutions u, and u, of equation (181) 
with different functions f but with the same initial conditions, provi- 
ded that | f, — fı | is sufficiently small. When n = 1, an inequality 
can also be obtained from this for | u, — wu, |, as above. 


156. The case of the wave equation. We take the homogeneous 
wave equation: 
Uyaxy + Ukaxa i Une = 0. 


We know how to solve the Cauchy problem for this when the initial 
data are 


Ulizo = P(%1, %3); tilino = P(X) 22), 


where (%1, 7) has continuous derivatives up to the third order and 
(X,, X2) up to the second order [I], 171, 172]. If p(x, x,) has continuous 
derivatives up to the sixth order and y(x,, x.) up to the fifth order, 
we can use Poisson’s formula to assert that any derivatives of u with 
respect to the coordinates (21, £) up to the third order is also a solution 
of the wave equation with initial conditions in which ọ and yp are 
replaced by the corresponding derivatives. For instance, ux, is the 
solution of the Cauchy problem with initial data px, and px, and so on. 
Let D be a characteristic cone of the wave equation with vertex 
M (£1, Yı t;) (4; >0), bounded from below by the plane t = 0. Any 
section of it B(é,) by the plane t= t, where 0 < tọ < ¢,, is a circle. 
Let the following inequalities hold for the functions ¢ and y and their 
derivatives: 


a 2 a 
feise [Sise 
J \ day? 0x9 í axi Ixy 
B(0) B(0) 


(a = 0, 1, 2, 8, 4) (a = 0, 1, 2,3) 
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For the wave equation, K(t) reduces to the integral over B(é) of the 
sum of the squares of the derivatives with respect to x,, x, and é, and 
by what has been said, a consideration of the Cauchy problem for u 
and its derivatives with respect to (z,, 2,) up to the third order gives 
us K(0) < 3 and L(0) < e*, whence ô < 4¢?, and inequality (200) 
gives: 
K(t) <4e%eP!; L(t) < 4e? eP?, 

These inequalities hold both for u and for its derivatives with respect 
to (£1, %2) up to the third order. We have, all the more: 

ff oaa < 4e? ePf; f f (wae ae) * as < 4e2eP! 

Be K( 


Oxy? Oaxg* Ot Ox? Oxy? 


(a = 0, 1, 2, 3, 4) (a = 1, 2, 3, 4), 


where K(t) is a circle. Hence, as we shall now prove, inequalities can be 
obtained for the function itself and its derivatives: 

P 
2 
ju, Ux|» [ttx] [txl [xxl [xaxa] juil, [txl ZZA < 2ece 


t 


in any circle K,(é), concentric with K(t) and with a smaller radius, 
where c is a constant. The inequality for uy follows directly from the 
wave equation itself. We thus obtain inequalities for the function 
itself and its derivatives up to the second order, instead of for their 
mean squares. 

Everything that we have said is a direct consequence of the following 
general theorem, which we shall state and prove for a space with any 
number of dimensions. We shall require this theorem in the next 
chapter. 

THEOREM. If the function f(x, ..., £n) has continuous derivatives up 
to some order l inside an n-dimensional sphere D and the inequalities hold 


f(a oe) Ota rn < A (a=0,1,...,1), (212) 


we have in any interior concentric sphere D,, for the function itself and 
for its derivatives up to order 1—[n/2]—1, where [2/n] is the integral 
part of the positive number n/2: 

en AE 
Baht. . Bahn 


n 


<cA (6 =0,1,....0—[5-]—1), (213) 


where the constant c depends only on the choice of Dy. 
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We construct the auxiliary function 


: (214) 


where 


Obviously, u — +2 as x tends to 1/3 from greater values, and u —> 
—» — œ% as x tends to 2/3 from smaller values. Now, o(z) tends to unity 
and zero respectively, and it is easily seen that all the derivatives of 
o(x) are continuous for x = 1/3 and x = 2/3. Let M, be a point of 
D, and let h be the difference between the radii of D and D,. We in- 
troduce the spherical system of coordinates with centre Mg: 
x, = r cos 4; 
x, = r sin 0; cos 0,; 
Zy- = rsin 0, ...sin6,_, COS 6,_,; 
L,—-1 = Tsin Gd, ... sinO,_, COS Y; 
x, = rsin, ... sin 0 p—s Sin y, 
where 0O < 0x < a and 0 <y < 2z. We have for an elementary 
volume: 
dw, = r”! sin”— 0, sin" 30, ... sin 6, ,drdé6,... dO„— dy. 
On striking out dr and putting r = 1, we get the elementary surface 
area dom of the unit sphere. We introduce the function: 


F(M) =f - 2 (aor ( 7 )| 


Ər!7! 


aM) F f r r 
-ar l ge ker j ( h J + 


ganea N, h “(+h 


Ər! 
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where r is the distance M, M. The following expressions may be veri- 
fied directly: 


F(M,) = f(Mo); F(M)=0 for r=h, 
ƏF(M a p r! r 
WO: Sr ane a) 


rt 
route fatale] e 


and we can write: 


h 
OF (M 
f(My) = — | = ar, 


0 


where the integration is performed along a ray issuing from M o On 
multiplying both sides of this equation by do, = dw,: r”? dr, and 
integrating between the limits 0 < 6, < a; 0 < p < 2x, we obtain: 
1 OF(M) _ 
(Wf) = —- PHT tide, ... dx 
Do 


n? 


where D, is a sphere with centre M, and radius h and øp is the surface 
area of the unit sphere in R,. Putting k = [n/2], we can rewrite the 
last equation as 

f(Mo) = — ale eo PTA dg... dEn 


Gn jJ rk 


Do 


and application of Buniakowski’s inequality gives: 


EM) <- [= etm) Jide, ... de, x 


ORS Ve or 
Do 
x [rnm drab... dOn dy. 
Do 


The power in the second integral is unity when n is even, and zero 
when n is odd. We therefore obtain: 


1 OF(M 
B(M) < aff E -| åz, -a day, (216) 


where the constant c, depends only on A. Let us return to (215). The 
coefficient of f on the right-hand side vanishes when r < h/8, by (214). 
On the other hand, we can say by using the rule for differentiation 
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of a composite function that 4! f/dr' is a linear combination of the 
derivatives of order 1 with respect to £}, ..., %, with bounded coeffi- 
cients. On taking this into account, we can write: 

1 OF(M) __ of 

ee A DS toon aaa... Bat” 

where a is a bounded continuous function and | a, ...a, | <¢y rf 
With 1 > k + 1,i.e. withl > [n/2] + 1, all the coefficients in the last 
expression are bounded, and we obtain by (216), on taking into account 
the inequality (7 +...+%n)? < n(x +... + z) and inequality (212): 


f? (Mp) < 2 AY, 


k—-1 


where the constant c depends only on h. If, for a positive integer £, 
we have 1 — $ > [n]2] + 1, ie. B <1 — [n/2]—1, we can apply 
the whole of the above discussion with f replaced by any partial deriv- 
ative of f of order $ and l replaced by (l — 8). We thus obtain (213). 
The theorem is proved. This theorem and the present proof are due to 
Sobolev. 

The theorem can be used to obtain inequalities for the solutions of 
the non-homogeneous wave equation, on the assumption of sufficient 
differentiability not only of the functions appearing in the initial con- 
ditions, but also of the function f. In addition, the arguments still hold 
for the generalized wave equation [II, 188]: 


Ug = Uryxy F Uxx + OU 


and for the case of any number of independent variables in the wave 
equation. 


157. Supplementary propositions. We shall now mention some 
theorems from the theory of functions that will be required later. 
These theorems hold in Euclidean space of any number of dimensions. 
For simplicity, we shall state them for the case of a plane. 

Let f(P) = f(x, y) be a continuous function given on a bounded 
closed set F on the plane. The definition of continuity on F is the same 
as in a closed domain [I, 67 and 151], and it can be proved in the 
same way as for a closed domain that /(P) has a maximum and mini- 
mum on F. Let A = max | f(P) | on F. 

THEOREM 1. The function f(x, y), continuous on the bounded closed 
set F, can be extended to the whole of the plane whilst preserving its 
continuity and upper bound A. 

We shall first prove the following lemma: 
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Lemma. If D and E are two bounded closed sets on the plane with 
no common points, and a and b are given numbers (a < b), we can 
construct on the whole of the plane a continuous function gq »(2, Y), 
equal to a at points of D and to b at points of E and satisfying the 
inequality : 

a < Pa,p (2, Y) < D. 
We remark that the distance o(z,y; F) of a point (æ, y) from the 
bounded closed set F is positive if (x, y) does not belong to F, is 
zero if (x, y) belongs to F, and is a continuous function of (x, y) 
[II], 89]. If a = 0 and 6 = 1, the function 


= elx, y; D) 
Poa (2, Y) = elz, y; D) + elx, y; E) 


obviously satisfies all the requirements of the lemma. In the general 
case, we only have to put: 


Pab (8, Y) = (b — a) poa (£Y) + 4. 


Note. If one of the sets, say H, is absent, it is sufficient to put 
p(x, y) =a throughout the plane. 

We turn to the proof of the theorem. We put f,(x, y) = f(z, y). 
Let D, and E, denote the closed sets consisting of points of the set 
F at which f(x, y) < —A/3 and f(x, y) > A/3 respectively. By the 
lemma, we can construct a function g(x, y) throughout the plane, 
equal to (— 4/3) in Dy, equal to 4/3 on E, and satisfying the con- 
dition | p(x, y) | < 4/3. Let 

fi (2, y) = po (8, Y) — fo (£y) = L(y) on F]. 

It follows at once from the properties of p(x, y) and f,(x, y) that, 
if A, = max | f,(z, y) | on F, then A, < 24/3. We now construct from 
f(z, y) a new function f(x, y), just as f(x, y) was constructed from 
fo(x, y). Let D, and E, be the sets of the points of F at which 
fix, y) < —A,/3 and f(x, y) > A,/3. We construct (x,y), con- 
tinuous throughout the plane, equal to (—4,/3) on D,, equal to 
A,/3 on E, and satisfying | y,(x, y) | < A,/3. We next put: 


he (x, y) = p(z, y) = fi (x, y) [(z, y) on F]. 


If A, = max | f(x, y)| on F, then A, < 24,/3. Two sequences of 
continuous functions may be constructed in this way: fa(x, y), defined 
on F, and 9,(%, y), defined throughout the plane, where 


fnti(®Y) = fn (2, Y)— pn (2:Y) E(x, y) on F] (217) 
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and 
Ine wl<(H) 4 iey) on F] 


(218) 


lpn (z, y)| < (+) le, y) E ET 


It follows from the last inequality that the series 


(>) 


> prz, y) 


n=0 
is uniformly convergent throughout the plane. Its sum g(x, y) is 


continuous throughout the plane, and 


Ira, y)| < S) 4 


It remains to show that g(x, y) coincides with f(x, y) on F. On summing 
equation (217) from n = 0 to n = p over n, we get: 


=A, 


> only) =h y)— fle) [e y) on F]. 


n=0 


We find by virtue of the first of inequalities (218) that p(x, y) = falx, y) 
on F as p> œ, i.e. p(z, y) = f(x, y) on F, which is what we had to 
prove. 

The above proof has been taken from P. S. Aleksandrov’s Intro- 
duction to the General Theory of Sets and Functions (Vvedenie v obschuyu 
teoriyu mnozhestv i funktsii). We now introduce an averaging process 
for any function f(x, y), given and continuous throughout the plane. 
It leads us to a sequence of functions F(x, y), which have derivatives 
of all orders and are close to f(x, y) for large n. 

Let œ(t) be a function defined for all real t, having ordinary derivat- 
ives of all orders, non-negative in the interval [—1, 1], zero outside 
this interval, and such that 


a w(t) dt = f olt) dt = 1. (219) 
See “1 


The following function can be quoted as an example: 


1 
w(t) = ce"~" for |t| < 1 and w(t) = 0 for jt] > 1, (220) 
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where the constant c is given by the condition 
pot 

c f el dt=1. 

= 
If ¿— 1 from smaller values, then 1/(é”~*) -> — œœ, and the derivatives 
of all orders of the function w(t) pass to zero values for t > 1 without 
losing continuity when t passes through t = 1. Similarly, when t — —1 
from larger values. 

We now construct a sequence of averaging kernels on the plane: 


Pn (2Y; N) = N w(na — né) w(ny — nn). 


The non-negative function yn(x, y; £, n) has continuous partial deriva- 
tives of all orders, depends only on the differences a — &, y — n, 
vanishes outside the two-dimensional interval 


Ag” (e—a <i y—al <=) 
and, by (219): 
f S¥n(.y; £n) dedy =1. (221) 


ái (5,n) 


Let f(x, y) be defined and continuous throughout the plane. We con- 
struct the sequence of mean functions. 


nlé n) = f (A2, Y) Yn (ys En) dedy (n=1,2,...). (222) 


The integrand vanishes outside 4Ẹ™® for any fixed (é, 7), and the 
integral can be regarded as over the interval A@” or over the entire 
plane. The integrand is a continuous function of the pair of points 
(x, y), (&, n) and has continuous derivatives of all orders with respect 
o (&, n). Hence it follows [II, 80] that F,(&, 7) is continuous and 
has continuous derivatives of all orders throughout the plane. 

Let us show that the F,,(£, n) tend uniformly to f(E, n) in any finite 
closed domain B of the plane. Using (221) and (222), we can write: 


én) — Falë m) = JS SE 0) — fla, yl ¥n (ey; E n) da dy, 
whence, since the y, are positive: 


HE.) — Fa (En) < S SHEN) — Hey) yn ley; £n) da dy. 
(223) 
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We choose N large enough for | f(E, n) — f(x, y) | < eif (x, y) belongs 
to A&” with n > N and for any choice of (, 7) in B. Such an N 
exists by virtue of the uniform continuity of f(z, y) in any bounded 
domain. 

On taking (223) into account and the fact that n(x, y; €, n) = 0 
outside J“, we obtain on the basis of (221): | AE, n) — Fr(é, n) | < € 
for n > N if (£, n) belongs to B, which in fact proves our assertion. 

If f(x, y) satisfies | f(x,y) | < A, then | F,(é, n) | < A for any n. 

For: 


Fn(E | < S SIAE | Yale, ys En) dx dy < 
< f f Ap, (ay; &,)dady = A. 


A further fact must be mentioned. Jf f(z, y) vanishes outside a 
finite domain B,, the function F (¢, n) vanishes at all points whose 
distance from the boundary of B, is greater than 1{n. It follows from 
this that the function F,(&, n) vanishes for all sufficiently large values 
of n at any point outside B,. In this case Falë, n) —> f(E, n) uniformly 
throughout the plane. 

This method of constructing mean functions can also be used 
when f(x,y) is merely integrable. This will be discussed in more 
detail in Vol. V. 


158. Generalized solutions of the wave equation. By using Green’s 
formula, it is possible to generalize the concept of the solution of a 
partial differential equation. We start with the wave equation: 


1 
[JU = Uyy F Uyy — Te Uy = O. (224) 


Let D be a bounded domain of three-dimensional space (a, y, t) and 
S its boundary surface. Green’s formula becomes: 


fff @Ow—uQo)dt= f {[oP(u)—uP(o)]dS, (225) 
DÒ $ 


where 
: U; cos (n, £). (226) 


a? 


P(u) = u, cos (n, æ) -+ w, cos (n, y) — 


Suppose that the function u has continuous derivatives up to the 
second order inside D and satisfies equation (224), whilst o is any 
function having continuous derivatives up to the second order inside 
D and vanishing at all points of D whose distance from S does not 
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exceed some positive number (different for different o). Equation 
(225) now gives: 


fff uOedr=0. (227) 
D 


This formula does not contain the derivatives of u, and the foregoing 
considerations naturally lead us to the following definition: a function 
integrable in the domain D is said to be a generalized solution of equation 
(224) if it satisfies equation (227), where o is an arbitrary function with 
the above-mentioned properties. 

Let u(M, 4) be a family of generalized solutions depending on the 
parameter 4. Condition (227) may be written as 


f | J w(t; a) O o(ML) dr = 0, (228) 
D, 


where M(x, y, t) is a variable point. Suppose for definiteness that 
u(M, A) is a continuous function of the four variables (x, y, t, 4) when 
A varies in a fixed finite interval [a,b]. On integrating (228) with 
respect to 4 over the interval [a, b], we get: 


J Sem ) O o(M) dt = 0, where u, (M) = f u(M, a) aa, 


a 


i.e. the function u (M) satisfies condition (227), and is thus also a 
generalized solution of equation (224). In other words, if a generalized 
solution depending on a parameter is integrated with respect to the para- 
meter, a further generalized solution is obtained. 

The theory of generalized solutions of the wave equation was given 
by Sobolev in A General Theory of Wave Diffraction at Riemann 
Surfaces (Obshchaya teoriya diffraktsii voln na Rimanovykh poverkh- 
nostyakh) (Trudy matematicheskogo instituta im. V. A. Steklova). 
We shall mention two results obtained in this work. The necessary 
and sufficient condition for u( M) to be a generalized solution inside D 
is that there exist a sequence un(M) of solutions of equation (224) 
having continuous derivatives up to the second order in D, and such 
that 

sd Pe) u,(M) | dr = 0. 

The second result was the establishment of the Cauchy problem for 
generalized solutions and the proof of the uniqueness of its solution. 
The author then employed generalized solutions to solve the diff- 
raction problem for waves on Riemann surfaces. It follows from the 
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discussion of [142] that a generalized solution of the wave equation 
can only have a strong discontinuity on a characteristic surface when 
the kinematic compatibility conditions are fulfilled. 

Let us give an example of a generalized solution of the wave equation: 


1 
CJ U = ty, + Uy y + Ugg ar Ut = 0. 


Let w(£) be a function which is continuous in the finite interval 
J (a < & <b), but which has no derivative. Let D be a finite domain 
of four-dimensional space (x, y, z, t) such that r = Væ +y¥+2>0 
at all points of D, whilst (¢ — r/a) belongs to the interval J. There 
exists a sequence of function @,(&) having derivatives of any order 
for all £, which tends uniformly to œ(¢) in J [157]. The functions 


noes 


r 


have continuous derivatives of all orders in D and satisfy equation 
(224) [II, 200]. We have by Green’s formula: 


e saal Oo dr = 0, 


where ø satisfies the above-mentioned conditions. On passing to the 
limit as n —> œ, we obtain: 


pega O odr = 0, i.e. the function u = la) 
D 


which does not even possess first order derivatives, is a generalized 
solution of (224) in D. It can similarly be shown that w(x — at) is a 
generalized solution of the equation wx, — (1/a”) -uyz,=0 in some domain 
of the (x, t) plane. By using Green’s formula and a method of induction, 
generalized solutions can also be defined for the non-homogeneous 
wave equation, or even for an equation of the form [147]: 


L(u) = D A ik Urge, F D br Ux, H CU = f. (229) 
ikel fal 


We can use Green’s formula to arrive, as above, at the following 
definition of the generalized solution of this equation: a generalized 
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solution of equation (229) is any continuous function satisfying the 
condition 
f...fuM(o) dt = f... f fodr, (230) 
D “p- 


where o is any function with continuous derivatives up to the second 
order inside D and vanishing at all points whose distance from the 
boundary of D does not exceed some positive number. We have 
written M(c) for the operator conjugate to L(u) [147]. Lf u satisfies 
condition (230) and has continuous derivatives up to the second order 
inside D, we can use formula (110), together with the fact that v 
vanishes close to the boundary of D, to obtain: 


f . f [oL(u) — uM(o)] dr = 0. 


We obtain by taking (230) into account: 
f f f o[L(u) — f] dr = 0, 
D 


and hence we can assert [62], in view of the arbitrariness of ø inside 
D, that L(u) = f inside D. It thus follows from (230) that, when the 
function u has continuous derivatives up to the second order inside 
D, it in fact satisfies equation (229) inside D. The actual definition 
(230) does not even require first order derivatives for u. 

The requirement that u be continuous is also superfluous in essence, 
and can be replaced by the condition that it be integrable. A general 
discussion of generalized solutions requires the theory of functions 
of a real variable, and we leave this to Vol. V. 

More detailed information regarding generalized solutions may be 
found in the book by S. L. Sobolev: Partial Differential Equations 
of Mathematical Physics, Pergamon Press, 1964. 


159. Equations of the elliptic type. We have so far considered 
hyperbolic equations when investigating the Cauchy problem. We 
shall now dwell on the simplest equation of the elliptic type, namely 
Laplace’s equation in two independent variables: 


Uxx F Uyy = 0. (231) 


We know that any solution of this equation is the real part of an 
analytic function: f(z) = u(x, y) + v(x, y)i [III, 22]. Let us consider 
the solution of (231) in the neighbourhood of some point, which can be 
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taken as the origin. Assuming that u has continuous derivatives up 
to the second order at and in the neighbourhood of this point, we have 
a power expansion of f(z): 


7 (2) = Se, z”, 
n=0 


convergent in a circle |z | < R, where the cn = a, + bni are complex 
numbers. On separating the real part of each term of the series 


Hz) = S (an + bni) (£ + yi)", 


n=0 
we obtain u(x, y) as a series in homogeneous polynomials in (x, y): 


œ 


u(z,y) = > fan [an — ED gey, ‘ | + 


n=0 
—I1)(n—2 

+ bn |- nal y -+ min in?) gny? —.. J (232) 
and this series is absolutely convergent provided that Vx? + y? < R. 
Let us write the last series as a double series in positive integral powers 

of x and y: 
> dyay (233) 

P, q=0 

and show that it is also convergent if the real values v and y are suffi- 
ciently close to zero. In fact, the absolute values of the terms of series 


(233) do not exceed the terms of the double series which is obtained 
from 


> len! (lel + lyl)"- 
n=0 
But the series 


> jel” (7 > 0) 

n=0 
is convergent for r < R and it follows at once from this that series 
(233) is absolutely convergent provided | z | + | y | < R. We can group 
the terms in this series, and hence obtain series (232), i.e. the sum of 
series (233) is equal to u(x, y). Thus every solution of equation (226) 
can be written as a power series in the neighbourhood of any point 
(x, y) provided the solution has no singularity at this point, i.e. to put 
the matter more simply, every solution of equation (231) is an analytic 
function of (x,y). Hence it follows immediately that the harmonic 
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function has derivatives of all orders and that, if two harmonic 
functions coincide in some two-dimensional part of the (x, y) plane, 
they coincide everywhere. 

We remark that a completely different picture is obtained for the 
hyperbolic equation 


Uyy 


— au, = 0, (234) 
where a is a given real number. This equation has the obvious solution 
[II, 164}: 


u = g(x + ay), (235) 


where 9 is an arbitrary function having continuous derivatives up to 
the second order. It is proved in the theory of functions of a real 
variable that a p(t) can be constructed, having continuous first and 
second order derivatives and having no third order derivative for any 
value of t. For such a g(é), equation (234) will have no third order 
derivative for any (x, y), and hence cannot be an analytic function of 
(x, y). Let a = i in (234) and (235). Now a? = —1, and (234) becomes 
equation (231), whilst formula (235) gives its solution in the form 
u = p(x + yi). This function must have a continuous derivative with 
respect to its argument, which is here a complex variable. But a 
function having a continuous derivative with respect to a complex 
argument is analytic. On separating the real part in the solution 
u = 9(x + yi), we obtain a further analytic solution of (231). This 
discussion is of a formal kind and is not strict, but it can be used to 
provide a very simple explanation of the reason why the solutions of 
(231) and (235) differ in character, as we saw above. 

A Cauchy problem can be formed for equation (231). For instance, 
we can seek the solution of (231) when u and its derivative u, are given. 
at xv = 0: 

lxo = fo (Y); Usleeo = fı (Y) (236) 


where f,(y) and /,(y) are given analytic functions of y [127]. This. 
problem has a unique solution in the neighbourhood of z = 0. We 
shall show by an example that the solution of this problem can have: 
a serious defect from the mathematical point of view. Let 


fa W) = 0 and f (y) = — sin (ny), (237) 


where n is a given positive number. It is easily shown that the solution: 
of (231) satisfying these initial data is 


nx ad 
e nx 


u = SS sin (ny). (238) 
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Let n— œ. The initially given f(y) here tends to zero uniformly 
with respect to y, since | sin (ny) | < 1, whilst the solution (288) tends 
to infinity if x # 0 and ny differs from a multiple of x. For, if say 
æ > 0, then e~™ — 0, and the ratio e™/n? > œ as n—>» œœ, since the 
exponential function e™ increases more rapidly than n?. Thus, as the 
initial data tend to zero, the solution itself will increase indefinitely. 
In other words, we see from our example that the solution of the 
Cauchy problem for equation (231) does not possess the property of 
continuous dependence on the initial data. We always have this con- 
tinuous dependence, in one form or another, for equations of the 
hyperbolic type [155]. 

We have proved that solutions of Laplace’s equation in two inde- 
pendent variables are analytic. The same is true in the case of three 
independent variables: 


Us + Uyy + up = 90. 


Let us prove this. Suppose we have a solution of the equation with 
continuous derivatives up to the second order at and in the neighbour- 
hood of the origin. The function u is obviously harmonic in some 
closed sphere with centre at the origin and radius R. We can express 
the value of u at any interior point (x, y, z) of the sphere in terms of 
its values at points (&, 7, ) on the surface of the sphere S in accord- 
ance with the formula [II, 197]: 


1 R — (at + yt +24) 
Mene Ga I) uE m O) Fear ya + OPE Pe 


For all v, y, z, sufficiently close to zero, we can expand the function: 


Le —&)? + (y — n)? + eo 
E (a? + y? + 2?) — (26w + 2ny + 22) T 
=R-[1 + a | 


rice 


in a power series in positive integral powers of (x, y, z) by using the 

binomial formula. The entire integrand of (239) can now be written 

as such a series with coefficients depending on (&, 7, ¢). Integration 

of this series term by term over S gives us a power series for u(x, y, 2). 
It can similarly be shown that the solutions of the equation 


eu 


u 
Ox? + 
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are analytic functions of the variables (x, y): this will be discussed in 
the next chapter. 

Proofs that the solutions of a wide class of elliptic equations are 
analytic may be found in the works of S. H. Bernshtein. 


160. Generalized solution of Poisson’s equation. The generalized 
solution of Laplace’s equation would have to be defined in three- 
dimensional space by the relationship 


f { fuAodr = 0, (241) 
D 


where øg is any function with continuous derivatives up to the second 
order inside D and vanishing at all points sufficiently close to the 
boundary of D. We shall prove a theorem showing that every contin- 
uous generalized solution of Laplace’s equation is an ordinary solution. 

THEOREM. If a function u( M), continuous inside D, satisfies (241), 
it is a harmonic function inside D. 

We first prove a simple lemma. 

Lemma. If a function u(M), continuous inside D, has the property 
that its value u(M,) at any points M, inside D is equal to its average 
value over any sphere with centre M, and sufficiently small radius, 
u(M) is harmonic inside D. 

It is sufficient to show that u(M) is a harmonic function in a sphere 
with centre at an arbitrary point M , inside D. We take such a sphere 
C with sufficiently small radius and let U (M) be harmonic inside C, 
taking the same values on the boundary of C as u( M). The difference 
u(M) — u,(M) has the mean value property indicated in the lemma 
at every interior point of C, since this property must be possessed by 
u(M) by hypothesis, and by the harmonic function u,(J). It follows 
from this property that the difference attains its maximum and 
minimum values on the boundary of C. But it vanishes at.every: point. 
of the boundary, so that u(M) coincides with the harmonic function 
u,(M) inside C, which proves the lemma. 

Now let us prove the theorem. In view of our lemma, we only need 
to show that, by virtue of (241), u( M) satisfies the mean value property 
of the lemma at every point M,. Let D, be a sphere with centre M, 
and radius € inside D. We construct the function: 


o(M) = (r? — e*)8 if r <e, i.e. if M belongs to Dy 
0 ifr >e, i.e. if M is outside D, 
where r = | M,M |. 
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This function satisfies the requirements imposed above on o(M) 
We have 
Tré — 10227? + 3e4 for r<e 


1 
— Ao(M) = 
6 a (0) for r>e, 
and (241) gives: 


Sf f uM) (Trt — 10e% 7? + Bet) dt = 0. 


rge 


We differentiate this equation with respect to «. Here, we must not 
only differentiate the integrand with respect to £, but must also add 
a double integral over the surface of the sphere r = e [II, 171]. But 
¿he integrand vanishes for r = g, and we have: 


$ f f (M) (128 — 20er?) dr = 0. 


rgqe 
Further differentiation with respect to € gives: 


e f fu(M)dS — 3 f f f u(M)dr=0 
r=8 rge 


This equation can be rewritten as 


Ace [ a JÍ u(M) as] —3 J [Juan dr =0. 


Further differentiation with respect to e gives: 


a [ax | foun as] = 


r= 


whence it is clear that the mean value over the sphere (contained in 
the squares brackets) does not depend on the radius « of the sphere, i.e. 


| fun) dS = C. 


We see by letting e tend to zero that the constant C is equal to u( Mo), 
i.e. u(M) has in fact the mean value property of the lemma, and the 
theorem is proved. 

Thus there can exist no generalized solutions of Laplace’s equation 
different from the ordinary solutions. However, generalized solutions 
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can exist for Poisson’s equation: 

Au(M) = f(2L), (242) 
defined by the relationship 


SJ f udodt = i f fo dr, (243) 


with the previous conditions regarding ø, if say the function f(M) 
does not possess good enough properties. Suppose say that f( M) is 
continuous in the closed domain D but has no derivatives. We can 
evidently continue f(M) throughout the space whilst preserving its 
continuity. Let F(x, y, z) be mean functions for f(M). They tend 
uniformly to f(M) in the closed domain D. 

We show that the Newtonian potential 


we, y, 2) = — mecan dé dy dt (244) 
D 


(r = V(e— &)? + (y = n}? + (z — 0°) 


satisfies (243), i.e. is a generalized solution of Poisson’s equation. 
At the same time, it may not have second order derivatives [II, 200]. 
We construct the potentials 


Fa » tis 
Un (£, Y, 2) = — aff aa dé dy dé, (245) 
D 


which satisfy inside D the equation Au,(z, y, 2) = F(x, y, z). We 
write down Green’s formula: 


u, Ao — odu,,) dt = 0, 
pis 


where the fact has been taken into account that o vanishes at all points 
sufficiently close to the boundary of D. It follows from this that: 


SJ Ju, do dr a ae 


On passing to the limit, (243) is easily seen to be obtained, where u is 
given by (244). We shall leave an investigation of the general properties 
of parabolic equations to the chapter on boundary value problems. 
We merely remark that it can be shown as for Laplace’s equation, 
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that every generalized solution of the homogeneous heat conduction 
equation has continuous derivatives and is a solution in the ordinary 
sense of the word (S. L. Sobolev, Partial Differential Equations of 
Mathematical Physics, Pergamon Press, 1964, lect. 22.). 


§ 3. Systems of equations 


161. Characteristics of systems of equations. We now turn to an 
investigation of systems of partial differential equations. We have 
already discussed in [126] the question of the existence and uniqueness 
of the solution of the Cauchy problem in the analytic case. This 
question is much more difficult, as compared with dealing with a 
single equation, in the non-analytic case. Very general results along 
these lines have been obtained by I. G. Petrovskii in On the Cauchy 
problem for systems of partial differential equations (O probleme Koshi 
dlya sistem uravnenii s chastnymi proizvodnymi) (Matematicheskit 
sbornik, t. II, vyp. 5, 1937) and in On the Cauchy problem for systems 
of linear partial differential equations in the domain of non-analytic 
functions (O probleme Koshi dlya sistemy lineinykh uravnenii s 
chastynimi proizvodnymi v oblasti neanaliticheskikh funktsii) ( Byul- 
letin Moskovskogo universiteta, 1938). Some of the results of relevance 
here are given in Petrovskii’s Lectures on Partial Differential Equations 
(Lektsiyakh ob uravneniyakh s chastnymi proizvodnymi). The litera- 
ture of the subject and a survey of the results may be found in this 
last work. 

We shall confine ourselves to a few systems and start with the 
theory of characteristics and the related subject of discontinuous 
solutions. 

Let us consider the system: 


= aff) —— + Di (ary, u) = 0 (¢=1,2,...,m). (1) 
k 


Since this is a first order system, the Cauchy data reduce to specifying 
the initial values of the function w,(2,, ... £n) on a given surface of 
space (£, ..., Zn). Suppose that the surface supporting the data is the 
plane x, = 0, i.e. that we have the special Cauchy data: 


Ulamo = Pj (By +--+ %_) (F=1,...,m). (2) 


These initial data enable us to evaluate on the plane x, = 0 all the 
first order derivatives except for du;/dz,. If system (1) is soluble for 
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du,/dz, after substituting z, = 0 and the other initial data (2), we 
obtain the values of all the first order derivatives at x, = 0. Otherwise, 
zı = 0 will be a characteristic plane. In general, a surface 


© (Zis +--+, En) = 0 (3) 


together with the initial data defined on it, is described as characteristic 
if these initial data, in conjunction with system (1), do not enable us 
to find all the first order derivatives uniquely on the surface. When 
the coefficients af? contain x; only, it is of no importance for us to 
know the initial data for the functions u; on surface (3). In order to 
find the conditions which must be satisfied by the characteristic surface 
(3), we introduce, as in [138], new independent variables vý instead of 
2, in accordance with the formulae 


Ly = Wp (Ly, ..-,%,) (= 1,...,0), (4) 


where the (n — 1) functions @,, ..., @n are chosen so that the formulae 
written are soluble with respect to the x,. On expressing the derivatives 
with respect to the old variables in terms of the derivatives with respect 
to the new, we get: 
ðu j n Ou; dws 
Orp A Ows Ong ` 


We substitute these expressions in system (1), writing down only the 
terms that contain the derivatives 3uj/ðx;: 


> Sop ee et =0 (i= 1,...,m). (14) 

j=l k=l 
We have the Cauchy data in the special form in the new variables, 
i.e. these data refer to the plane ví = 0. This is a characteristic plane 
if the last system does not give definite values for the derivatives 
du;/Oxj, i.e. if the determinant from the coefficients of the 0u;/da; 
vanishes. On introducing for brevity the notation: 

n 


Ow. 
oy = Sapte, 6) 


we obtain the following first order equation, which must be satisfied 
by every characteristic surface of system (1): 


Wip Oiz +++» Olm 
| = |221 Peas +--+, We = 
aE ae |e (6) 


Om» Ome +++» Omm 
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This first order equation is of degree m in the derivatives 0w,/dz,. 
It is entirely analogous to equation (53) of [138]. 

Equation (6) must be satisfied by virtue of (3). If we require that 
it be satisfied as an identity, i.e. if we consider it as an ordinary first 
order equation for the function @,(%, ..-, 8n), we obtain a family 
W(t, ..+,%n) = C of characteristic surfaces of system (1). It can be 
shown [cf. 101] that every characteristic surface can be included in 
this family. 

If the function o,(2,, ..., £n) is such that the left-hand side of (6) 
differs from zero on the surface œ = 0, by carrying out the change 
of variables (4), we can solve the transformed system (1,) for du;/dx}. 

If we replace 0w,/dx, by a; on the left-hand side of (6), we obtain an 
equation of degree m for the components of the vector (a,, ..., dn), 
which defines a characteristic normal direction at every point. The 
normal at every point of a characteristic surface has this characteristic 
direction. 

We can similarly consider a system of second order equations: 

= = k O Uj i 
O a i 
where we can assume ait = alt as usual. If we have special Cauchy 
data on the hyperplane x, = 0: 
buy 
Ox, 


U lxo = Pj (Faye -< En); = Yj (Ea -c En) (j =1,..., M), 


X1=0 
all the first order derivatives, and all the second order derivatives 
except for 0?u,;/ Əz? will be known on this hyperplane. On substituting 
the initial data in the coefficients of the system and equating to zero 
the determinant formed from the coefficients of the u;/az}, we obtain 
the condition for the hyperplane xz, = 0 to be a characteristic surface. 
In the general case, the functions themselves and their first order 
derivatives are given on surface (3), and we have to find the condition 
that system (7), in conjunction with the initial data, does not define 
the second order derivatives uniquely. We introduce new variables x; 
again instead of £y, in accordance with (4). The expressions for the 
derivatives with respect to the old variables in terms of the derivatives 
with respect to the new are: 


Ou; ðu; dw 
L= _ tt... 
Oxy, Gay OE + 
Ou; Fuj Ow, Ia, 


— 


Gay, 0a, ~ 0a’? «Gay, =O, ' 
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On substituting in (7) and writing down only the terms containing 
Bu,/Ox's, we obtain the system in the new independent variables: 


m n 3o, Go, Fuj 


ki = 
2 PA Ox, Ox Ox’? a SOs 


In the new variables the initial data refer to the plane zi = 0, and we 
have to write down the condition that the latter system does not 
enable us to determine uniquely the derivatives 6°u,/da”’}. On intro- 
ducing notation similar to the previous: 


n 


nee kl 00, 0a, 8 
bg a Gay O (8) 
Te 


we can write this condition as: 


4 2 , 
Oit Wiz +++) Wim 
loz; — |V 2z -Om | — Q. (9) 
J fo bee Cer ee ao 
, , a 
Om. Om2,-.-,8mm 


The left-hand side of this first order equation is a homogeneous poly- 
nomial of degree 2m in the derivatives 0w,/d2,. 

We return to first order systems. If we replace 0,/dx, by a, on the 
left-hand side of (6), we get the equation: 


G(a,,...,4,) = 0, (10) 
where ® is a homogeneous polynomial of degree m in the arguments 
Qis ..., an with coefficients depending on (2,,..., £m). If the left-hand 
side of (10) vanishes only for a, = ... = an = 0 in some domain D 


of space (21, ..., Zn), system (1) is said to be of the elliptic type in D. 
The elliptic type is defined as regards system (7) in the same way. 
The term “hyperbolic type” is applied to systems in a rather different 
sense. We shall return to this question for the case of two independent 
variables. If, by a suitable linear transformation of the variables d,, 
the homogeneous polynomial O(a,, ..., an) can be reduced at a point 
(£i -+ Zn) or in a domain D to a smaller number of variables, system 
(1) is said to be parabolically degenerate at that point or in that domain. 

If the coefficients af? of system (1) contain the functions u; (the 
system is quasilinear), we can form equation (6) by substituting in 
these coefficients any functions u; given on the surface w, = 0, and 
decide the question as to whether w, = 0 is a characteristic surface. 
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A similar remark applies for system (7) if its coefficients ait contain 
the functions uj and their first order partial derivatives [cf. 128]. We 
remark that system (7) can be reduced to a system of first order 
equations if we introduce the mn new functions: 


Ou; j=l,...,™m 0 
Oxy = Ok ia ee i (10) 


On carrying out substitutions (10,) in equation (7), we obtain m first 
order equations in the (m + mn) functions u; and w;,. The further mn 
equations (10,) are added to these equations. 


162. Kinematic compatibility conditions. For what follows, we need 
to prove a proposition on the differentiation of functions along a 
surface. We shall prove this lemma for the case of three independent 
variables in order to get a clearer geometrical picture. 

Let the function f(x,, £}, %) be continuous up to a surface 8: 


Y(%1, La 3) = 0 


from one side of it, and further, let its first order partial derivatives 
also be continuous from this side of S and have definite limits fx, on 3. 
If l is a curve given from the same side of S: x; = 2,(t) (i = 1, 2, 3), 
where the 2,(¢) have continuous derivatives with respect to t, then f is 
a function of t along l, and we have: 


df $ ; 
ar = È farl). (11) 


Lemma. Formula (11) holds if l Wes on 8. 

We can assume that the curve / is sufficiently small. Let V, and N, 
be its ends, and N a variable point on l. We draw through N a straight 
line parallel to the normal n, to the surface at the point N,, the normal 
being directed towards the side where f is defined; then we mark off 
segments NN’ of the same length 6 on each of these straight lines. 
Let the ends V’ of these segments form a curve l’, which does not 
intersect itself and lies in the domain in which f is defined. Points of 
this curve have the coordinates: ¢; = x(t) + 6 cos (ni xi). We can 
apply (11) along l’: 

3 
“Ae |p = Z a (Eu fo a) 2h 


=l 
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We integrate both sides with respect to ¢ between the limits from 
t = t, corresponding to the point N, to a variable t: 


t 
HO le — fla) le = {Stan (Ens Sos fa) 24 (8) dt, 
i, k=l 


where f(,) and f(t) on the left-hand side are the values of f on l’ at the 
points corresponding to the values of ¢ mentioned. By hypothesis, 
f and fx, are continuous as far as S, so that the integrand on the right- 
hand side is a uniformly continuous function of the parameter 6. On 
passing to the limit in the last formula as 6 —> 0, we obtain 


t 
fll) — H) = S > hale (0), £a (t), v3 (0) 24 (0) dt, 
t, k=1 


where the left-hand side contains the values of f on l. On differen- 
tiating both sides with respect to t, we obtain (11). This lemma will 
be useful in the next chapter as well as in the present section. 

We turn to the case of any number of variables and now suppose 
that the function f(x, ...,2,) is continuous on passing through sur- 
face 8: 

W(X, -- -3 2n) = 0, (12) 


whilst its first order partial derivatives have definite limits on each 
side of the surface, these limits being different for the different sides, 
i.e. more briefly, the first order derivatives of f have discontinuities 
of the first kind on surface (12). We shall speak of the two sides as 
the positive and the negative side. We use a + sign to denote a limit 
obtained on the positive side, and a — sign for a limit on the negative 
side. For instance, the condition that f is continuous on passing through 
S can be written as ft = f-. We introduce a notation for the jump 
in the first order derivatives: 


[fee] = ih — fæ 


By hypothesis, ft and f- coincide along any curve l lying on surface 
(12). Hence we have, by using the lemma: 


2 


n 
S fidt = Y fpd, (on S). (13) 
1 k=l 


= 
i] 


The variables z, cannot be regarded as independent on surface S. If 
say the equation of the surface is given explicitly, one of the coordi- 
nates will be a function of the rest, whilst these latter can now be 
regarded as independent variables. 
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We can rewrite the previous expression as: 


n 
D [falder = 9. 
k=l 
We have, in addition: 


n 
D Px, dg =Q. 
k=] 


We multiply the last equation by an as yet undetermined factor h 
and subtract from the previous equation: 


n 


2 (Ufa) = hyr} dz, = 0. 


k=1 
We now define the factor h so that the coefficient of the differential 
of the dependent variable vanishes. The coefficients of the differentials 
of the independent variables must obviously be zero [I, 167], and we 
thus arrive at the following n equations: 


[fx] = hx, (14) 
i.e. the jumps of the first order derivatives must be proportional to the 
partial derivatives of the left-hand side of (12) with respect to the corres- 
ponding variables. These conditions are generally known as the kinematic 
compatibility conditions. 

We now take the case when f itself and its first order derivatives 
remain continuous on passing through surface (12), whilst the second 
order derivatives have discontinuities. Our previous discussion is now 
applicable for each of the functions /,,. Each of these functions will 
have its coefficient of proportionality hę in the kinematic compatibil- 
ity conditions, and the jump of the derivative of fx, with respect to 
each variable x, must be proportional to yx, i.e. we have the following 
equations for the jumps of the second order derivatives: 


EEA = fin aa fax = hy, Px- 
On taking into account the independence of the result of differentiation 
on the order of differentiation both on the positive and on the negative 
side of the surface, we can write he Yx, = tu Yxp ie. hips, = hil Px,. 
In other words the ratio hx: yx, must not depend on the subscript k. 
On putting hy : yx, = h, we finally transform the last expression to: 


Thre] = Av xg Yar- (15) 
These formulae give the kinematic compatibility conditions for the 


case of a second order discontinuity, i.e. a discontinuity of the second 
order derivatives. 
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163. Dynamic compatibility conditions. We return to the system (1) 
of first order equations and suppose that (3) isa characteristic surface 
for the system; the solution u is assumed to have a weak discontinuity 
on this surface, i.e. u itself is continuous, and only the first order 
derivatives can be discontinuous. Let ut be a continuous solution 
from the positive side of the surface and u- a continuous solution from 
the negative side with which u coincides. We can write system (1) for 
u* and u~. We consider the difference of these equations on surface (3) 
itself. The terms ®; will be continuous on passing through the surface 
and cancel on subtraction. We therefore arrive at the following m 
equations, which must ^e satisfied by the jumps of the first order 
derivatives: 


Ss Sap pa =0. (16) 


When deducing these conditions we have essentially made use of 
system (1) itself, which usually describes some physical process; the 
conditions obtained for the jumps are called the dynamic compatibility 
conditions. Each of the functions u; has its coefficient of proportion- 
ality hj in the kinematic compatibility conditions (14): 


duj a 
= h; Oy — 
[=] Ia (FN, m). (17) 
On substituting these expressions in conditions (16) and using the 
notation (5), we obtain a system of m homogeneous first degree equa- 
tions for the coefficients Aj: 


‘œh; =O (i=1,2,..., m). (18) 


It follows directly from the equation of the characteristic surface (6) 
that the determinant of this system vanishes, so that we can obtain 
a non-zero solution of the system. In the general case, when the rank 
of the matrix of the coefficients of system (18) is (m — 1), the general 
solution of the system is determined up to an arbitrary constant 
factor, which is of no importance for obtaining a qualitative picture 
of the discontinuity. 

We now turn to a consideration of the system (7) of second order 
equations. Here, a solution having a weak discontinuity will be one 
in which the function itself and its first order derivatives are conti- 
nuous. Precisely as above, we obtain dynamic compatibility con- 
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ditions for the jumps of the second order derivatives: 


m n Ou; 
kl J 
A a 1 L Og Oey 
Each function u, will have its own coefficient of proportionality hy 
in the kinematic compatibility conditions: 


Ou; a a 
p Ox, | ag hy Ox, dzy ` (20) 


On substituting these expressions in condition (19) and using notation 
(8), we again obtain a system of homogeneous equations for the 
factors hj, the determinant of which vanishes, by (9): 


Sih; =0. (21) 


j =l 


164. The equations of hydrodynamics. Let us apply the theory of charac- 
teristics to the equations of hydrodynamics. Let (u4, ug, u3) be the components 
of the velocity vector, p the pressure, ọ the density and f,, fz, fa the components 
of the external force per unit mass. The independent variables are time ¢t and 
the spatial coordinates z, £2, x3. We have the three Euler equations: 


Ou; $, ðu Op _ GN 
aa m Ra g Ua) 


and the equation of continuity [II, 114, 115]: 


7 3 Ou 


Nay ute 2 Ox, =0. 


We shall assume that the fluid is compressible and that the equation of state 
is determined by the dependence of the pressure on the density p = p(e), 
where p(o) is a given function. We finally have four first order equations for 
the functions u,, Uz, Uz, @ of the independent variables z£, x2, a3, t: 


+3 Our a 1 dp ae 
a Gay o do dz; 


3 3 
ou, 3: 
P 2 ae ee 


F 
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The quantities w,;, given by (5), become in the present case: 


ij? 


O2 = Wg, = O13 = Vg, = Weg = Oz = 0; 


da, dw, Qn, A 
Pal Ree id = 1,2, 3,4 
On dt a tA on, “* © 
3 F 
oe 1 dp 0, ; Oy =e Oy (i # 4), 


0x; 


where, as previously, œ, is the left-hand side of the equation of the characteristic 
surface 
W, (L1, Ly, Lg, t) = 0. (22) 


We write g? as above for the sum 
3 
Jw J 
(a 1 £ 
Pal Oat, 


The first order equation (6), which must be satisfied by characteristic surface 
(22), has the form here: 


da, 1l dp 0, 
dt’ 0; de Om, 
do, 1 dp 0a, 
” dt ’ o; e de da, 2% 
0 0 do, l dp | ` 
r , dt’ g dg Oa, 
Ow, dw, 3w dw, 
Ox,’ C Oa,’ ° Oa,’ de 
do, 9a, do, Ow, 00, } 
( ae T om, ee, oe, 


We obtain on expanding the determinant: 


da, \2f( do, \2 , dp 
Bied Oe arch Oe [eae =0, 23 
ar) Gan) "ae |=? oe 
The velocity P of displacement of surface (22) in the direction normal to the 
surface is given, as we know, by (75) of [141]. At each given instant, surface 
(22) will pass through certain fluid particles. Let u, be the velocity component 
of a fluid particle lying on the surface along the normal at the point in question. 


Since the direction-cosines of the normal (towards the side where w, > 0) 
are 0w,/0x,:g, we have: 


The difference P — up, giving the velocity of the surface relative to the particles, 
is usually called the velocity of wave propagation. We have the following expres- 
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sion for this velocity: 


ee ee ee 
or 
1 da, 
y FART (24) 


The differential equation of characteristic surfaces (23) is equivalent to two 
equations: 
dp 


2 2 
ve=0; V= do 


(25) 
The first equation corresponds to the case of a stationary discontinuity and we 
shall only consider below the second of the equations. The velocity V defined 
by (25) is the velocity of sound: 

dp 


V= ae (26) 


Let us now establish the nature of the discontinuity by using the kinematic 
and dynamic compatibility conditions. Let hg denote the discontinuity co- 
efficients appearing in (17) for functions up, and r the corresponding coefficient 
for the function 9. Equation (18) becomes in the present case: 


oo pee 1 dp 2a, 
hy e dg Oxy 


r=0 (k=1,2,3) 


or, on taking (24) and (25) into account: 


00, 


1 
~ut- T Oa, r= 0, 


1.0, 


hy => rY COS az, (27) 
where cos a, are the direction-cosines of the normal to the surface of disconti- 
nuity. We shall regard (h,, kz, ha) as the components of a vector h (the disconti- 
nuity vector for the velocity derivatives). The previous formula can be written 
in the vector form: 


where n is the unit normal to the discontinuity surface. It is thus seen that 
the discontinuity vector for the velocity derivatives is directed along the normal 
to the surface of discontinuity (a longitudinal wave). 

The components w; of the acceleration vector are given by 


ðu 
w= LEDE ug (t= 1, 2,3) 


and have discontinuities on passing through the surface. Suppose we have 
rest on one side of the surface. Since the velocity is continuous, its boundary 
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values vanish on both sides of the surface; whilst the velocity derivatives will 
have values equal to the jump on the surface, since they vanish in front of the 
surface, where we have rest. The same can be said of the components of the 
acceleration vector. By (27) and (24), the jumps of these components are given 


by 


2 
[w] = hi 2o + Èr ru +h; doi iro cosa, 
di e 
or in vector form: 
rgV? 
w] = — —*—- n. 
[w] o 


With the above-mentioned condition, this formula will give the acceleration 
vector on the discontinuity surface. 

We now consider the so-called stationary case, when the functions up and 
e do not depend on ¢. Assuming that w, is also independent of t, we have P = 0 
and V = —u,. Suppose that, in a certain domain, the fluid velocity is less than 
the velocity of sound (26). All the more, in this case, | un | < Vdp/dọ, and the 
equation V = —u, is impossible. It is thus seen that we cannot have propagation 
of discontinuities in the stationary case with infrasonic velocities. 


165. Equations of the theory of elasticity. As an example of an application 
of the theory of characteristics to systems of second order equations, let us 
take the equations of the theory of elasticity in the elementary case of a homo- 
geneous isotropic medium. Let (u,, Uz, uz) be the components of the displacement 
vector and A and yz the usual elasticity constants for the medium. The funda- 
mental equations of the theory of elasticity comprise the following system of 
three second order equations for the functions (u, Uz, uz) of the independent 
variables (x,, £z, £y t): 


(A + u) =— = È ee 


We have in the present case: 
oq (oF = 1l, 2, 3) 


= (2+ u) Git = + ôy fu PA = kaa a j (% = =) k 


Equation (9) here becomes, after expanding the determinant: 


fa +24)? — e( an yy a —e ( 2o T =0. (29) 


By (75) of [141], this equation gives us the following two possible displacement 
velocities for the discontinuity surface: 


P, = [22™, r=]. 
e e 


The deformations are here assumed small and there is no sense in speaking 
separately of a propagation velocity, i.e. of a displacement velocity relative 
to the particles of the material medium. 
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Let us now consider the nature of the discontinuities. We introduce the coef- 
ficients h; of discontinuity of the second order derivatives of the functions u;: 


J 
h] p, 20 804 


On; Ox, ps Ox; Oy ` (30) 


By (28), equations (21) become in the present case: 


do, È 3o A 
= p> aa hy=0 (é=1,2,3). 


fe? 2 
[ue — e(5) |a ++ u) 
On observing the fact that 


w 


Lk 


= g cos (N, £y) (k = 1, 2, 3). 


where n is the direction of the normal to surface (3), we can rewrite the previ- 
ous equations as 


ə 3 
G — e (Ly hy + (A+) g? cos (n, x) È cos (n, xj) hj = 0. 


We introduce the vector h with components (h,, hz, h). The previous equa- 
tions can be written in the form: 


[ue —e ( 2o 7] hy + (å + u) g? cos (n, xi) hy = 0, 


where hp is the projection of the vector h on the normal n to surface (3), or, 
in vector form: 


[ue — e (FR F] + + mot ign =o, (31) 


where n is the unit normal to surface (3). If we consider the displacement velocity 
P., the coefficient of h vanishes, and we must have hp = 0, i.e. the vector h 
must lie in the tangent plane to surface (3) (a transverse wave). If we consider 
the velocity P,, it follows at once from (31) that h only differs by a numerical 
factor from n, i.e. h must be directed along the normal to surface (3) (a longi- 
tudinal wave). We remark further that the factor giving the transverse wave 
velocity is squared in (29). This point will be explained in the next section, 
where we consider the equations of elasticity for an anisotropic medium. 

Let us explain the mechanical significance of the vector h. Suppose that we 
have rest on one side of the weak discontinuity surface S: w,(x,, £z, £a t) = 0, 
i.e. the u; (j = 1, 2, 3) vanish. At points of the surface S the functions uj and 
their first order derivatives all vanish. On the side where there is motion, 
the values of the second derivatives of the u; will be given on S by (30), since 
these derivatives vanish identically on the other side of the surface, i.e. 


Ou; . Go, 20, 
= Se Sea } = 1 2; 3 , 
Ox; Oxyls hj Ox, Om, |s hee?) 
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where we take x, = t. Let some point M of the surface S be taken as origin in 
Space (£o Li, To, L3). We expand the uj in a Maclaurin series in the neighbourhood 
of the point M, the expansions being taken as far as the second degree terms. 
If we use the previous formulae and the fact that uj and its first order partial 
derivatives vanish at M, we obtain the approximate equation: 


hy 37a a 

i y Oy Or 
Uns — n 
d 2 PA Ox; JA Ox, ), 21% 


where the zero subscript indicates that the values of the derivatives must be 
taken at the point M. 

In view of the fact that the function w, vanishes at the point M, we obtain 
the following Maclaurin expansion, carried as far as the first degree terms: 


0, 
aa ( Ox; IE 74 


t=1 


and the previous expression can be rewritten as 


h 2 
u~- oi (Los Ly, Los Lg). 


This approximation for the displacement vector u will hold close to the disconti- 
nuity surface on the side where there is motion. 


166. Anisotropic elastic media. We now bring in the components of the 
deformation tensor, with some modification to the notation of [94]: 


_ dui, _ us Ou, _ Ou, du, 
“=e, S e tee, = ee te? 
_ Guy Ou, . 
h= T oh (é = 1, 2, 3) 


In the case of an anisotropic medium with three mutually perpendicular planes 
of symmetry, the work done by the deformation forces per unit volume is 
given in terms of the components of the deformation tensor by the following 
homogeneous second degree polynomial: 


A= (aef + beg + ceg + 2a’ £, 8g + 2B’ £56, + 20" 6, e +a" yf + OP + 0" 78). 


where the coefficients a,b, ...,c” are functions of (x1, £z, Xa t), or constants 
in the case of a homogeneous medium. The equations of [94] can be written when 


inertia forces are present as: 
3 ( OA ð ( 0A 0A 0? uy 
ru Galt Ges ey |? ler) ot? TRSY 


2 
OL 
ð 0A fe] 0A a 0. 
ala Fala )+ e 
2 
025 


aay (one) + aay (Go) + tap (Ge) et + a 


2u 
Ta ę a EAr 
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On substituting the expression for A, we obtain the following equations: 


a un +e a ” T i 
+e +0") i Ha +a") mas Gt 0 
+ (0 +b’) iin, tO +o gg —e ete 


If we simplify the writing by using the notation 


_ Go, | o 00, 7. 
Po = Ot ? Pi “Oa, (i = 1, 2, 3), (32) 


the coefficients wj can be written as: 
wi = ap} + c” pi +b” p} — eph wi: = (0 +c”) Pi Pos wis = (b + b”) Pi Dg 
wa = (C +0”) Pi Pz Oz = c” pi + bpi +a” p} — epi; wz = (a +a”) Pz Ps 
wg = (b +b”) Pa Pis O3: = (0 +a”) Pz Pa W33 =b” pi + a” p3 + cp} — epi 


The first order equation (9), defining the characteristic surface, is easily 
seen to be the same as the fundamental equation with respect to 4 = gp? 
which enables us to reduce the ellipsoid 


(api + 0” p3 + b” p3) oF + (c” pt + bp} + a” p3) &3 + (b” pi + a” pi + cp) &3 + 
+ 2(a’ + a”) Pz Pa Èz Èg + 2(B’ + b”) Pa Pi Ea § + Alc’ +0”) Pi PoE Ea = 1 (33) 


to the axes of symmetry [IT], 32, 33]. We remark that the left-hand side 
of the last equation can be obtained from the expression for 2A if we put 
Ek = Paks Vr = Pz Es + Pa bes Vz = Ps 1 + Pi £s Ys = Pi z + Po y 80 that it 
becomes a positive definite quadratic form in the é, (since A > 0), i.e. (33) 
in fact corresponds to an ellipsoid. On solving the above-mentioned equation 
for 4, we obtain at each point of the body three positive roots for p?, where 
p? is a homogeneous function of the second degree in p,, Pz, Ps. If both sides of 
(33) are divided through by g?, the py become cos ap, where cos a, are the 
direction-cosines of the normal to the wave surface, and a root obtained for P 
becomes P2. Therefore, given any fixed direction, we obtain three possible 
wave displacement velocities at every point. 

The discontinuity vector components (fy, hz, ha) will be obtained from the 
homogeneous system from which the directions of the axes of symmetry of 
ellipsoid (33) are defined. Thus, given a definite direction, we have at every 
point three mutually perpendicular discontinuity vectors, corresponding to the 
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three displacement velocities. The necessary and sufficient condition for both 
longitudinal and transverse waves to be present is that one of the axes of the 
ellipsoid be directed along the normal to the corresponding wave. If this is 
the case, we have one longitudinal and two transverse waves, on the assumption 
that our cubic equation has three distinct roots for the fixed direction. In 
the case of a homogeneous isotropic medium, one root is double, as we saw. 
The direction-cosines of the normal to the wave are proportional to P,, Pa, Ps, 
so that the above condition is equivalent to the fact that, for some root 
A= op}, the quantities (h,,h,,h,) must be proportional to (P4, Pa, Pa) for any choice 
of Py, i.e. for any choice of direction. On replacing the h, by the proportional 
quantities p, in the homogeneous system for the h,, we get: 


(ap? + c” p} + b” p3 — ep?) pi + (c + ce”) pi p3 + (b +b”) p p} =O 
(c’ + c”) p? pa + (c” p? + bp? + a” pj — op?) pz + (a° +a”) pe p3 = 07% (34) 
(b’ + b”) pè pa + (a’ + a”) pi py + (b” pi + a” p3 + cp} — epi) Ps = o0. 


If we take into account that the same value must be obtained for ep? from 
the three equations (34) for any choice of 7,, Pz» Pa we arrive at the following 
conditions for the coefficients of the elastic potential A: 


a=b=c=a’ + 2a” = b + 2b"=0c' + 2", (35) 


and the three equations give us: gp? = ag?, i.e. we have for the velocity of the 
longitudinal wave: 
P= J , 
e 


The two remaining roots, corresponding to the transverse waves, are in 
general different and depend on the choice of wave direction, i.e. on the choice 
of p,. Equations (35) give us five conditions for the nine coefficients appearing 
in the expression for the elastic potential A. 


167. Electromagnetic waves. We first consider the two Maxwell equations 
for an isotropic medium: 


c curl H = JE + cE, c curl E = — pH, (36) 


where E and H are the electrical and magnetic field intensities, c the velocity 
of light, 4 the conductivity of the medium, e€ the dielectric constant and u 
the magnetic permeability. The vectors E and H are functions of the indepen- 
dent variables (x,, £z, xz, t). On writing (é,, €z, €z) and (h,, kz, ha) for the components 
of these vectors, we can rewrite (36) as: 


u 
c c ot IT Oa, 
2 Oe, , dhe oh uo Əh, , Oe 3e 
E = eR zx = 37 
a ee a Se a oe ee R 
E e oh, oh, u Oh, dez der 
c at + OX, REA Akg c dt Oa, Om, =0, 


496 FUNDAMENTAL THEORY OF PARTIAL DIFFERENTIAL EQUATIONS [167 


where the absent terms do not contain derivatives of the functions ep and hy. 
We have here a system of six first order equations with six functions. We 
enumerate these functions in the following order: 

Uy = €; Up êz; Ug= ey; U= hs U, =h; U= hg. 


On forming expression (5) and writing equation (6), we obtain the following 
first order equation for the characteristic surfaces: 


E 
y Po 0, 0, 0, Ps — Pe 
€ 
0, T Po: 0, = Ps 0, Pı 
E 
0, 0, q Po Po — Pr 0 
P =0. (38) 
0, TT Ps Pz g Po 0, 0 
u 
Ps 0, — Py 0, T Po 0 
u 
— Pa Pı 0. 0, 0, y Po 


We multiply the elements of the first three columns of this determinant by 
HPac. After this, we add to the elements of the first column the elements of 
the fifth multiplied by (—p,), and of the sixth multiplied by p,; to the elements 
of the second column we add the elements of the fourth multiplied by P 
and of the sixth multiplied by (—p,); to the elements of the third column we 
add the elements of the fourth multiplied by (—p,), and the elements of the 
fifth multiplied by »,. On then expanding by elements of the sixth, fifth and 
fourth rows, we arrive at the equation: 


Q+Pi, PiP2 PiPs 
PzPı G+P} Pz% | =9, (39) 


PsP. PsP G+ 
where 


E, 
a=% p-e. (40) 
Expansion of this determinant gives us the equation: 


la +g)=0 (9? = pi + P? + p3) (41) 
which factorizes. If we equate the sum in brackets to zero, we obtain p, = 0 


and have a stationary wave [141]. We dwell on the second case, when q = 0, 
i.e. when 


£; 
<> pi — gt =0 (42) 


which gives the familiar expression for the wave displacement velocity: 


c 


an, 
Veu 


(43) 
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We now consider the nature of the discontinuity. We write (a,, az, aṣ) for 
the discontinuity coefficients of the derivatives of the components of vector 
E and (8,, bz 63) for the corresponding quantities for the components of vector 
H. We introduce as usual the discontinuity vectors a(a,, az, az) and B(A,, Be, Bs). 
We can write: 


es ae (k =0, 1, 2, 3; zo =t). a 


The first three equations (18) here take the form: 


E 
y Po% + PaPa — Pe fs =0 


E 
g Potz + Pi Bs — Ps Bi =0 (45) 


E 
y Pots + Pe Bi — PP, 8, =90, 
or, on writing n for the unit normal to the wave surface w, = 0, directed towards 
the side where w, > 0, we can write the last equations as: 
4 

a a=6 xn, (46) 
where the right-hand side contains the vector product of 8 and n. Similarly, 
the last three of equations (8) can be written as 


pV 


z B=—exn. (47) 


It follows at once from these equations that vectors œ and $ lie in the tangent 
plane to the wave and are mutually perpendicular. 

Suppose that we have rest in front of the wave surface, i.e. where w, > 0; 
in other words, E and H are zero. Expressions (44) give the derivatives of vectors 
E and H on the actual wave surface: 


Ex, = — py; Hx, = —p,B. (48) 


We expand E and H close to the wave front in a Taylor series, the expansion 
being carried as far as the terms containing first order derivatives. On using 
the fact that E and H vanish on the wave surface, we can write the following 
approximations with the aid of (48): 


a 3 
E~ — e > py (zr — 22); H~ — B > px (tx —2%), 
kao k=0 


where (20, 2, x, 2) is a point of the wave surface. On applying the Taylor’s 
formula for the function w,, we can use the fact that w(x, LO, Ogi) = 0 
to write: 


3 
W (Zos Zis Lz, Lg) ~ > Pk (€x za z) ; 
k=0 
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and the previous expressions can be rewritten as [cf. 164]: 
E ~ — o (Zo, £i, La La) Q; H~ — w (To, 21, Lo, T3) B- (49) 


These approximate formulae will hold close to the wave on the side where 
the electromagnetic process occurs. 

In the case of a homogeneous anisotropic medium, e must be taken as a 
symmetric matrix with nine elements, instead of as a number. These elements 
appear in the formula connecting the electrical displacement vector with the 
vector E [II, 118]. We shall assume that u is numerical, as before. We choose 
the coordinate axes so that the matrix e is reduced to the diagonal form, and 
let eg > €, > £, > 0 be its eigenvalues [III,, 32, 33]. The first three of equations 
(37) now have the form: 


& Oe, Ohe Oh 
apaa. 
c ot O23 Oxo 
E, Oez Ohs Oh, 
= — +... =0 
c ot Oa, Ov 
E, ez Oh, _ Ohe 
oa T Ot, Oa, a 


and instead of (39) we have the equation: 
a +P? PiP: PiPs | 


Pı Po Q2 +P? P2Ps =0, (50) 
PiP P2ePy J+ P3 


where 
€ : 
a= p = = 1,2, 8). 
On introducing the notation: 
Vio 
t & ’ 
we can write: 
jp ip (51) 
t Vi 
On dividing both sides of (50) by g?, this can be written as 
l 
Jz Ys COS? A, + 93 gı COS? Az + Gy Qz COS? az ++ gm 9293 =Q. (52) 


The obvious solution of this equation is g, = 0, cos a, = 0. On taking (51) 
into account, we see that V, is the possible wave displacement velocity in any 
direction parallel to the plane æ, = 0. Similarly, V, and V, are the possible 
velocities in directions parallel to the planes z, = 0 and 2, = 0. In the general 
case, we can rewrite (52), after multiplying both sides by g? and writing 
919293 = %1929a(cos® a, + cos? a, + cos? a,), in the form [141]: 


3 2 
cos? a; 
Vin 929s yy = (53) 
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Neglecting the solution V = 0, which corresponds to a stationary wave we 
obtain the following quadratic equation for V? when the wave direction is charac- 
terized by the quantities cos a,: 


avery (54) 
1 


It can be shown, as in [II, 137], that this equation has two distinct positive 
roots for V?. 
If we solve equation (50) or (52) for p,, we get an equation of the form: 


[Po + F (py, Po Ps) = 9, (55) 


where F is a homogeneous function of the first degree. Since (55) does not 
contain xk, the Cauchy system for this equation leads to constant values for 
the Pk, and the bicharacteristics are straight lines. Their equations may be 
written as 


LK = Fp, (k = 1, 2, 3). 


We bring in the characteristic conoid with vertex at the origin. It is the wave 
surface from a point source at the origin at different instants. Its equation 
is: a, = Ft or, with ¢ = 1: 


a, = Fp (k= 1, 2, 3). (58) 


Since F, is a homogeneous function of zero degree, the right-hand sides of 
equations (56) contain two parameters, viz, the ratios of two of the p,, Pz, Pa 
to the third. Let S be surface (56), P(x,, x2, #3) & point on S and 54 the distance 
from the origin to the tangent plane to S at P. If cos a; are the direction-cosines 
of the normal to S at P, we obtain on using Euler’s formula for homogeneous 
functions: i 


3 3 3 
1 F 
6 = > 2; cos a; = Fpa Sr Fye to at mT. 
i=1 i=l i=l 


On taking the (+) sign for definiteness, which has a trivial effect on what 
follows, we can write the equation of the tangent plane to S in the form: 


3 
> rcosa;— V =0. (57) 


j=l 


This equation contains the four parameters cos a; (t = 1, 2, 3) and V, which 
are connected by the two relationships: 


3 $ cosa 
D 008? a; = 1; —— 1 . =0, 
i=l i=1 
so that equation (57) contains two independent parameters, as must in fact be 


the case. The surface S will be the envelope of the family of planes (57), depend- 
ing on two parameters. If we continue the working (which is here omitted), 
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we arrive at the following equation of a surface: 


2 Vi c? 
Š atia 


i=1 


= 0. 


If say V, = V, this fourth order surface degenerates into a set of spheres and 
ellipsoids. 


168. Strong discontinuities in the theory of elasticity. We have discussed 
the question of strong discontinuities for solutions of one equation [142]. 
Let us now investigate the equations of the theory of elasticity from the point 
of view of the theory of strong discontinuities. 

We confine ourselves here to the plane case. Let (u, v) be the components 
of the displacement vector on the (x, y) plane, and X, Y the components of 
the force per unit volume. On writing ay, oy, Tyy as usual for the components of 
the stress tensor, we have the following two fundamental equations of the 
theory of elasticity: 


(58) 


We must add to these equations the further connection between the stress 
tensor and deformation tensor (Hooke’s law): 


o, = A (Uy + vy) 2u ux; 0y = 2 (uy + Vy) 2U Vy, Tyy = H (Uy + Vx). (58;) 


On substituting the last expressions in (58), we obtain the elasticity equations 
expressed in terms of the displacement vector W: 


ew 4 i A 
e- = ( + u) grad div w + u Aw 4+ F. 


We can understand (u, v) in future as any two functions of (x, y, t), having 
continuous derivatives up to the second order. Equations (58) now give us 
X and Y, corresponding to the functions taken for (u, v). We also introduce 
two linear operators, containing the first order derivatives of functions (u, v): 
P, (u, v) = 6, cos (n, &) + Txy COS (n, y) — ou cos (n, t), (59) 
Py (u, v) = Tyy COs (n, £) + oy cos (n, y) — ev cos (n, t). 
We consider two pairs of functions (u, v) and (u’, v’) and let o,, oy, Ty» XxX’, Y’ 
be the values of quantities (58,) and X, Y, corresponding to the pair of func- 
tions (u’, v’). We thus have: 


ok =A (uk + vy) +2uuk; oy =A(uR+ ry) + QW; Tiy = u (Uy + vx). 
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On using these expressions and applying the usual Ostrogradskii formula, we 
get the following analogue of Green’s formula: 


— f {f UX +Y’ — w Xv Y)dt= 
D; 
= Ss [u Px (u’, v’) + v Py (w, v’) — w’ Py (u, v) — v Py (u, v)] dS, (60) 


where D, as above, is some domain in space (x, y, t) bounded by a surface 
S, and n is the direction of the outward normal to S. The above formula was 
first given by Volterra. We remark that X, Y are understood simply to be the 
expressions on the right-hand sides of (58) and similarly for X’, Y’. When deduc- 
ing (60) it is naturally assumed that the functions (u,v) and (u’, v’) have 
continuous derivatives up to the second order in the domain D. 

We now pass to the case when the first order derivatives of functions (u, v) 
have discontinuities. Let D be split by the surface g into two parts D, and D,, 
and let the first order derivatives of functions (u,v) have discontinuities on 
o satisfying the kinematic compatibility conditions of [142]. Suppose further 
that expressions (59) remain continuous on passing through the surface o. 
We shall explain later the mechanical significance of these dynamic compati- 
bility conditions. We can say, precisely as in [142], that (60) holds throughout 
D provided (u, v) satisfy the above-mentioned discontinuity conditions, and 
(w’, v’) are any functions with continuous derivatives up to the second order. 

The consequences of the above-mentioned conditions are as follows. As in 
[142], we can say that the vectors grad u X n and gradv X n must remain 
continuous on passing through o. If we write down the components of these 
vectors, we get six expressions which must remain continuous on passing through 
g. On further adding expressions (59), which we transform by substituting in 
them the expressions of (58,) for the components of the stress tensor, we obtain 
the following eight expressions, which must remain continuous on passing through 
o: 

uy COS (n, y) — Uy cos (n, x) = M, 
Uy COS (n, t) — uy cos (n, y) = M, 


Ut COS (N, £) — u, cos (n, t) = M; 
V COS (n, y) — vy cos (n, x) = M, 
Vy COS (n, t) — % cos (n, y) = M; 
V; COS (n, x) — v, cos (n, t) = M, 
(A + 2u) u, cos (n, £) + Huy COs (N, y) — eu, cos (n, t) + 
+ ue, cos (n, y) + dv, cos (n, <) = M, 
Au, cos (n, y) + {Uy COS (n, yY) + Wwy COS (n, x) + 
+ (A + 2u) vy cos (n, y) — ev cos (n, t) = Mg. 


We shall regard these as eight equations in the six first order derivatives of 
functions u and v. If the matrix of the coefficients of these equations were to 
contain at least one non-zero sixth order determinant, we would be able to 
express all six first order derivatives of u and v in terms of the continuous 
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functions M, and the derivatives would have no discontinuity on o. We can 
therefore say that all the sixth order determinants of the matrix must vanish. 
On striking out the last two rows of the matrix and equating the remaining 
determinant to zero, we obtain an identity. By considering the remaining cases, 
we arrive at the single equation: 


{o cos? (n, t) — (A + 2u) [cos? (n, x) + cos? (n, y)]}x 
x {e cos? (n, t) —  [cos? (n, £) + cos? (n, y)]} = 0, (61) 


which expresses the fact that the matrix has a rank less than six. Let the 
equation of g be y (x, y, t) = 0. The above equation splits into two: 


ov? — (å + 2u) (y4 + y5) =0 and eył— u(y} + yy) =0, 


and hence we see that g must be a characteristic surface of the elasticity equa- 
tions [164]. 

The present case differs essentially from that of a single wave equation. 
The kinematic compatibility conditions, which lead to the continuity of 
M, M,, ...,M,, together with the fact that ø is a characteristic surface, 
which leads to equation (61), do not guarantee the further continuity of M, 
and M,, i.e. do not guarantee the dynamic compatibility conditions. Let us 
explain the auxiliary conditions in which we obtain continuity of M, and M}. 

Let N be a point on g, and / the intersection of the tangent plane to o at N 
with the plane t = const. through N. We choose the straight line J as the y 
axis. The ¢ axis has a fixed direction at N perpendicular to J. Thus we also deter- 
mine the x axis. We first take the case when the first factor on the left-hand 
side of (61) vanishes: 


e cos? (n, t) — (4 + 2u) [cos* (n, æ) + cos? (n, y)] = 0, (62) 


which corresponds to the longitudinal wave velocity. In view of the choice of 
y axis, we have cos (n, y) = 0 at N, and in addition, the derivatives uy and v, 
remain constant on passing through o at N. We form the expression: 


(A + 2u) u, cos (n, x) — eu, cos (n, th =r. (63 ) 
We can write by using (62): 
r cos (n, x) = —ecos(n, t) Ms, 


whence it follows that expression (63) is continuous at N, by virtue of the 
kinematic compatibility conditions and equation (62). Now, M, is also continu- 
ous at N, whilst the necessary and sufficient condition for continuity of M, is 
continuity of: 

jv, COS (n, £) — 0% cos (n, t) = M. (64) 


Furthermore, we have continuity of the expression: 
Vy COS (n, t) — Y% cos (n, z) = — Me- (65) 


The determinant of the system of equations (64) and (65), equal to 
g cos? (n,t) — peos? (n, x), by virtue of (62) and cos (n,y) = 0, differs from zero, 
so that the continuity of expression (64) is equivalent to continuity of the partial 
derivatives vy and v, Furthermore, we already have continuity of the partial 
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derivative v, at the point N. The intersection of the surface o with the plane a 
t = const is a line of discontinuity on the (x, y) plane at a given instant, whilst 
lis the tangent to this line at N. The quantity v is the projection of the displace- 
ment vector on the direction 1, tangential to the discontinuity curve. We have 
shown above that all the first order derivatives of v must be continuous at 
N, i.e. only the component of the displacement vector in the direction perpendic- 
ular to the discontinuity curve can have a strong discontinuity (a longitudinal 
discontinuity). Thus, if the kinematic compatibility conditions and equation 
(62) are fulfilled, the necessary and sufficient condition for the dynamic compat- 
ibility conditions to be satisfied is that only the component of the displacement 
vector normal to the discontinuity curve moving in the (x, y) plane have a strong 
discontinuity. We can similarly consider the equation 


g cos? (n, t) — u [cos? (n, x) + cos? (n, y)] =0. 


In this case, only the component of the displacement vector along the tangent 
to the discontinuity curve can have a strong discontinuity. 
Suppose that the displacement field is lamellar: 


(u, v) = grad p, 
whence it follows that: 
Uy = Vy 


On choosing the coordinate axes as before, we have continuity of the derivatives 
Uy, Vy, and vy at the point N. But it now follows from the continuity of M, 
that v, is continuous, so that, in the case of a lamellar field, only the component 
of the displacement vector along the normal to the discontinuity curve can 
have a discontinuity. 

Now let the displacement field be solenoidal, i.e. 


Uy + vy =0. 


Here, we have continuity of the derivatives u,, v, and ux, so that, by virtue 
of the continuity of M,, the derivative u, is continuous, i.e. in a solenoidal field 
only the component of the displacement vector along the tangent to the dis- 
continuity curve can have a discontinuity. 

Let us now explain the mechanical significance of the above theory. In 
fact, let us prove that, in the simplest particular cases, the existence of for- 
mula (60) shows that the impulse-momentum theorem still holds for a volume 
containing a discontinuity surface in its interior. Let u’ = 1 in the formula 
and v’ = 0. Now, by (58,), the components of the stress tensor for (w’, v’) will 
vanish, and (60) reduces to: 


S {| X dr = — f f Py (u, v) as. (66) 
D S 


Similarly, if we put u’ = 0, v’ = 1, we obtain 
S S$ Yar = — f f P, (u, v) as. (67) 
D s 


We take as the domain D a cylinder whose generators are parallel to the ¢ 
axis, whilst its bases S, and S, lie in the planes ¢ = ¢, and ¢ = ¢,. Suppose that 
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a discontinuity surface lies inside this cylinder.Wehave cos (n ,~) = cos (n, y) =0 
on the upper and lower bases S, and S, of the cylinder. On the lower base, 
cos (n, t) = —1 and on the upper, cos (n, t) = +1. On the lateral surface, 
cos (n, t) = 0. On writing S, for the variable section of the cylinder by a plane 
perpendicular to its generators, and J, for the line of intersection of this plane 
with the lateral surface, we can rewrite (66) as: 


t, t, 
f [$ $ X da dy] de = f f guy dar dy ir, — $ $ ou: dar dy fitan = $ [fonda] dt, 
t & Sı S: t kl 


where 


On = 0, COS (N, L) + Tyy COS (N, Y), 
or 


Ís ta 
f [ffx dz dy] dt + $ [ f On ds] dt = f f gu, dæ dy |emte — f f oude dy |an 
t S t k Si Sı 


The first term on the left-hand side gives the impulse of the forces per unit 
volume applied to the area S, of the (x, y) plane over the time interval [¢,, t2]. 
The second term gives the impulse of the stress forces, acting on the contour of 
this area, whilst the difference on the right is the increment in the momen- 
tum, measured for the same area; both the impulse and the increment in the 
momentum are here projected on the x axis. Similarly, (67) gives us an analogous 
relationship for the projections of the impulses and the increment in the momen- 
tum on the y axis. Therefore, we in fact obtain the impulse-momentum theorem 
for the volume D, containing a discontinuity surface. 


169. Characteristics and higher frequencies. There is a connection between 
the formulae obtained above when discussing the theory of characteristics of 
systems of equations, and the formulae which are obtained if we try to satisfy 
approximately a system of differential equations by functions of a special type. 
Suppose we have the system of second order equations: 


m 
= akt es +...20 (i= 1, 2,...,m). (68) 


We shall try to satisfy this system by specifying functions uj in the form: 


uy = Xj? (j=1,2,...,m), (69) 


where X, and ọ are certain required functions of the independent variables 
and w is a number. On substituting expressions (69) in equations (68) and 
retaining only the terms containing the square of w, we arrive at the following 
system of equations: 


m n 
> > aif Xj Pu Px, = 0 (@=1,2,...,m). (70) 
jHlkl=1 
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We shall regard this system as a system of homogeneous equations in the X}. 
To obtain a solution different from zero, we must equate the determinant of 
the system to zero. We thus arrive at an equation of the first order for the 
required function ®: 
n 
KA =0 oj = ali By, Dy, ; 
k, l=1 


which is the same as the equation for the characteristic surface. By taking any 
solution of this equation, we can in general define the X; apart from an arbitrary 
factor, from system (70). This system is the same as system (21), which we 
obtained to find the discontinuity coefficient h;. The equations of this last system 
must hold only on the wave surface. Equations (70) must hold everywhere. 
But here, we have only approximately satisfied system (68) by the functions 
of form (69). In the present case ® = const are equiphase surfaces. 

Let us consider in more detail the case of the single wave equation: 


Upp = A? (Uyy + Uyy + zz)» (71) 


and seek its solution as a harmonic vibration of frequency w with respect to 


time t: , 
u = Aciot+®), 


where A and 9 are required functions of the coordinates (x, y, z) only. It amounts 
to substituting the expression 
v = Aci? (72) 
in the equation 
Av + kv =0 (v=). (73) 


We have: 
v, = (Ay + iw AG,) of? 
xx = (Ay + iw AD, + 2iw A, Py — w APZ) ef, 
Similar expressions are obtained for the derivatives with respect to y and z. 


On substituting in equation (73) and equating to zero the coefficient of w*, we 
obtain the equation for ®: 


P+ OH EE (74) 


If we also equate to zero the coefficient of w, we get an equation which 
contains the amplitude A(z, y, z) of solution (72): 
A AD +2(A, G, + Ay B, + A,®,) =0, 
or 


grad log A+ grad ® = — + 40. (75) 
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It is easy to establish the connection between (74) and the equation of the 
characteristic surfaces. We have the following equation for the characteristic 
surfaces corresponding to equation (71): 


3w, \2 3w, \2 Om, )2 du, \2 
2 1 1 1 = 1 
olay + ay + ey] - Gey’ 
and the substitution œ, = ¢ + ® in fact gives us (74). On writing n for the unit 


normal at a point M to the equiphase surface ® = const. passing through this 
point, we have: 


grad ® = ọ (x, y, z) n, 


where g(x, y, z) is the length of the vector grad ® at the point (x, y, z). Equa- 
tion (75) can now be written as 


grad, log A = — 35 div (yn), (76) 


where grad, log A is the projection of grad log A on the direction n. Equations 
(74) and (76) must hold throughout the space. But we have established equation 
(71) only approximately. 

Similarly, if we substitute 


E = e0o?; H= he? (17) 


in Maxwell’s equation (36), where e and h are vectors, © is a scalar function 
depending on (£1, £z £y t) and œw is a number, we obtain on collecting terms 
containing the factor w: 


®,—e = grad xh. (78) 


This equation is the same in essence as (46) of [167]. An equation analogous 
to (47) may be similarly obtained. Equation (78) must hold elsewhere, apart 
from on the surface © = const; this latter is not a discontinuity surface, but 
an equiphase surface for solution (77). 


170. The case of two independent variables. Let us take a system 
of first order equations with two independent variables and let it be 
soluble for the partial derivatives with respect to z,. We thus have a 
system of the form: 


Ou; 43 ue Ou; Bia 
Bag Ge, T P (Oy Be w) (i = l, -o m), (79) 


where the a;; may depend on 2, 2%. 

On introducing the vectors u and ® with components u; and ®; and 
the matrix A with elements aj, we can rewrite system (79) as a single 
vector equation: 


ou 


ou 
Oz, A + D(X, La, Uj). (80) 
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We introduce a new vector v in a plane of u in accordance with the 
formula: 
u = By, (81) 


where B is a matrix with elements bix, depending on 2, 7, having con- 
tinuous derivatives in some domain D of the (x, 2.) plane, and with 
a non-zero determinant. We have 


where the differentiation of matrix B amounts to differentiation of 
its elements. On substituting (81) and (82) in (80), we obtain for v: 


where W is a vector whose components depend on (%4, %, vj). On 
multiplying both sides by B-1, we obtain the transformed equation: 


Ov 
0x, 


Ov 


If possible, we now choose B so that B-14B has the diagonal form. 
As we know, this is bound up with the solutions of the characteristic 
equation for matrix A [II], 27]: 


D(A—A)=0, (84) 


where the left-hand side is the determinant of the matrix (4 — 4), 
or in the expanded form: 


| Ay, — A, Qiz > Aim 
My A — dy -stm | ig (85) 
| Ami Am2 -< Omm — As 


Suppose that the coefficients aix have continuous derivatives in the 
neighbourhood of the point (a, 2) and that equation (85) has 
distinct roots 1,(z,, 22) (k = 1, ..., m). This last is essential for what 
follows. By using the method of [III;, 27], we can now construct in the 
neighbourhood in question a matrix B with the above properties such 
that B-LAB reduces to the purely diagonal form; and now, by writing 
down all the components, we can write (83) as 


a ; 
Foe o Ay (Ep ta) SE HY (By, tyt) =O (i=1,2,... m). (86) 
2 1 
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If all the 4;(x,, %2) are real in the neighbourhood, the system is said 
to be hyperbolic in this neighbourhood. 
` Using the notation of [161], we have for the system: 


a =0 when i4f; aP=1; aP = -— 1; (£o 2), (87) 
and we obtain for the w,;, defined by expressions (5): 


eA dw 
wy = 0 when i497; @O,= oy — Ži (%, 2a) a, 


Equation (6) becomes 


Or, dw, KON ðw] 
[ Ga Ay (Zi, £a) an, | jue [ aa, Am (%15 £3) Sar | = 0, 


and it splits into the m linear equations: 


0m, 


dco ; 
a, T At (1 ta) ga = 0 (¢=1,...,m). (88) 


If ,(2,, %) is the solution of one of these equations, the family 
@,(%,, %2) = C is a family of characteristics for system (86). Equations 
(88) are equivalent to the ordinary equation: 

Ooty 
Ox, 


da, + A; (£1, 22) dz, = 0, ie. = — A; (21, %2), (89) 


and m characteristics pass through every point of the plane in the 
domain where we have functions A;(x,, £) with continuous first order 
derivatives. 

We now consider points sufficiently close to the axis 2, = 0, and 
let 1; be the part of the integral curve of equation (89) passing through 
the point (%1, %2), between this point and its intersection (a$?, 0) with 
the axis x, = 0. We can take any function »(z,, 7.) as a function of x, 
along a curve l;, and we have, by (89): 

dy oy 


de, Ga, AE) 


by 


ain, along J;. 


Therefore, the system of equations (86) is equivalent to the following 
system of integral equations: 


Vi (Zis La) = v; (2, 0) — f Yi (E £a v) da, (= 1,...,m). (90) 
4 


Assuming that we are given the values of the functions o;(z,, x) on 
the 2, = 0 axis, we can take the vi(x®, 0) as known and can apply 
to system (90) the method of successive approximations. This gives 
an existence and uniqueness theorem for the solution of the Cauchy 
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problem and the continuity of the dependence of the solution on the 
initial data. A detailed treatment of this subject, and a discussion of 
the case when equation (85) has multiple roots, may be found in the 
above-mentioned book by Petrovskii. 


171. Examples. 1. Let us take the system of equations which define the 
real and imaginary parts of an analytic function [III,, 2]: 


Gu, uz Bus , Ou, __ 
PT TETAS (91) 
We have: 
af) =o =a a= 


and the remaining a‘ vanish. After replacing the 0,/0x, by ap, the left-hand 
side of equation (6) becomes a? + až, so that system (91) is of the elliptic type. 
By using the connection mentioned of this system with analytic functions, we 
can say that every solution with continuous first order derivatives is an analytic 
function of 2, and zy. 


2. Let us take the system (Perron, Math. Zeitschr., Bd. 27, H. 4, 1927): 
ðu 
-ag + F (a) =0, (92) 


where qa is a constant. 

The left-hand side of equation (6) becomes, after replacing 0w,/0x, by ax: 
at —aa?, so that the system is elliptic for a <0 and parabolic for a = 0. 
Equation (85) becomes, on treating (92) as asystem in which the unknowns are 
the partial derivatives with respect to æ: 


—A, 1 


essed =0, ie. A?—a =0, 


and it has real distinct roots for a> 0, i.e. the system is hyperbolic for a> 0. 
Suppose first that a> 0. Proceeding as in [170], we introduce new functions 
in place of uj, Ue: 


v, = Vau,+ ug; v= Yau, — u (93) 
and obtain two separate equations for v, and v: 
Ov dv, 
a, la a Bot + P (e) = 0} Bat + Vag F (a= (94) 


After introducing the new independent variables: 
2 = Vax, + æ; 2) = — Yax, + az 


the system can be rewritten as 


— ya Ze + F (f+) = 0, Ya — F(E+n)=0. (95) 
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Let us find the solution of system (95) which satisfies the initial condition 


vi hass = V2 |x; = 0; “Le. vi lneé = 0; v ln-€ = 0. 


On using (95), we get: 


é+n 1 +n 
g. F (t)dt; "=y J F (t) dt 
n 


In the original independent variables: 


oe 1 
Ta Í F (t) dt; o= ra f; F (t) dt, 
Vax, + xa —Vax, +x, 


and we can determine u, and u, from (93), such that they are solutions of system 
(92) and satisfy the initial conditions: 


Uy |x= = Us lxyeo = O- (96) 


This solution is obviously unique. 
When a = 0, system (92) becomes: 
Ou, Ou, 


ax, Ox, 


Ou, 
Ox, 


= 0; + F (x,) =0, 
and we obtain a unique solution satisfying conditions (96): 


x2 
Uy = — SF’ (ta); U = — 2 F (2), 


where it has to be assumed that F(x.) has a continuous second order derivative. 
Let us finally take the case when a = —b? <0. On putting 


y 
by =a m=y y= +p Od =u (97) 
c 


we can rewrite system (92) as 


It is clear from this that v, + vi must be a regular function of z = æ + yi, 
and, by (96) and (97), this function must tend to the real function 


>: 
1 
= Sroa. (98) 
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as x — 0. We can say that this regular function must be capable of analytic 
continuation through the straight line x = 0, so that it must be an analytic 
function on æ = 0 itself [III,, 24]. Thus function (98), and hence F(y) also, 
must be analytic functions for real y. On expanding function (98) in powers 
of (Y — yo), where y, is any real number: 


y 3 
1 
-5r Ou= S au- 
A k=0 
we got: 


v toi= DS (—iĂage— iy)" @=e+yi) 


k=0 


for z close to iyọ, Knowing v, and v, we can find u, and u; from (97). 


CHAPTER IV 


BOUNDARY VALUE PROBLEMS 


§ 1. Boundary value problems 
for an ordinary differential equation 


172. Green’s function for a linear second order equation. The present 
chapter will be devoted to a study of boundary value problems both 
for ordinary differential equations and for partial differential equations. 
We have already encountered a number of these problems. The aim 
of the present chapter is to give asystematic exposition of the subject. 

The application of Fourier’s method to the solution of boundary 
value problems of mathematical physics has led us several times 
to the following boundary value problem for an ordinary differential 
equation of the second order containing a parameter: to find the 
values of the parameter A for which there exists in the finite interval 
[a, b] a non-zero solution of the homogeneous equation 


-T [p (2) y'] + [ar (2) — q (2)]y = 0, (1) 


satisfying at the ends of the interval the homogeneous boundary 
conditions: 


ay (a) + ay’ (a) = 0; By (b) + Boy’ (b) = 9, (2) 


where a, and f; are given numbers. It is naturally assumed here that 
at least one of the numbers a, and a,, as also £, and £,, differs from 
zero. We shall assume that p(x), v(x) and r(x) are continuous functions 
in the closed interval [a, 6], where p(x) does not vanish in the interval 
and has a continuous derivative. We introduce a special notation for 
the sum of those terms of the left-hand side of (1) that do not con- 
tain A: 


L(y) = = [p(z)y'] ~ q (£) y. 


512 
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As usual, we shall describe as eigenvalues the values of A for which 
our homogeneous problem has no zero solution, the solutions them- 
selves being eigenfunctions. They are evidently defined up to a 
constant factor. It is easily seen that there can only be one eigen- 
function corresponding to each eigenvalue. For suppose, on the 
contrary, that, for a given 4, there are two linearly independent 
solutions (1), satisfying boundary conditions (2). In this case, the 
general solution of (1) would also satisfy boundary conditions (2). But 
this is impossible, since a solution can be found of equation (1) with 
initial data for y(a) and y’(a) which do not satisfy the first of the 
boundary conditions (2). By applying elementary transformations, 
such as have been used several times [III,, 102, 145, 157], it can be 
shown that the eigenfunctions 9,(z) and p(x) corresponding to dif- 
ferent eigenvalues have the property of orthogonality, viz: 


b 
fr (a) pı (2) pa (£) dz = 0. 


We now introduce for the operator L(y) a function analogous to the 
statical bending of a string under the action of a concentrated force, 
which we discussed in [1]. In this latter case, the role of operator L(y) 
was played by the operator y’’. In order to arrive in a natura] way 
at an explanation of the properties of this function, we consider the 
non-homogeneous equation 


L(y) =< [pey] — a (a) y = — f (2) (3) 


and assume that f(x) vanishes throughout the interval [a, b], except 
for a small interval [E — e, E + e], where ¢ is a fixed point inside 
[a, b], where the condition is fulfilled: 


Ets 

f f(x)da=1. (4) 

fre 
As e tends to zero, we obtain in the limit an analogue of the force 
concentrated at the point x = é. Given this assumption regarding 
f(x), we consider the solution y,(x) of equation (1) satisfying boundary 
conditions (2), supposing that such a solution exists. On integrating 
both sides of (3) with respect to 7 and taking (4) into account, we have: 


x=&+6 é+e 


p(x) ys(z) | — f g(2)y.(z)dz = — 1, 


x=é-—e ge 
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or in the limit, as e— 0: 


? 2 1 

OE) -y (E—0) =- 76’ 
i.e. the derivative y’(x) of our solution must have a discontinuity of 
the first kind at the point x = & with a jump equal to —1/p(é). This 
solution will naturally depend on the actual point of [a, b] that we 
choose as &, so that it will be a function of the two variables (a, £); 
we shall write it in future as G(x, £) and call it Green’s function for 
the operator L(y) with boundary conditions (2). The above discussion 
leads us to the following strict definition of Green’s function: Green’s 
function of operator L(y) with boundary conditions (2) is the function 
G(x, £) satisfying the following conditions: (1) it is defined and continuous 
in the square k, given bya <a, E < b; (2) as a function of the variable 
z, it has continuous derivatives up to the second order for a < œ < é 
and E < x < b and satisfies the homogeneous equation L(y) = 0; (3) 
as a function of x, it satisfies boundary conditions (2); (4) on the diagonal 
of the square, i.e. for x = E, its derivative with respect to x, which we write 
as G’(x, £), has a discontinuity of the first kind, whilst the two conditions 
are satisfied: 


@(E+0, 8) — E0, t) = ee 
(5) 
@’ (EE +0)—G' (8-0 =e. 


These latter conditions amount to a single requirement: the derivative 
G’(z, £) must have definite values on approaching any point œ = £ on 
the diagonal, both from above, i.e. from the domain £ > x, and from 
below, i.e. from the domain é < 2; and the difference between these 


limiting values must be equal to 1/p(é). Since L(G) = 0, the second 

derivative with respect to x is given in each of these two domains by: 
p (x) G" (x, &) = — p’ (x) G’ (x, €) + g (x) G (x, £), 

so that this second derivative will also have definite limiting values 

on approaching points of the diagonal from either side. 

We now show that there exists a unique Green’s function satisfying 
all the conditions stated above. We shall assume here that A = 0 
is not an eigenvalue, i.e. that the equation L(y) = 0 has no solutions, 
not identically zero, satisfying conditions (2). We shall see later how 
the definition of Green’s function must be modified in the case when 
A = 0 is an eigenvalue. We construct the solution y,(z) of the homo- 
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geneous equation L(y) = 0, taking as the initial values y,(a) and y;(@) 
certain numbers satisfying the first of conditions (2). This solution 
y(x), and in general all the solutions c,y,(z), where c, is an arbitrary 
constant, will satisfy the first of the boundary conditions. It is easy 
to see that these exhaust all the solutions satisfying the first of con- 
ditions (2). For, if some solution y(zx) satisfies this condition, we have 
two homogeneous equations in a, and a: 


ayı (a) + ayi (a) =0; ay (a) + ay’ (a) = 0, 


and since we are obviously assuming that at least one of these numbers 
is non-zero, the determinant of the system written must vanish, i.e. 
the Wronskian of solutions y(x) and y,(x) vanishes for x = a, so that 
y(x) and y,(x) are linearly dependent, i.e. y(x) = cy,(x) [II, 24]. 

Similarly, let c, y(x), where c, is an arbitrary constant, be solutions 
of the equation L(y) = 0 satisfying the second of conditions (2). By 
the existence and uniqueness theorem, both the solutions y,(x) and 
y,(x) are defined throughout the interval [a, b] and are linearly inde- 
pendent. For, if they were linearly dependent, y,(x) would satisfy 
both the boundary conditions (2), and 4 = 0 would be an eigenvalue, 
which contradicts our hypothesis. When z < &, the function G(x, é) 
must be of the form c, y,(z), whilst with ~ > ¢, it must be of the form 
C2 Y(T). It remains to choose the constants c, and c, so that the function 
is continuous at x = ¢, whilst the derivative has the required jump. 
This leads us to the following two equations for c} and cz: 


Cy Yı (È) — C2 Yz (£) = 0 


f , l (6) 

6141 (6) — 242 (8) = Te - 
The determinant of this system [y,(é)yi(&) — y,(4)y2(&)] differs from 
zero, since our solutions are linearly independent, and we therefore 
obtain definite values for constants c, and c}. The Wronskian of our 
two solutions is easily seen [II, 24] to be given by 


C 
p (x) 


Y (£) Ya (%) — Yo (x) yi (z) = > 
where c is a non-zero constant. On adding a constant factor, say to 
the solution y,(x), we can assume that our solutions satisfy the relation- 
ship: 

P(X) [Y1 (£) Yz (x) — Ya (x) yi (x)] = 1. 
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It follows at once from this that system (6) has the solution: c, = y,(&) 
and c, = y,(é), and Green’s function G(x, é) is given by 


G (x, £) = | Yı (%) Ye (E) (x < é) 
Yo (2) Yı (8) (£ > ë). 


It can easily be shown directly that it satisfies all four conditions. Its 
uniqueness is a direct consequence of the above discussion. 


(7) 


173. Reduction to an integral equation. We consider the non- 
homogeneous equation 


Ly) =< [p (2) y'] — g(a) y= — f (2), (8) 


where f(x) is a given function continuous in the interval [a, b]. We 
shall seek the solution of (8) satisfying boundary conditions (2). Such 
a solution must be unique, since if there were two, their difference 
would satisfy the homogeneous equation L(y) = 0 and boundary con- 
ditions (2), i.e. A = 0 would be an eigenvalue. Let us show that the 
unique solution of (8), satisfying boundary conditions (2), is given by 


b 
= f| G (x, &) f (£) (9) 


The analogue of this formula, mentioned in [1], had the simple mechan- 
ical meaning that, given the statical bending due to a concentrated 
force, we could obtain the statical bending due to a continuously 
distributed force by means of integration. 

We turn to the proof that the function given by (9) satisfies (8) 
and conditions (2). In view of the above-mentioned discontinuity of 
Green’s function, we divide the interval of integration into two parts: 


x b 
= | G (x, E) f (E) dë + f G (x, £) f (£) dé. 


Differentiation with respect to x gives: 


x 


= | G (x, £) f (£) dx + G(x, x — 0) f (x) + 


a 


+ fora fear— G (x, + 0) f (x) 
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or, by virtue of the continuity of Green’s function, i.e. since 
G(x, x + 0) = G(x, x — 0): 


G (x, &) f (£) dé. (10) 


It follows at once from (9) and (10) and the fact that G(x, &) satisfies 
boundary conditions (2), that function (9) satisfies these boundary 
conditions. To verify equation (8), we differentiate y’ again with 
respect to x. We obtain after simple transformations: 


b 
= f G" (x, &) f (£) dé + [@ (x, « — 0) — @ (x, x + 0)] f (x) 


and it follows from (5) that 
y" -fo (x, e F(g)ag LE (11) 


On substituting in the left-hand side of (8) expressions (9), (10) and 
(11) for y, y’ and y” respectively, we obtain 


b 
J L(G) fE dé — f (x) = — f(a), 


i.e. equation (8) is satisfied, since G(x, ¢) is a solution of the homo- 
geneous equation L(y) = 0. We remark further that it follows imme- 
diately from the above formulae that the function y given by (9) has 
continuous derivatives up to the second order throughout the interval. 
We thus arrive at the following proposition: If A= 0 is not an eigen- 
value of differential equation (8), this equation has a solution satisfying 
boundary conditions (2) for any function f(x) continuous in [a, bj, and 
this solution is given by (9). We can say alternatively that: Given any 
continuous function f(x), function (9) has continuous derivatives up to 
the second order, and satisfies equation (8) and boundary conditions (2). 

We remark that, if y(x) is any function having continuous derivatives 
up to the second order in the interval [a, b] and satisfying boundary 
conditions (2), by substituting this function in the left-hand side of (8) 
we can construct the corresponding continuous function f(x), and by 
what has been said, the function y(x) will now be expressed in terms 
of f(x) by (9). 
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Hence, formulae (8) and (9) establish a one-to-one correspondence 
between functions of two classes: the functions y(x), having con- 
tinuous derivatives up to the second order in [a,b] and satisfying 
conditions (2), belong to the first class, and the functions f(z), con- 
tinuous in [a, b], belong to the second. Transition from y(x) to f(x) 
is accomplished with the aid of formula (8), and from f(x) to y(x) 
with the aid of (9). 

The above discussion leads directly to the possibility of reducing 
the boundary value problem stated at the beginning of this section 
to an integral equation. For, after writing equation (1) as: 


L(y) = — 2r (x) y, 
we find at once from the results obtained above that this equation, 
with boundary conditions (2), is equivalent to the integral equation: 
b 
y (a) = å f G (x, E) r (£) y (£) d£. (12) 
a 


Similarly, the non-homogeneous equation: 


-E [p (2) y'] + [Ar (x) — q (2)]y = F (2) (12) 


with boundary conditions (2) is equivalent to the integral equation: 


b 
y (x) = F, (x) + å f G (x, £) r (£) y (E) dé, (123) 
where ý 


b 
F, (£) = — f G (x, £) F (£) dé 


and a continuous solution y(x) is to be sought in both integral 
equations. 


174. Symmetry of Green’s function. Formula (7) defines Green’s 
functions at the ends x =a and x = b of the interval as well as for 
a <s < b, i.e. throughout the closed square ky: a < x, € <b, and it 
follows at once from this formula that Green’s function has the 
symmetry property: 

G (x, £) = G (£, x) (13) 


throughout the square. 
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Another proof may be given of the symmetry of Green’s function, 
based on an idea applicable in more general cases. The following 
identity is easily verified: 


uL (v) — vL (u) Sip (x) (uv' — vw’). (14) 


In this identity u(x) and v(x) are any two functions with continuous 
derivatives up to the second order. We substitute in (14): u = G(x, ¢,) 
and v = G(x, £), where we assume for definiteness that €, < &. On 
integrating over the intervals [a, &,], [£,, é] and [&, b] and using the 
fact that Green’s function satisfies the homogeneous equation L(y) = 0, 
we get: 


[p (a) (G (x, &,) @' (x, £) — G (x, $) G” (x, &)) eas = 0 
[p (x) (G (x, £1) @ (x, &) — G (x, &) @' (x, &)) Roe = 0 
[P (x) (G (x, £1) @' (x, &) — G (x, &) @' (x, &)) Z$ = 
On adding these three equations and using the continuity of Green’s 


function itself and the discontinuity of its first derivative, we arrive 
at the following relationship: 


G (Èi éa) — G (éa &) = 
= [p (x) (G (x, £1) @' (x, &) — G (x, &) @' (x, &1))¥52 (15) 
It is easily seen that the difference on the right-hand side vanishes for 


x = a and x = b. For, Green’s function satisfies the first of boundary 
conditions (2), i.e. 


G (a, &) + a,G" (a, &) = 0 
aG (a, éa) Bu aG (a, éa) = 0, 


and since we naturally assume that the given constants a, and a, 
cannot vanish simultaneously, the determinant of this last homo- 
geneous system must vanish, i.e. the difference in question in fact 
vanishes for x =a. It can similarly be shown that it vanishes for 
x = 6 also, so that (15) in fact shows that Green’s function is sym- 
metrical. 

Boundary conditions of a more general type than (2) can be con- 
sidered, in which the values of the function and of its derivative at 
both ends of the interval appear in both conditions: 


ay (a) + ayy’ (a) + asy (b) + ayy’ (b < 0 
By (a) + Pay’ (a) + bsy (b) + Bay’ (b) = 0. 
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All the previous discussion, except for the proof of the symmetry of 
Green’s function, retains its force, whilst the necessary and sufficient 
condition for the proof of the symmetry of Green’s function to remain 
valid is that 

ay. a, 3, a4 


Bi» Bp Bs, Ba 


We shall not dwell on the proof of this assertion. It can easily be 
verified directly that the symmetry of Green’s function is retained 
with purely periodic boundary conditions y(a) = y(b); y’(a) = y’(b), 
if p(a) = p(b), i.e. if the function p(x) is also periodic. We remark 
that, if the remaining coefficients g(x) and r(x) are periodic, the bound- 
ary value problem with the above-mentioned periodic boundary con- 
ditions amounts to seeking the values of the parameter 4 for which 
equation (1) has a periodic solution. 


p (b) = p (a) 


175. The eigenvalues and eigenfunctions of a boundary value prob- 
lem. Since we have reduced our boundary value problem to an integral 
equation, we can use the results of the general theory of integral 
equations and hence establish a number of propositions regarding the 
eigenvalues and eigenfunctions of the problem. We first take the case 
r(x) = 1, when equation (1) becomes: 


Š [p(e)y']+ Aa (2) y= 0, (16) 


the boundary conditions being assumed to be such that Green’s 
function is symmetrical. Integral equation (12) will be an equation 
with a symmetrical kernel. It will have real eigenvalues and its eigen- 
functions, corresponding to different eigenvalues, will be orthogonal. 
In the present case, as we saw in [172], for every eigenvalue there is 
a corresponding unique eigenfunction. We have proved this for bound- 
ary conditions of the form (2). In the case of periodic boundary con- 
ditions, two, but not more than two, eigenfunctions can correspond 
to an eigenvalue, since (16) has only two linearly independent solutions. 
We show further that the kernel G(x, £) of equation (16) is a complete 
kernel, i.e. there exists no continuous function f(z), orthogonal to the 
kernel and not identically zero. Suppose, on the contrary, that such 
a function exists: 


fale, E fE de= 0. 
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We now find that function (9) must vanish identically on the one hand, 
whilst on the other hand, by what has been proved above, it must 
satisfy non-homogeneous equation (8), which is impossible. As we 
know from [25], the fact that the kernel is complete implies the 
existence of an infinite set of eigenvalues. Let An (n = 1, 2,...) be 
the eigenvalues of (16), i.e. of our boundary value problem, and 
let g,(z) be the corresponding eigenfunctions, forming an ortho- 
normal system. Suppose that f(x) satisfies the boundary conditions 
and has continuous derivatives up to the second order. On putting 
Lif) = —A(zx), we obtain an expression for this f(z) in terms of the 


kernel: 
b 


f (£) = | G (x, £) h (£) dé. 
a 

Thus every function satisfying the boundary conditions and having con- 
tinuous derivatives up to the second order in the interval [a, b], can be 
expanded in this interval in a regularly convergent Fourier series in the 
eigenfunctions pn(x) [38]. The following theorem may also be proved 
easily: 

THEOREM. If the Fourier series of the continuous function f(x): 


z b 
X nPn(2); Cn = f f (2) pn (x) dæ (17) 
n=l å 


is uniformly convergent in the interval [a,b], its sum is equal to f(x). 

We use reductio ad absurdum. Let f(x) be the sum of series (17), 
and let f,(z) not be identically equal to f(x) in [a, b]. The difference 
f(x) — f(x), which is not identically zero, must now be orthogonal 
to all the y,(x), and hence orthogonal to the kernel, which contradicts 
the completeness of the kernel. We shall use this theorem later. 

It can be shown, not only that the kernel G(x, &) is complete, but 
also that the eigenfunctions y,(x) form a closed system. A direct con- 
sequence of this is the theorem just proved. 

We shall give a proof below, when considering the n-dimensional 
case, that the closure equation holds for any continuous function. 
This proof will also be suitable for the one-dimensional case. 

We now take the case when r(x) differs from unity, but is positive. 
It may be seen by using the result of [32] that, in this case also, the 
boundary value problem for equation (1) leads to an integral equation 
with symmetric kernel. In particular, every function satisfying the 
boundary conditions and having continuous derivatives up to the second 
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order in [a,b] can be expanded in a regularly convergent Fourier 
series in the eigenfunctions of the problem: 


i (a) = Senn (@), (18) 


n=l 


the coefficients of which are given by 
b 
Cn = J 7 (2) f (2) Pn (2) de. (19) 
a 
To prove this assertion, we observe that, by what was said in [173]: 
b 
f (2) = — f G (x, £) L [FO] de. 
a 


But we can obviously write L[f(£)] = —J7r(é h(é), where, since 
r(&) > 0, the function h(é) is continuous in [a, b]. We therefore have 
an expression for the function r(x) f(x) in terms of the kernel of a 
symmetric integral equation: 


ey b ed 
Vr (a) f (2) = f G (x, £) Vr (æ) r (E) h (£) dé (20) 


and the discussion of [32] gives us at once the expansion theorem 
stated above. The closure of the kernel can be proved as above, and 
hence the existence of an infinite set of eigenvalues. On repeating the 
discussion of [172] for the case when f(x) has a continuous first deriv- 
ative and a piecewise continuous second derivative, and recalling 
that Theorem II of [22] still holds when the function is expressed in 
terms of a kernel with the aid of a piecewise continuous function h(z), 
we can show that our expansion theorem still holds when the function 
f(x) satisfying the boundary conditions has a continuous first derivative 
and a piecewise continuous second derivative. We shall indicate later 
the cases when piecewise continuity of the first derivative is also per- 
missible in the statement of the expansion theorem. 


176. The signs of the eigenvalues. We shall investigate the signs 
of the eigenvalues on the assumption that r(x) = 1; this is for the sake 
of simplicity in later formulae. The whole of the discussion is easily 
extended to the general case. We first of all give an expression for the 
eigenvalues in terms of the corresponding eigenfunctions. As above, 
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let A, be the eigenvalues, and ọpn(x) the eigenfunctions, forming an 
orthonormal system. We have: 


L (Pn) E n Pn (2). 


On multiplying both sides by pn(x), integrating and taking into account 
the normalization of the eigenfunctions, we get: 


b 
hy = — f L (pa) Pa (2) de = — {| F—(p (2) p1) — 4 (2) Pa| Pn (2) de, 


whence, by integrating the first term by parts, we arrive at the ex- 
pression: 


b 
An = J [p (2) pè (2) + g (2) ph (2)] da — [p (2) Pn (2) pn (2). (21) 


We suppose that the term outside the integral vanishes here. This 
will be the case if say the boundary conditions are: y,(a) = pn(b) = 0. 
Expression (21) can now be rewritten as: 


b 
An = f [p (x) piè (a) + q(x) g3 (2)] dz. (22) 


Let p(x) > 0. If, in addition, we assume q(x) > 0 in [a, b], it follows 
at once from this last equation that all the eigenvalues are positive. 
Now let q(x) be an arbitrary continuous function, and m its minimum 
in the interval, i.e. g(x) > m in [a, b]. It follows at once from (22) that: 


b 
A, > | p (a) pr (2) da +m >m. 


Thus there can only be a finite number of negative eigenvalues in the 
present case. Now let the boundary conditions be: 


y' (a) — ħi y (a) =0; y’ (bt) + hn y (6) = 0, (23) 


where h, and h, are positive constants. The term outside the integral 
in (21) is now positive, and it may be seen, as above, that all the eigen- 
values are positive for boundary conditions (28) and q(x) > 0. 

If all the eigenvalues are positive or if there exists only a finite 
number of negative eigenvalues, Mercer’s theorem must hold, and we 
can write the expansion of the kernel in an absolutely and uniformly 
convergent series: 


G (a, é) ae > LN . (24) 
n=l a 
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This equation gives us a simple means of extending the theorem proved 
in [175] for an expansion in eigenfunctions to a more general class of 
functions. Suppose, in fact, that f(x) is continuous, has a continuous 
derivative throughout the interval, except at the point x = c, at which 
it has a discontinuity of the first kind: 


F (c +0) — f (c — 0) =k, 


and that a piecewise continuous second order derivative exists. More- 
over, we assume as usual that f(x) satisfies the boundary conditions. 
We form the difference: 

k 


f (x) -F0 G (x, c), 


which has a continuous derivative throughout the interval with no 
exceptions. The theorem on expansion in eigenfunctions holds for 
this difference. On the other hand, by (24), the subtrahend G(x, c) 
can be expanded in eigenfunctions, so that the initial function f(x) can 
be expanded in an absolutely and uniformly convergent Fourier series 
in eigenfunctions. These arguments evidently still hold when the 
derivative f’(z) has a finite number of discontinuities of the first kind 
in [a, b]. They are similar to those which we used earlier when im- 
proving the convergence of Fourier series [II, 158]. 


177. Examples. 1. Let us take the equation 


y” +y =0 
and the boundary conditions y(0) = y(1) = 0. Here, L(y) = y” and Green’s 
function becomes: 
(l—@)a (s< $) 


T a ae (E< a). 


The eigenvalues and eigenfunctions are given in the finite form: 
K În =n; Pn (£) = V2 sin nax (n=1,2,...), 


and any functions satisfying the conditions indicated in the previous section 
can be expanded in these eigenfunctions. The conditions for the expansion 
theorem to hold can be substantially widened, but we shall not dwell on this. 


2. We retain the previous differential equation and take new boundary 
conditions y(0) = y’(1) = 0. Here: 
a (æ< $) 


amaii (<a), 
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and the eigenvalues and eigenfunctions have the form: 
2 preme 
Ag = (20 +1)? =; Pn (2) = V2 sin (2n + 1) a. 


3. We now consider the same equation with boundary conditions of the 
form y(0) = 0; y(1) + hy’(1) = 0. 

We form the corresponding Green’s function. We construct two solutions of 
the equation y” = 0, one of which satisfies the first boundary condition, and the 
other the second: y,(x) = 2; y(x) = (1+ h)— xv. On arguing as in [172], 
we arrive at the following expression for Green’s function: 


tthe est) 
G (x, 6) = 
lth—az 


Here, all the eigenvalues are positive, and on putting å = w*, it may easily 
be seen that the xu are given by the equation tan u + hu = 0, whilst the eigen- 
functions are c, sin upv, where the constants c, have to be found from the 
condition for these functions to be normalized. 


4. When investigating the vibrations of a circular membrane, fixed at the 
ends, we arrived at the following boundary value problem. To find the values 
of the parameter A for which the equation 


riya- es 


has a solution which is finite at the end « = 0 and zero at x = l. The letter n de- 
notes a non-negative integer. This boundary value problem has a special feature 
as compared with those so far discussed, in that the coefficients of the equation 
have a pole at the end v = 0, and at this end, instead of a definite boundary 
condition, we establish merely the condition for the solution to be bounded in 
the neighbourhood of x = 0. This leads to a definite finite value for the solu- 
tion of (25) at x = 0. 

We have already encountered special boundary value problems of this type 
a number of times. On multiplying both sides of (25) by x, we can write the 
equation in the ordinary form: 


d 2 
ap +h- y =o, (26) 


where we assume that the given n is positive. 

The definition of Green’s function remains as before, except that, instead 
of a boundary condition at the end x = 0, we require that Green’s function be 
finite at v = 0. The equation L(y) = 0 becomes Euler’s equation [II, 42] and 
has linearly independent solutions x” and x7”. 

On taking into account the condition for finiteness at the end x = 0, we 
must take c, 2" for Green’s function in the interval 0 < x < &, whilst in the 
interval § < « < 1 we have to form a linear combination of the above-mentioned 
solutions that vanishes for x = 1, i.e. we have to take c,(x" — x7") as Green’s 


ia 
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function in this interval. The constants c) and c, are determined, as usual, 
from the conditions for continuity of Green’s function and the jump of its 
first derivative at x = é. This gives us the following expression: 


HlG-] ese 


glir- eca. 


Precisely as above, the non-homogeneous equation L(y) = —f(x) has a unique 
solution satisfying the above-mentioned boundary conditions, and this solution 
is given by 


G (x, £) = 


1 
y (x) = | G (æ, Ẹ) f (£) dé. 
0 


The arguments of [176] show that all the eigenvalues are positive. On putting 
A = p? we obtain the transcendental equation J„(u) = 1 for the eigenvalues, 
whilst the eigenfunctions are 9,(x) = Cn Jnl un x). In the case n=0, the 
equation L(y) =0 has the linearly independent solutions y,(z)=1 and 
y,(x) = log x, whilst Green’s function is givon by 


— log é (x < &) 
— logg (E <2). 


We remark that (9) gives us in the present case: 


G (a, &) = | (27) 


1 x 1 
y (x) = Í G (æ, £) f (€) d = — log z f f (£) dé — f f (£) log dé, 
0 0 x 


and it may be verified directly that this function satisfies the equation 
L(y) = —f(x) and the boundary conditions. It follows at once from the form of 
equation (26) that we have r(x) = x in the present case. On reducing our bound- 
ary value problem to an integral equation, we obtain the kernel G(x, $) yx, 
which will be continuous throughout the square, including its corner x = ¢ = 0. 

The eigenfunctions of this integral equation are 9,(x) = Cn Pad y( My x), 
and we have the expansion in an absolutely and uniformly convergent Fourier 
series: 


G (a, Vina X Meal) 
n 


n=1 


We obtain after dividing by ys: 


> cÀ Jo (Hna) Jy (Hn £) 


G (a, $) Z 
n 


n=l 
and we can assert the uniform convergence of this series only in the interval 
[e, 1], where e is any given positive number. The constants c, are given, in view 
of the normalization condition, by the formula [ITI,, 145]: 


Big 
J, (Hn) j 
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We remark here that the function G(x, £) defined by (27) tends to infinity 
when the point (x, £) tends to the corner (0, 0) of the square. In the present 
case, apart from the above-mentioned peculiarities, we have the feature that 
the function r(x) = x vanishes at the end x = 0. 

We shall discuss in detail in Vol. V boundary value problems for equations 
having singular points at the ends of the interval, and for equations in an 
infinite interval. 


178. The generalized Green’s function. We now turn to an investiga- 
tion of the case when equation (1), with boundary conditions (2), has 
an eigenvalue 4 = 0, i.e. the homogeneous equation L(y) = 0 has a 
solution y = p(x), satisfying the boundary conditions (2). This 
solution can be assumed normalized, and we shall make this assump- 
tion in what follows. In this case, we cannot construct Green’s function 
satisfying all four conditions of [171], and we have to modify the de- 
finition. On retaining as before the conditions regarding continuity 
of the function itself, the discontinuity of its first derivative at x = & 
and the satisfaction of the boundary conditions, we require that the 
function G(x, &) satisfy at every point of the intervals [a, £] and [E, b] 
an equation with a right-hand side instead of the homogeneous equation 
L(y) = 0: 


L[G (x, £)] = po (£) Po (2). (28) 


If y(x) is a solution of this equation satisfying the boundary conditions, 
the sum y(x) + cy,(v), where c is an arbitrary constant, will also 
satisfy the equation, since p(x) satisfies the homogeneous equation 
and the boundary conditions. In order to determine the constant c, we 
further introduce a new auxiliary condition, that the functions G(x, £) 
and p(x) be orthogonal: 


b 
J EG (x, £)] po (£) da = 0. (29) 


The presence of a right-hand side in equation (28) has a simple physical 
interpretation. If A = 0 is an eigenvalue of the problem, we have 
resonance at a frequency equal to zero, and a finite statical deviation 
cannot be obtained in the presence of a concentrated force. In order 
to obtain such a deviation, we must have a continuously distributed 
force in addition to the concentrated force, the former being charac- 
terized by the addition of the right-hand side in (28). 
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We shali construct the generalized Green’s function along the same 
lines as in [172]. Let w(x) be any solution of the non-homogeneous 
equation 

L (w) = Po (€) Po (2) (30) 


and g(x) the solution of the corresponding homogeneous equation, 
linearly independent of p(x) and such that 


p (£) [Po (£) pi (£) — pı (x) po (2)] = 1. (31) 


On recalling that the general solution of a non-homogeneous equation 
is the sum of its solution w(x) and the general solution of the homo- 
geneous equation, we must put: 


G (x; &) = w (%) + Cy po (£) + Cy pı (x) ( ) 


TRS (32) 
Gli = ol) +e (0) tamte) >E). 


This function must satisfy boundary conditions (2). In view of the fact 
that p(x) satisfies these conditions, we get the two equations: 


a w (a) + a, w (a) + c [a p, (a) + az pi (2)] = 0 
Pio (b) + Baw (b) + c4 [By P1 (b) + Bz p1 (b)] = O, 


from which c, and c, are determined. The coefficients of c, and c, 
differ from zero, since p(x) is linearly independent of p(x) and cannot 
satisfy either of conditions (2) [172]. The condition for continuity at the 
point x = é and the discontinuity of the derivative at this point lead 
to the following two equations: 


(cy — €3) Po (E) + (Cg — Ca) 1 ($) = 0 
(cy — €3) Po (E) + (C2 — capi (£) = 1: p (£), 


which, by (31), can be rewritten as 
Cy — Cg = — P1 (È); Cz — C4 = Qo ($). (34) 


It still remains to satisfy condition (29). The constants c, and c, 
are already determined by (33). The first of equations (34) gives: 
cı = Cz — 9,(). On substituting in the first of equations (32), we can find 
c, from condition (29) and c is given by the formula just written. All 
the constants are now determined: but we have not taken into account 
the second of equations (34), and it remains for us to verify that c, and 
C, determined by (33), satisfy this equation. 
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For this, we write down formula (14): 


yo (2) L (w) — w (2) L (po) = -© [p (2) (pow — wot). 


We integrate both sides of this equation over the fundamental 
interval [a, b]. Using the fact that L(p,) = 0, equation (30), and the 
normalization of the function p(x), we obtain: 


Po (£) = [p (x) (Po w — wp) JE=a- (35) 
The second of equations (34), which we have to verify, can be 
written, by (33), in the form: 
Bio (b) +p% (b) ay (a) +a w (a) _ 
Be, FRAO ae (a) + ae (a) 7 E. 
We have the boundary conditions for p(x): 


a Po (a) + az po (a) = 93 By (b) + P2 Po (b) = 0. (37) 
On writing (31) for v =a and x = b, we can find pla), pola), polb) 
and (b) from the equations obtained and equations (37). On sub- 
stituting the expressions obtained in equation (35), which is already 
proved, we arrive at (36). We carry out the working for the boundary 
conditions: y(a) = y(b) = 0, i.e. for the case when a, = f, = 0. 
Equation (35) can now be rewritten as 


(36) 


Po (£) = p (a) œ (a) po (a) — p (b) œ (b) po (b). 
With x =a and x = b, (31) gives: 
, p (2) p, (a) po (a) = p (b) p; (b) po (b) = — 1, 
1.2. 
1 


r "EEEE aka . , a eee Are ae os 
P (a) Po (a) pgi Q (a) ’ Pp (b) Po (b) diga Pı (b) , 
and substitution in the previous equations yields 


otb) ola) __ 
p @) — pa) = (È) 


which is in fact equation (36) in the case a, = f, = 0. 
The symmetry of the generalized Green’s function can be proved 
by writing down the two equations: 


LUG (x; &)] = po (1) Po (£); LLG (x; E)] = po (E2) Po (£). 


We multiply the first by G(x; $), the second by G(x; &,), subtract term 
by term and integrate over the basic interval. By using Green’s 
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formula, the boundary conditions and condition (29), we arrive at 
the equation: 


[P (x) (G (z; £) @ (x; &) — G (z; &) @' (z; EDETS +[ EER = 0, 


whence it follows at once that, as before, G(é,, &) = G(&; &). We 
remark that the interval has to be split into three parts when inte- 
grating over it, as was the case in [174]. 

We now return to a discussion of the non-homogeneous equation 


L(y) = —f (2), (38) 


where f(x) is a given continuous function, orthogonal to p(x). Equation 
(38) can only have one solution satisfying the boundary conditions 
and orthogonal to g(x). For, if there were two, their difference 
would have to satisfy the homogeneous equation and the boundary 
conditions, i.e. would have to have the form c g(x), i.e. could not 
be orthogonal to p(x). We now show that this unique solution, 
orthogonal to p(x), is given by 


b 
= Í G (x, $) f (£) dé. (39) 


In fact, on splitting the interval of integration into [a, x] and [z, b], 
we can show as in [173] that 


b 
= f LUG (z, £)} f (8) d — f(x) 
Using (28), we obtain from this: 
b 
L(y) = po (x) § po (E) f (£) dé — f (2) 


and (38) follows at once, since f(x) is orthogonal to p(x) by hypothesis. 
Thus, if f(x) is orthogonal to p(x), equation (38) has a unique solution 
satisfying boundary conditions (2) and orthogonal to p(x), and this 
solution is given by formula (39). 

If F(x) is any function orthogonal to p(x), satisfying the boundary 
conditions and having continuous derivatives up to the second order, 
on putting f(x) = —L( F), we can express F(x) by (39). This assertion 
can be proved simply by showing that the f(x) constructed is orthogonal 
to p(x). For this, we write down Green’s formula (14) for u = p(x) 
and v = F(x). On recalling that L(y.) = 0 and using the boundary 
conditions for 9,(x) and F(x), we can prove the orthogonality of 
p(z) and f(x) by integrating Green’s formula over the basic interval. 
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We remark further that (39) yields a function orthogonal to ¢,(z) 
for any choice of continuous function f(x), since the kernel G(x, &) 
possesses this property. 

We now return to the boundary value problem for the equation 


L(y) = [p (x) y'] — 4 (a) y = — dy (40) 


with boundary conditions (2). Every eigenfunction of this problem 
different from g(x), i.e. corresponding to a non-zero eigenvalue, 
must be orthogonal to p(x) and it may be seen, on taking into account 
everything that has been said above, that our boundary value problem 
(excluding the function ¢,(z)) is equivalent to the integral equation: 


b 
y (£) = å | G (x, £) y (6) dé. (41) 


We now turn to the theorem on an expansion in eigenfunctions for 
the equation written. We have to discuss the questicn of expressing 
a function in terms of a kernel. We saw above that every function 
having continuous derivatives up to the second order, satisfying 
the boundary conditions and orthogonal to p(x), can be written in 
terms of a kernel. Consequently, for every such function we have 
an absolutely and uniformly convergent Fourier expansion in eigen- 
functions of equation (41). We remark that the extra condition of 
orthogonality of the required function to p(x) is necessary, since 
all the eigenfunctions of (41) are orthogonal to p(x). A direct con- 
sequence of this last fact is that the kernel of (41) is not complete. 
As usual, continuity of the second derivative can be replaced by 
piecewise continuity in the above-mentioned expansion theorem. 

A second, more elementary approach may be mentioned to the 
case when À = 0 is an eigenvalue. Equation (41) will have an eigen- 
value with a minimum absolute value, say m. There will be the unique 
eigenvalue 2=0 of our boundary problem inside the interval 
[—m, +m]. We take any non-zero value 4’ inside this interval 
and replace å in equation (40) by a new parameter u, by putting 
A =A’ + u. With the new choice of parameter, (16) takes the form: 


lp (x) y] + [4 —q(a)]y = — wy, 


where u =0 will not be an eigenvalue, from what has been said. In 
view of this, our entire theory for ordinary Green’s functions will 
hold. In particular, the eigenfunctions of the problem will form 
a closed system. Hence it follows at once that, if we associate 
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po(x) with the eigenfunctions of (41), a closed system will be obtained. 
As we shall see in a later example, the introduction of the new para- 
meter may be accomplished by integration of the equation for the 
ordinary Green’s function. We shall use the generalized Green’s function 
in the next section to discuss the boundary value problem leading 
to Legendre polynomials. In this case the function p(x) vanishes at 
both ends of the interval, and the role of boundary conditions is 
played by the requirement that the solution be finite at the ends of 
the interval. Everything said still holds in this case. 

As we have seen, there can only be one eigenfunction corresponding 
to the eigenvalue 4 = 0 for equation (1) with boundary conditions (2). 
For boundary conditions of a periodic type, say y(a) = y(b) and 
y’(a) = y’(b), there can in fact be two eigenfunctions. For equations 
of order higher than the second, which will be discussed below, there 
can also be more than one. A Green’s function analogous to the above 
can be constructed in these cases. We must here have on the right- 
hand side of (28) a sum distributed over all the eigenfunctions corres- 
ponding to the eigenvalue å =0, these functions being assumed 
mutually orthogonal and normalized. 


179. Legendre polynomials. Let us find the values of the parameter 4 for 
which the equation 


-$ [a-y] + Ay =0 (42) 


has a solution bounded at both ends of the interval [—1, 1]. We already know 
that the eigenvalues of this problem are A, = n(n + 1) [II];, 102], whilst 
the orthogonal and normalized eigenfunctions are 


on(a)= ZH P(e) a=, (43) 


where P,,(x) are Legendre polynomials. It may easily be seen that there can be 
no other eigenvalues and eigenfunctions. If other eigenfunctions were to exist, 
we should have an eigenfunction orthogonal to all the functions (43), and we 
can show that there is no such function simply by showing that functions 
(43) form a closed system. Let us prove this. Let f(z) be any given function 
continuous in [—1, 1]. By Weierstrass’s theorem [II, 154], given any positive 
€, a polynomial Q(z) can be found such that | f(x) — Q(z) | < € throughout 
[— 1, 1], from which it follows immediately that 


1 
$ I (2) — Q (w)}? da < 26. 
—l 


Let m be the degree of polynomial Q(x). Since the function ¢,,(x) is a polynomial 
of degree precisely equal to n, we can write Q(x) as a linear combination of 
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polynomials p(x), ..., %,{w), and the previous inequality can be written as 


1 


m 2 
f | (x) — > % Pk «| da < 2e?. 
k=0 


-1 


If, instead of the coefficients a,, we take the Fourier coefficients of f(x) with 
respect to the system of functions (43), the last inequality is all the more satis- 
fied. 

On taking into account the arbitrary smallness of £, we can say that the 
mean square error in representing f(x) by a segment of its Fourier series in 
functions (43) tends to zero, i.e. functions (43) in fact form a closed system. 

We return to equation (42). We have in this case: 


d 
L(y) = -zz [0y] 


and it is immediately obvious that the first of functions (43), i.e. the constant 
P(x) = 1/y2, satisfies the homogeneous equation L(y) = 0 and the boundary 
conditions, i.e. is bounded at the ends of the interval. In other words, A = 0 
is an eigenvalue, as also follows from the formula 4, = n(n + 1) with n = 0. 
To construct Green’s function, we write non-homogeneous equation (28), which 
here takes the form 


d 1 
g -Aarls 


A particular solution of this equation is y = — (1/4) log (1 — x*), whilst the general 
solution of the corresponding homogeneous equation is c, + ¢, log[(1 +x)/(1 — x)]. 
The solutions which remain finite at the ends æ = +1 have the respective 
forms: 


l 1 1 l 

y (2) = — F log (1 — at) + Glog E + a= — Slog (1—2) +a 
1 1 1 1 

ys (2) = — Flog (1 ~ at) — Plog += 4 p= — y log (1+ a) + A, 


where a and f are constants. We choose these constants so that our solution is 
continuous at x = £ and is orthogonal to p(x) = 1/2. The first of these condi- 
tions gives: 


1 
— slog (1 — ê) +a = — 5 log (1 + £) + £, 


and we can put 
l 1 
a=— 5 log(l +ë +y; B=- 58l $) +y 


where y is a constant which must be defined from the condition that Green’s 
function G(x, £) is orthogonal to p(x). We have: 


1 
—gqleslU—a2)l+alty (x < §), 
G (x, £) = i 
| -Agta+2a—aty (E < x). 
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The orthogonality condition: 


1 1 
f G (x, §£)p,(#)dz=0, or simply f G (x, £) dx = 0, 
—1 -1 


gives us the following value for the constant y: y = 1/2 — log 2; hence the 
generalized Green’s function is finally given by: 


l 1 
[—Jtog(a—mU+O]—log2t+y (<8 
G (a, $) = 1 l (44) 
—zlog[U+2)(1—£)]—log2+3 (>) 
Kernel (44) becomes unbounded in the neighbourhood of the corners 
x = $ = —l and x = ¢ = 1 of the basic square. It is easily shown that every 
function expressible in terms of the kernel: 
k 
J G (x, &) g (6) dé (45) 
1 


is continuous if g(x) is continuous, and we have the same theorem as in [174] 
regarding the expansion of such functions in an absolutely and uniformly con- 
vergent Fourier series in functions gp(x) (n = 1, 2, ...). Every function f(z) 
having continuous derivatives up to the second order in [—1, 1] and satisfying 


the condition 
1 


J f(x) dx =0, (46) 
-1 


which expresses the orthogonality of f(x) and g,(x), can be expressed in terms 

of a kernel in accordance with (45) and can be expanded in an absolutely and 

uniformly convergent Fourier series in functions 9,(x) (n = 1, 2,...), ie. 

in Legendre polynomials P,,(x) (n = 1, 2, ...). If f(x) does not satisfy condition 

(46), it is sufficient to apply the general expansion theorem to the function 
1 


fy (x) = F (2) —} [f(2) de, 


-i 


which satisfies the required condition. We obtain for the original function f(z) 
an expansion in all the Legendre polynomials, including P(x) = const. 
The Fourier series for the kernel becomes in the present case 


2, (2n + 1) Pr (x) Pa (£) 
2 maTi 5 $ 


n=l 


(47) 


It cannot be uniformly convergent throughout the square k,, since the kernel 
is unbounded. We use the asymptotic expression for the Legendre polynomials 
with large values of n, [IIT,, 163]: 


P, (cos t) = | {cos [( + z) t— Z| + ôn] , 
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where ô — 0 uniformly with respect to t, if ¢ belongs to the interval [¢, 7 — €], 
where e is any given positive number. We choose some value of £ inside [— 1, 1]. 
For P,,(é) we have an asymptotic inequality of the form | P,(¢)| < m,//n, 
where m, remains bounded as n increases. We have | P (x)| < 1 for any æ 
satisfying the condition —1 < x < 1, [HI, 132}. Hence it is clear that, given 
a fixed é, series (47) is absolutely and uniformly convergent with respect to 
«in [—1, 1]. Function (44) is orthogonal to p(x), so that series (47) is its Fourier 
series with respect to the closed system of functions (43). It follows from the 
uniform convergence of the series that its sum is equal to kernel (44) [3]. It 
also follows at once from the previous discussion that series (47) is absolutely 
and uniformly convergent in the square k, if we exclude from the square its 
corners (—1, —1) and (1, 1) by small circles with centres at these corners and 
as small a radius as desired. 

We now use the other approach to the boundary value problem for equation 
(42), mentioned in the previous section. We replace 4 by the new parameter yu 
in accordance with the formula 4 = u + p(p + 1), where p is a fixed non- 
integral number. Equation (42) can be rewritten as 


1 
sy lu-@)y'] + pip + l)y +#y=0. 


The value u = 0 will no longer be an eigenvalue, whilst we must put 


Lu = [0 —2) v4 p+ Dy 


If we replace x by the new variable t = (1 +- x)/2, the equation L(y) = 0 
becomes Gauss’s equation [IIT,, 100, 101] with parameters a = —p, 
=p + l, y= 1. We have two solutions of this equation: 


the first of which is regular for x = — 1, and the second for x = 1. A constant 
C can be chosen so that 


yi (a) yz (z) — y2 (x) s(x) = Temi 


It can be shown that this gives c= 2/(4 sin pz), so that the ordinary Green’s 
function is defined by 


aF(—p. p +1,1; $2) r(- p pti =| 


4 sin px 


G (x, é) es 


(x < &). (48) 


When < 2, the letters x and € must be interchanged. Due to the change in 
parameter, the eigenvalues will be given by yu, = n(n + 1) — p(p + 1), 
whilst the eigenfunctions will be p„(x) as before. The Fourier series for kernel 
(48) becomes in the present case: 


G s = Ss (2n + 1) Py (x) Py (£) 
@ = 2 amm peel” 
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and it will give Green’s function (48), as above, for any fixed ¢ inside [—1, 1] 
and any x of this interval. We remark that kernel (48) is here unbounded. 


180. Hermite and Laguerre functions. A Green’s function can also be con- 
structed for boundary value problems leading to Hermite and Laguerre functions. 

The Hermite functions y,,(x) [III,, 156] are the eigenfunctions of the equa- 
tion 

y” + (A—2)y =0 

with the basic interval (— œ, + œ) and the condition that y — 0 as a + — œ 
and x — + œ. The eigenvalues are: An = 2n +1(n=0,1,...). On replacing 
A by (A — 1), we can rewrite the equation as 


L(y)+4y=0, where L(y)=y"—(1+2")y, 
the eigenvalues being now given by: 4, = 2n + 2 (n = 0,1, ...). The equation 
L(y) =y" —(1+2*)y=0 
has the solution y = e**/?, and if we replace y by the new unknown w given 
by y = we*'l?, the general solution can be obtained at once as 
x x 
y =0,e? fe-* do, 
C, 
where C, and C, are arbitrary constants. When x < ¢, we have to take the 
solution that vanishes with x = — œ: 
x2 x 
yı = ae2 f e? dv, 


~ 


where a is a constant. When x > ¢, we similarly take the solution 


where b is a new constant. These constants are determined from the condition 
that G(x, £) be continuous at x = ¢, and from the jump of the derivative 
Q’(a, £) at x = é. We finally obtain: 


1) XE = a 
e 2 fe dv | e-ť dt (x < ) 
n R 
G (x, &) = Ka f 
xatga $ ae 
iz e 2 [ee av | e-t dt (x > Ẹ). 
z 
-0 x 


The Laguerre functions w,(x) (cf. [TII,, 160] with s = 0) are the eigenfunc- 
tions of the equation 


ny’ +y'+(4—Z)y=0 
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with the basic interval (0, + œ) and the condition that the solution be bounded 
in the neighbourhood of x = 0 and vanish at x = + œ. The eigenvalues are 
An = n + 1/2. On replacing 4 by (A — 1/2), we can rewrite the equation as 


l x 
L(y) +ły=0, where Ly) =a? ty'—(5+F)u: 
the eigenvalues become 4, =n + 1 (n=0,1,...). The equation 


Liy)=ay" +y- (3+) 


has the solution y = e%2, and on substituting for the unknown y = we*!, 
we can find the general solution as 


xf 4% ev? 
v =0, e f > w+). 


+o 


When x < ¢, we have to take the solution which is regular at x = 0: 
x 
Y, = ae? > 
and when x > £, the solution which vanishes at « = + œ: 


xto 


Y= be? i 


x 


—v 


dv. 


On determining a and b as above, we finally obtain: 


e |5 dv (w@<&) 


G (x, £) = wae 


5 =0 


2 e 
e 


x 


dv (x > &). 


181. Equations of the fourth order. The concept of Green’s functions 
and of the reduction of a problem to an integral equation can be 
extended on the same lines to higher order equations. When con- 
sidering the vibrations of a rod, we obtained the following boundary 
value problem: to find the values of the parameter 2 for which the 
equation 

y) — Ay = 0 (49) 


has a non-zero solution in the case of four homogeneous boundary 
conditions. If, say, the rod is clamped at the end x = 0 and free at 
the end x = 1, we obtain the boundary conditions: 


Vireo = Y leo = 93 ole = Y” lx- = 0. (50) 
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The equation for a non-homogeneous rod is 
y — ar (x) y = 0. (51) 


Green’s function G(x, £) will correspond to the statical bending of 
the rod under the action of a concentrated force. It is defined by 
the following conditions: (1) it is continuous together with its first two 
derivatives with respect to x in the square k,; (2) for 0 < x < & and 
—E<a<l it has continuous derivatives up to the fourth order and 
satisfies the homogeneous equation G“Y (x, £) = 0; (3) for any values 
of & in the interval [0, Į] it satisfies the boundary conditions; (4) on 
the diagonal of the rectangle its third derivative has a jump defined 
by the condition 


GE +0, ) GE — 0,8) = — 1. (23) 


If y(x) is a function with continuous derivatives up to the fourth 
order, where the fourth order derivative may only be piecewise 
continuous, and y(x) satisfies boundary conditions (50), it follows 
from y“”) = —f(x) that 


l 
y (x) = | G (x, &) f (£) dé, (53) 
0 


and conversely, the function given by this last equation has con- 
tinuous derivatives up to the fourth order and satisfies the boundary 
conditions and the equation y®™ = —f(x). Thus the boundary 
value problem for equation (49) leads to the integral equation 


l 
y (x) = — ASG (x, &) y (£) dé, 
ò 
and for equation (51) to the integral equation 
I 
y (x) = — å f G (x, £) r (£) y (6) dé. 
0 


The eigenfunctions form a closed system in this case, as previously, 
and any function satisfying the boundary conditions and having 
continuous derivatives up to the fourth order can be expanded in 
an absolutely and uniformly convergent Fourier series in the eigen 
functions. Precisely as in [176], it can be shown that all the eigen- 
values are positive, so that, by Mercer’s theorem, we have an expansion 
of the kernel itself in eigenfunctions. 
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Suppose we in fact construct Green’s function for the case of a rod clamped 
at both ends, i.e. with the boundary conditions y(0) = y’(0) = y(1) = y’(1) = 0, 
where we assume r(x) = l and l = 1. The general solution of the equation 
y* = 0 is a third degree polynomial with arbitrary coefficients. We can at 
once write down solutions satisfying the boundary conditions only at the left- 
hand end and only at the right-hand end. These solutions are: 


yı (x) = 2? (a, + age); Ye (x) = (x — 1)? (b, + B32). 


The arbitrary constants are determined from four conditions, namely from the 
continuity of the function and of its derivatives up to the second order at 
x = &, and from the discontinuity (52) of the third derivative. We arrive by 
elementary working at the following expression for Green’s function in the pre- 
sent case: 


G (æ, &) = a e (2xë -+ x — 38) (x< &). 


When £ < x we have to interchange x and &. 


182. Steklov’s stricter expansion theorems. We obtained in [175] 
a theorem on the expansion in eigenfunctions ¢,(x) of equation (16). 
The boundary conditions are taken as 


y (a) = y (b) = 0. (54) 


Steklov has published theorems on -expansions in functions 9,(2) 
with very wide conditions, independently of the theory of integral 
equations. The results of relevance here are collected in his book 
Fundamental Problems of Mathematical Physics (Osnovnye zadachi 
matematicheskoi fiziki), vol. I (1922). We shall quote certain of his 
results. 

Let us consider equation (16); in addition to the assumptions 
mentioned above, we further assume that g(x) > 0. Also, let f(x) bea 
continuous function having a continuous derivative in the interval 
[a, b] and satisfying boundary conditions (54). We shall not assume the 
existence of the second order derivative. As a preliminary, we show 
that 


b 

J Ep (%) pe (x) 91 (x) + q(x) Gx (x), (x)]da=0 for kel. (55) 
For, on integrating by parts and using the equation which is satisfied 
by the eigenfunctions: 


q (2) ge (2) — -F> [P (2) Ph (2)] = Aue (2), (56) 
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SEP (2) pr (2) pi (£) + q (2) Pr (2) pı (2) dæ = 
b 
= p (x) py (x) pi (x) [228 + Îr | Px (x) pı (x) dx. 
But the term outside the integral vanishes, since g(a) = g,(b) = 0, 


and the last integral vanishes by virtue of the orthogonality of the 
eigenfunctions. We now consider the functional: 


=f [p (x) y + q(x) y?] dx (57) 
and substitute in it: 
n=l 
Yy = 1, (£) = f (a) — 2 Ck Pr (2), (58) 


where the c are the Fourier coefficients of f(x) 
b 
= Jf (2) Pr (x) de. (59) 
a 


On removing the brackets and taking (22) and (55) into account, 
we get 


re) - S cet (|= fer (x) + g(a) f(a) da + "St yok — 


k=l k=l 


—2 5 cx f (ple) (2) +4(2) f(x) px(ae)] dx. 


k=1 a 


On integrating by parts in the last integral and using (56) and the 
fact that f(a) = f(b) = 0 by hypothesis, we obtain 


n-i 
Tha) — = an|- 
k=1 
= [pla f? (æ) Fam f (æde — SF kez. (60) 
a k=1 


If it is assumed that q(x) > 0 as well as p(x) > ©, an inequality 
analogous to Bessel’s inequality follows at once from (60): 


Shi < f Pei? + q (2) f? (2)] dz, (61) 
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and the convergence of the series on the left follows. All the terms 
of this series are positive, since A, > 0 for g(x) > 0. 

We remark that the proof of (61) is entirely unchanged if we assume 
that the continuous function f(x) has a derivative f'(x) everywhere 
in [a,b], except at a finite number of points a,, as ...,@m, the 
derivative being continuous everywhere except at these points, at 
which it has finite limits from the left and right (discontinuities of 
the first kind). When integrating by parts, it is sufficient to integrate 
over the intervals in which f'(x) is continuous and then add all these 
integrals. 

We now show that, with the assumptions made above regarding f(x), 
the Fourier series of the function 


> CPx (x) (62) 
k= 
is regularly convergent in [a, b], i.e. the series 
> | cr Pr (x)| (63) 
k=1 
is uniformly convergent in this interval. On using the integral equation 
b 
Pr (a) = Ay | G (x, È) pr (£) dé, (64) 
a 
we can rewrite (63) as 
Dir | CkPr (2) |, (65) 
k=l 
where 
b 
Pr (2) = | G (x, E) pr (£) dé (66) 


a 


can be regarded as the Fourier coefficients of G(x, ) as a function 
ot $. On using inequality (61), we can write: 


œ b 
> lykla) < f lp (8) GE (x, £) + g (£) G? (x, €)P dé, (67) 
k=l a 


where G(x, é) is the derivative of G(x, £) with respect to & All the 
functions appearing under the integral sign are bounded, and it 
follows from (67) that 


> wke) <M, (68) 
k=1 
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where M is a constant. On replacing 4; by Var Var we apply Cauchy’s 
inequality to the segment of series (65): 


m+p m+p [ mip. 
Sanao S ict | S avi) 
k=m k=m 


k=m 


or 
m+p m+p 
X 4 KR (®)| < |" Ay ck VM 
k=m k=m 


and this inequality, together with the convergence of the series with 
terms A,cz, at once implies that series (65) is uniformly convergent 
in the interval [a,b], ie. series (62) is regularly convergent. This 
implies at once that its sum is equal to f(x) [3]. 

A proof may also be given of the expansion theorem, with the 
above assumptions regarding f(x), but without the assumption that 
q(x) > 0. It is also due to Steklov. Using the notation of (58), we show 
first of all that there exists a constant C (independent of n) such 
that 


b 
= f p(x) rè (x)dx <C. (69) 
We have: ğ 


On integrating the last integral by parts and taking into 
account (56) and the orthogonality of the r a(x) to the functions 
p(x) (k = 1, 2, ..., n — 1), we obtain: 


b b 
=fp( edz fat) Ta (a) f (x) dæ — f q (x) r} (a) dx, 


whence, on writing q, for the maximum of | q(x) | in [a, b] and using 
Bunyakovskii’s inequality, with p(x) replaced in the first integral by 


182] STEKLOV’S STRICTER EXPANSION THEOREMS 543 
Vp(z) Vp(z), we get: 


n <| fpr maeya + 


b fb b 
+ % li f(a) ae { r3 (x) dar + qo È 73 (2) de. 
We have by the closure equation: 


b 
lim fr (x) dx = 0, 


In— co a 


so that we obtain for o, an inequality of the form: 
On < cı Von + cz, 


where c, and c, are positive constants. It is clear from this inequality 
that øn remains bounded as n increases, and we obtain (69). 
Further, it follows from 


{rod = r3 (2) — 73 (8) 
$ 
that 
r3 (a) = 12 (£) + 2 È rn (t) 7h (t) dt, 
é 


whence, on applying Buniakowski’s inequality and assuming §& < 2, 
we obtain: , 


na) <a +2] fama! framar 
é £ 


< nie +2]! famar-| frema. 


When x< &, we have to interchange the limits of integration é 
and x. On integrating both sides with respect to & over [a, b], we get: 


R ee ee 
(b — a) rh (x) < fr (&) dé + 2(b — al fa (t) a- fra (t) dt. 


a 
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On writing P, for the minimum value of the positive function p(x) 
in [a, b], we can write, by (69): 


b b 
n2 4 12 o 
fri (t) dt < noO (yat<—, 


and the previous inequality gives: 


a 


R En b 
ra (2) < — ra (t)dt + 2 -2 |ia (t) dt. 
=a a 


The right-hand side does not depend on z and tends to zero as 
n increases indefinitely, whence it follows that r (x)—> 0 uniformly 
in [a, b], i.e. series (62) is uniformly convergent in this interval and 
its sum is equal to f(x). Series (62) can be shown to be regularly con- 
vergent without the assumption that q(x) > 0. 


183. The justification of Fourier’s method for the equation of heat 
conduction. Let us consider the partial differential equation 


= [pok] -aau (70) 


which corresponds to the propagation of heat in a non-homogeneous 
rod, taking into account the radiation from the rod surface. We take 
a<a2<b and seek the solution of (70) with the initial condition 


Ultimo = f (2) (a <x <b) (71) 
and the boundary conditions: 
Ulka = 0; tly» = 0. (72) 


On using Fourier’s method, we obtain the solution of the problem as 
u (x, t) = > c.0* py (2), (73) 
k=l 


where A, and g(x) are the eigenvalues and eigenfunctions of the 
equation 


d , 
az [P (9) y] + —ai(aly=0 (74) 
with the boundary conditions 


y (a) =y (6) =0, (75) 
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and c, are the Fourier coefficients (59) of f(x). We shall assume that 
q(x) > 0 and that f(x) has a continuous derivative in [a,b] and 
satisfies boundary conditions (72). We remark that all the A, are 
positive, since g(x) > 0. We show that function (73) satisfies all the 
conditions of the problem, i.e. satisfies (71), (72), and equation (70) 
with ¢ > 0. 

We have shown that series (73) is regularly convergent in [a, b]. 
On using the fact that the 2, > 0, we can assert that series (73) 
is absolutely and uniformly convergent for ¢>0 and a<a<b. 
Its sum is therefore a continuous function for these values of the 
arguments, i.e. 


lim u (a, t) = u (x, 0) = Scere f(z). 
t++0 


This proves that the initial condition (71) is fulfilled. The boundary 
conditions (72) are fulfilled by virtue of the fact that all the functions 
p(x) satisfy conditions (72). It remains to verify equation (70) with 
t > 0. Each term of series (73) satisfies equation (70) by virtue of 
its construction, and we only have to show that series (73) can be 
differentiated term by term once with respect to ¢ and twice with 
respect to v, i.e. we only need to show that the series 


SA cee py (2); (76,) dey (x); (76,) 
k=1 k=1 
—Apt w 
È o eo **! p (x) (765) 


are uniformly convergent for t > a, where a is any positive number, 
and fora<a<b. Since ày —> +20 as k—> ++00, we have 14,0777 > 0 
and J,e~"# < 4,e- for t >a, ie. there exists an N (independent 
of t) such that 4,e°" <1 for t >a and k > N. Hence, on taking 
into account the uniform convergence of series (63), we find that 
series (76,) is uniformly convergent for t >a and a < v < b. 

We can similarly prove that series (73) can be differentiated term 
by term with respect to ¢ any number of times for t > 0. We investigate 
the next series by writing down expression (64) for the g(x), using (7): 


x 


b 
Pr (E) = åk Ys (£) Í Ya (E) Pr (E) AE + Ax Yo (£) f yy (E) Pr (E) dE, 


a 


546 BOUNDARY VALUE PROBLEMS [184 


whence 
0 


Pi (2) = Ay Y1 (£) | Ya (E) Pr (E) AE + An ya (X) | Y1 (E) Pr (£) dÈ, 


x 


and 
x 


che ™ pr (£) = Y1 (£) f Yo (E) Aye * pr (E) dE + 


a 
b 


+ y (æ) f yy (E) Are ™** pr (E) dé. (77) 


x 


On taking into account the uniformity with respect to x of the con- 
vergence of series (76,) in [a, b] for t > 0, we can say that the series 


o0 


Š lE) ace pE) and Sy (E) Ae T™ gpr lE) 
k=1 


k=1 


are uniformly convergent in [a, b], whence, by (77), the uniform con- 
vergence of series (76,) follows. It remains to investigate series (765). 
We make use here of equation (56) for the eigenfunctions. It follows 
from this that 


At n Ant oy 


Cpe pila) = izy [= P (a) exe Pr (2) + 


Ayt Apt 


+ q (28) ce pr (a) — Akere ™ M(x), (78) 


and hence, in view of the uniform convergence of series (73), (76,) 
and (76,) in [a,b] for any t > 0, it follows that series (763) is also 
uniformly convergent. This proves that the function u(x, t) defined 
by (73) has the relevant partial derivatives and satisfies equation 
(70) for t > 0. We thus obtain the theorem: 

THEOREM. If the function f(x) appearing in the initial condition has a 
continuous derivative in the interval [a, b] and satisfies boundary con- 
ditions (72), the function u(x,t) defined by (73) satisfies the initial 
condition (71), the boundary conditions (72), and also equation (70) 
with t > 0. It is possible to differentiate series (73) term by term any 
number of times with respect to t and twice with respect to x for t > 0. 


184. The justification of Fourier’s method for the equations of 
vibrations. We now consider, instead of (70), the equation 


Se =e [e@ EE] —a@u. (79) 
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Here, in addition to boundary conditions (72), we have the two initial 
conditions: 


ul =e El h (80) 
and application of Fourier’s method gives the solution of the prob- 
lem as 


co 


u (x,t) = > (ap cos Vat + br sin Vårt) px (2), (81) 


k=1 


where A, and p(x) have their previous meaning and 
b b 
ay = | f(x) p (2)de; b=- | f (e) ple)de. (82) 
'k J ’ V4, J 1 


As in [183], it is sufficient for us to show that series (81), and the 

series which are obtained from it on twice differentiating with respect 

to t and x, are uniformly convergent in the interval [a, 6] for any t. 
We split (81) into two series and first consider 


sa, cosh Virt Px (x). (83) 


k=1 


In view of the fact that 4, > 1 for all sufficiently large k, we can 
say that V2, < 4, for all sufficiently large k. 

If, with certain conditions imposed on p(x), q(x) and f(x), we can 
prove that the series 


> Îr | ar Pr (a) | (84) 
k=l 


is uniformly convergent in [a,b], we can prove all our previous 
assertions regarding the term by term differentiation of series (81) 
by repeating word for word the arguments of [183]. 

For, this is obvious for series (83) itself, since 4,—> +°°, and for 
the series obtained by differentiation with respect to ¢ it follows from 
the fact that VA, <A, for all sufficiently large k. In the case of 
a single differentiation with respect to x, we only need to show 
that the series 


> | ar Py (2) | 
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is uniformly convergent. This follows at once from the uniform 
convergence of series (84) by virtue of the equation 


b 


Pi (£) = Yi (£) | Ya (E) irapr (E) AE + ya (£) | Yi (E) Axarpr (£) 8, 


x 


analogous to (77). To prove the uniform convergence of the series 
5| apy (2) | 
k=l 


we only need to use an equation analogous to (78), after striking 
out the factor e™°™ as above. Hence, the whole problem reduces to 
proving the uniform convergence of series (84). 

We obtain with the aid of equation (56): 


b b 
har= h | Fle) pelade = ff (x) fa pe) — i [P pear. 


a 


Integrating by parts, and assuming that f(x) has continuous deriva- 
tives up to the second order and satisfies conditions (72), we obtain: 


b 
wa = | (ate) — E le e (@)]} 9% (@) ae. 


If we assume that the expression under the integral sign in the braces 
has a continuous derivative and satisfies boundary conditions 
(72), it will follow from this that series (84) is uniformly con- 
vergent in [a, b]. The requirement indicated reduces to the following: 
that f(x) has continuous derivatives up to the third order, p(x) has 
continuous derivatives up to the second order, q(x) has a continuous 
derivative and 


-E [p (2) / (2)] — g (2) f(a) = 0 for x =a and x =b. (85) 


By virtue of the fact that f(x) must also satisfy conditions (72), we 
can write (85) as 


< [pæ (@)] =0 for x—a and x =b. (86) 


We now consider the series: 


Sb, sin Vit ge (2), (87) 
k=1 
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where the bx are given by the second of equations (82). As above, 
it is sufficient to prove the uniform convergence of the series 


Dhr | iPr (x) | ’ 
k=1 
i.e. of the series 
X Vac | be Pe (x) |, (88) 
k=1 
where 


b 
by = J fi (©) Px (x) da. 


Assuming that /,(z) has continuous derivatives up to the second order 
and satisfies conditions (72), we obtain as above: 


b 
abi | famh — i [p e) fi (0) } or (2) de = oy, 


where the bý are the Fourier coefficients of the continuous function 
in the braces. On substituting further ,(x2) = Ayp;(x), we obtain 


VAn | Diepn (2) | = Vu | Dive (2) |, 
whence, by Cauchy’s inequality: 
m+? o, mp., m+p 
> Vadba) | Xo- > ayla) 
k=m k=m k=m 


or, on taking (68) into account: 


m+p — m+p 
SVR lime | Şo- Vi. 
k=m k=m 


But the series consisting of the terms 6,’ is convergent, and it follows 
at once from the last inequality that series (88) is uniformly con- 
vergent. We thus arrive at the following theorem: 

THEOREM. If p(x) has continuous derivatives up to the second order, 
q(x) > 0 and has a continuous derivative, f(x) has continuous derivatives 
up to the third order, and satisfies conditions (72) and condition (85), 
while f(x) has continuous derivatives up to the second order and satisfies 
conditions (72), the function u(x,t) given by (81) satisfies the initial 
conditions (80), the boundary conditions (72), and equation (79). It is 
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now possible to differentiate series (81) term by term with respect to t 
and x twice, and the series obtained are uniformly convergent in the 
interval [a, b] for any t. 


185. Uniqueness theorem. We have established the existence of 
solutions of equations (70) and (79) for the relevant boundary and 
initial conditions. We shall now prove the uniqueness of these solutions. 

We start with equation (70) with q(x) > 0, and assume that the 
solutions are continuous for t > 0 and a < x < b and that, given 
any t > 0, the solution has a continuous derivative with respect to t 
and derivatives with respect to x up to the second order, continuous 
in [a,b]. We in fact constructed the solution with these properties 
in [183]. 

To say that the solution is unique is equivalent to saying that 
the solution u(x, t) of equation (70) with the above-mentioned pro- 
perties, satisfying the homogeneous initial condition: 


Uy | 1-0 =O (ax<a<b) (89) 


and boundary conditions (72), is identically zero for ¢ > 0. 

We write down equation (70) for u(x, t), multiply both sides by 
u,(z, t) and integrate with respect to x. It is assumed here that £ > 0. 
We thus obtain the equation: 


b b b 
sel ude = | Ug a [e @ geja = [ o) wade. 


All the operations can be carried out by virtue of the properties of 
u(x, t). We integrate by parts in the first integral on the right-hand 
side and take the boundary conditions into account. We thus obtain: 


+o faes- fre a) (Ze) def gle) hae <0. 


The non-negative function of ¢: 
b 
( ude, (90) 
: 


which is continuous for t > 0 and vanishes, by (89), for ¢ = 0, thus 
has a non-positive derivative for t > 0. Hence it follows that function 
(90) vanishes identically for t > 0. But now, u(x, t) = 0 for t > 0, 
which is what we wished to prove. 
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We now turn to the proof of the uniqueness theorem for equation 
(79) with q(x) > 0. We shall assume that the solutions themselves 
and their derivatives Up Ur, Ux, Uxx are continuous in the interval [a, b] 
for any t. The solution with these properties was in fact obtained by us 
in [184]. To say that the solution is unique is equivalent to saying 
that the solution u(x, t) of equation (79) with the above-mentioned 
properties, satisfying the homogeneous boundary conditions: 


__ du, 
Moh ~ “Ot 


a= (91) 
and initial conditions (72), is identically zero. 
We introduce the function: 
t 
v (x,t) = f u(x,t) dr. (92) 
0 
It has continuous derivatives: vx, Vn Uxx, Uxt, Vy, for the values of the 
variables indicated. We write equation (79) for u(x, t) and integrate 
with respect to t over the interval from t = 0 to t = t. On taking (91) 
and (92) into account, we obtain 


Ov (a, t ə Ov (x,t 
a ae [P ge] OLE 


w əx 


We replace ¢ by q in this equation, multiply both sides by v(x, t) and 
integrate with respect to t from t = 0 to t = t. On taking (91) and 
(92) into account we obtain 
t 
l o; ð l à 
-y v} (æ, t) = f v, (8, T) gy [P (x) Vy (x, t)] dt — ~y 9 (x) v? (x, t). 
0 

We integrate both sides with respect to x over [a,b] and change the 
order of integration in the iterated integral: 


+ faena] i f 0.00.12 [ole t ei] dx] ar — 


0 a b 


We integrate by parts in the inner integral and observe that the term 
outside the integral vanishes by (91) and (92): 


pfu (x, t)da = — fi f» (a) v,, (a, T) v, (a, T) dæ ae 


1 


5 


q (x) v? (a, t) da. 


a— Xo 
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On again changing the order of integration, performing the integration 
with respect to t and observing that v,(z, 0) = 0, we get: 


b b b 
-y f #@nde=— + f ple) rdr- + f ale) (x,t) de, 
a a a 
whence it follows that 


b 
J %@tde <0, 


so that v(x, t) = 0 for a < x <b and —œ < t < +œ. On taking 
(92) into account, we find that u(x, t) = 0, which is what we wished 
to prove. 


186. Extremal properties of the eigenvalues and eigenfunctions. 
We return to the boundary value problem for the equation 


d ' 
ag [Pp (@) 9] + [A—a(a)]y = 0 (93) 
or 5 
L(y) = — dy, where L(y) = zz [P (x) y']—9 (2) y 
In the general case of equation (1), we can reduce it to the form (93) 
by replacing x by the new independent variable 


t= f r(x) dx. (94) 


Equation (1) can now be written as 


r (x) |r (@) p(x) E] + Ore -aey =o, 


and on dividing both sides by r(x), we obtain an equation of the form 
(93). It is essential to assume with this transformation that r(x) does 
not vanish in the closed interval [a,b]. We assume that p(x) > 0 
in [a, b], and suppose that the boundary conditions have the form: 


y (a) =y (b) =0. (95) 


Now, as we saw in [176], the eigenvalues are expressible in terms of 
the corresponding eigenfunctions by the formula: 


zi [p (2) pr? (2) + q (2) ph (2)] de, (96) 


and only a finite number of negative eigenvalues can exist, so that it 
can be assumed that the eigenvalues are arranged in increasing order, 
ie. u<... 
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Our boundary value problem is equivalent to the integral equation 


& 
p(x) =A f G(x, £) p (£) dé, 


where G(x, &) is Green’s function for the operator L(y) with boundary 
conditions (95). We know from [26] that the first eigenvalue å, is 
equal to the minimum of the integral 


G (x, £) œ (x) œ (£) dx dé (97) 


anmo 
aao 


in the class of continuous functions w(x) satisfying the condition 


( [ f G (x, £) œ (£) dé}? dz = 1. (98) 
But the integral 
b 
y (x)= f G(x, £) w (¢) dé (99) 


is a function of x with continuous derivatives up to the second order 
satisfying boundary conditions (95), whatever the choice of the con- 
tinuous function w(&). Conversely, every function y(x) with the pro- 
perties just mentioned is expressible by integral (99), with a suitable 
choice of the continuous function w(x) = —L(y). 

We can therefore say, in accordance with (97), (98) and (99), that A, 
is the minimum of the integral 


b 
— f L(y)ydz (100) 
subject to the condition 
b 
f y? (x) da = 1 (101) 
a 


in the class of functions y(x) having continuous derivatives up to the 
second order and satisfying boundary conditions (95). 

On integrating by parts in integral (100), we see that 2, is the 
minimum of the integral 


b 
A [p (x) y? + q (x) y?] dx (102) 


subject to condition (101) in the class of functions y(x) just mentioned. 
Now, by (96), the first eigenfunction y = g(x) gives integral (102) 
its least value 4,. We turn to the second eigenvalue 2,. We know that 
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this is the minimum of integral (97) if we add to (98) the further 
condition: 


Polly (dg = 0. (103) 


If we define y(x) from (99), then [22]: 


b 


b 
{ ym) a (a) de = = f (8), (6) 48, 


a 


and hence condition (103) is equivalent to the condition 
b 
{ y (z) p, (x) da =0. (104) 
a 


Therefore 2, is the minimum value of integral (102) in the class of 
functions y(x) having continuous derivatives up to the second order 
and satisfying conditions (95), with the auxiliary conditions (101) and. 
(104). 

In general, the eigenvalue 4, is the least value of integral (102) in 
the class of functions y(x), having continuous derivatives up to the 
second order, satisfying boundary conditions (95), and the following 
ee conditions: 


f ytde =1; f ete) y(z)dx=0 (k=1, 2, ...,n—1). (105) 


J 


We now show that equation (93) is Euler’s equation, expressing the 
necessary condition for an extremum of integral (102) subject to the 
auxiliary condition (101). In fact [68], we have to form the function 


F = p(x) y? + q (x) y? — ły? 
and write Euler’s equation for this: 
d 
Iz Fy — Fy =9, 


which is actually the same as equation (93). We now consider the ex- 
tremum of integral (102) subject to the two subsidiary conditions (101) 
and (104). In the present case, we have to form the auxiliary function 


F = p (x) y? + q(x) y? — dy? — ug (£) y, 


and Euler’s equation for this function will have the form: 


È [pay] + 0ga) tiala). (106) 
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We show that the constant u must vanish, i.e. that we again arrive 
at (93). For this, we write (93) for the first eigenfunction: 


È [p (a) pi (2)] + (4 — 9 (2) p; (£) = 0. 


We multiply this last equation by y, equation (106) by 9,(z), subtract 
term by term the equations obtained and integrate the resulting 
equation over the basic interval. On taking into account the orthogon- 
ality condition (104) and the normalization of the first eigenfunction, 
we arrive at the following equation: 


b 
[ly 2 pera —ne eer] ar. 


On integrating by parts and using the boundary conditions, we find 
without difficulty that the integral is zero, whence it immediately 
follows that u = 0, which is what we wished to show. In general, 
if we write Euler’s equation, expressing the necessary condition for an 
extremum of integral (102) subject to auxiliary conditions (105), we 
arrive as above at equation (93). 

We have so far considered the case r(x) = 1. Precisely similar 
results are obtained in the general case, on the assumption that 
r(x) > 0. In this general case, the auxiliary conditions (105) must be 
written in the form: 


(107) 

6° + (@) ge (2) y (at) da = 0 (k= 1, 2, ..., n— 1). 

a 
In order to prove this, we only need to carry out the change of inde- 
pendent variable (94) in the general equation (1). We now obtain an 
equation of form (93), for which the result has already been proved. 
On returning to the previous independent variable, we obtain integral 
(102) and auxiliary conditions (107). 

We remark further that the whole of the above discussion also holds 
for boundary conditions (2). 

When finding the successive minima of integral (102), the problem 
can be posed in the class of functions having only one continuous 
derivative in [a, b] instead of two. It can be shown that, in this wider 
statement, the successive minima are yielded as before by the functions 


Pn(2). 
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Let us take the equation of the vibrations of a string: 
Pu _ a Ou (a = A 
ot T A ge =|) 


where @ is the linear density and T, the tension. We have the following expres- 
sions for the kinetic and potential energy: 


l 
T= | eu? de; -U =-y | Toaz. 
0 0 
In the case of sinusoidal vibration of the form u = y(x) sin wt, we obtain for 

y(x): 
” w? 
y” + dy =0, (a = =| 


with the boundary conditions y(0) = y(l) = 0, provided the string is fixed at 
its ends, whilst the kinetic and potential energy are given by 
I l 
2 
T = cos? wt [ y? dz; -U =e sin? wt f urac. 
0 0 


The first eigenvalue of this problem is obtained simply by seeking the minimum 
of the integral 


I l 
f dx subject to the condition f y? ds = 1. 
0 0 


187. Courant’s theorem. It follows from the arguments of the pre- 
vious section that the minimum of integral (102) subject to conditions 
(105) is attained by the eigenfunctions n(x) and is equal to An. When 
determining An and ¢,(x) in this way, we have to know all the pre- 
ceding eigenfunctions. This fact makes it difficult to apply the extrem- 
al principle described. We shall now prove a theorem which enables us 
to determine ån and 9,(x) without using the preceding eigenfunctions. 
Let 2,(x), ..., 2n-;(2) be any given functions, continuous in [a, b]. We 
pose the problem of finding the minimum of the integral 


b 
$ [p (£) y? + g (x) y] dx (108) 


subject to the auxiliary conditions 


Í r(æ)y de= 1; f r(æ)z(z)yde = 0 (109) 


a 


(k=1, 2, ..., n— 1l) 
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in the class of functions y(x) satisfying the boundary conditions and 
having continuous derivatives up to the second order. We do not know 
in advance whether integral (108) with the conditions imposed attains 
a minimum, but we can always speak of the strict lower bound of 
values of the integral. This strict lower bound will evidently depend 
on the choice of functions 2;,(x). We shall denote it by m(2, ..., Zn} 
We now prove Courant’s theorem: whatever the choice of continuous 
functions 2,(x), the number m(2,, . . ., Zn—) does not exceed the eigenvalue 
An. If, given any choice of functions z,, we can construct a function 
y(x), satisfying conditions (109) and all the remaining requirements, 
such that the value of integral (108) corresponding to it is not greater 
than ån, the number m(2,, -.., Zn) will certainly be not greater than 
An, and the theorem will be proved. We shall seek the function y(x) 
in the form: 

y = CP, (x) + aris + CnPn (x), (110) 


where p(x) are the eigenfunctions of the boundary value problem and 
the c are constants, which we shall now determine. The first of con- 
ditions (109), leads us by virtue of the normalization of the func- 
tions p(x), to the equation: 


G++... Hl. (111) 
The remaining (n — 1) conditions give a system of (n — 1) homogene- 
ous equations with n unknowns ¢, ..., Cn. This system has a non-zero 


solution, as we know from [III,, 10]. Every such solution can be mul- 
tiplied by an arbitrary constant factor, which can be chosen so that 
equation (111) is fulfilled. Therefore we have constructed with the 
aid of (110) a function having continuous derivatives up to the second 
order, satisfying the boundary conditions and all the auxiliary con- 
ditions (109). It only remains for us to substitute expression (110) in 
integral (108) and to show that the value of this integral is < dn. 
After the substitution, we have terms containing the squares y;(z) and 
p(x) under the integral sign, as also terms in the products 9;(x)y;,(z) 
and ;(%)p;(x). But the following formula can be proved, precisely as 
in [182], even in the case when r(x) differs from unity: 


b 
p [p (£) pr (£) pi (2) + g (£) Pr (2) pı (x)| dx = 0 (k #1). 


On further taking (22) into account, it may be seen that the substi- 
tution of expression (110) in integral (108) leads to the expression: 


ofA, +... + y 
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On using the fact that 4, < ... < A,, and formula (111), we get: 
At... +A, <A, 


which finally yields the proof of Courant’s theorem. 

COROLLARY. If we take z, = (£), --., 2n-1 = Gn—(X), as we saw 
above, the minimum of integral (108) subject to conditions (109) will 
vanish, discounting ån, and will be attained with y = p(x). We can 
therefore assert that A, is the maximum of all the possible lower bounds 
Mr(2, - - +; Zaz) Of the values of integral (108) subject to auxiliary condi- 
tions (109) in the class of functions y(x) satisfying the boundary conditions 
and having continuous derivatives up to the second order, this maximum 
of the strict lower bounds being attained for zy = plx) and y = o,(2). 
This maximo-minimal property of the eigenvalues 4, also holds for a 
wider class of partial differential equations and plays a fundamental 
role in investigating eigenvalues. 


188. Asymptotic expression for the eigenvalues. We replace p(x) 
and q(x) in equation (1) by the new functions p,(x) and q(x), which 
are not less than the previous functions throughout the interval: 


pı (£) > p(x); q(x) >q(x) (a<a<b) 
(p(x) >0; r(x) > 0). (112) 


The function 7(x) is left as before. We write A, for the characteristic 
values of the changed equation and show that 2; > An. We use for 
this purpose the property of the eigenvalues just proved. 

When p(x) and q(x) are changed as described, the supplementary 
conditions (109) remain as before, whilst integral (108) can only in- 
crease when the function y is fixed. Since the set of functions y remains 
as before when the coefficients are changed as described, the strict 
lower bound m(z,, ...,2n,-,;) of values of integral (108) can never 
decrease, i.e. the greatest of the numbers m(z,, ...,2,-;), that is, An, 
cannot decrease. This is what we wished to prove. 

We now leave p(x) and g(x) unchanged, and replace r(x) by r(x), 
where r(x) > r(x) for a < x < b. In this case it is no longer possible 
to speak of preserving the class of functions y, since if y satisfies the 
first of conditions (109), we have after substituting r(x) for r(x): 


b 
f ri (x) y?dx > 1. 
a 
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However, an admissible function for the new problem is readily obtain- 
ed from function y. All we need is to select the number 0 satisfying 
the condition 0 < 0 < 1 such that 


b 

| z (£) y? dz =1. 

a 
It is easily seen that the function 6y also satisfies the remaining con- 
ditions (109), though admittedly for different functions zą(x). For, 
since 0 is constant, it follows from (109) that 


b 
fry (a) e oy dx = 0 (k=1, 2, ..., n— 1). 
a 


But this is in fact again a condition of the form (109) for the modified 
equation; instead of the functions 2,(z), we have to take here 


_ q(x) r (e) 


x (@) rı (x) 


For every system of functions z,(x) there will be a corresponding system 
of functions 2,(x) and vice versa. The inverse passage from the function 
Oy for the transformed equation to the similar function for the original 
equation is carried out by division of 0y by 0. When y is replaced by 8y, 
the value of integral (108) cannot increase. Consequently, the strict 
lower bound of these values cannot increase, so that the number ån, 
which is the maximum of these strict lower bounds, can likewise not 
increase. We thus arrive at the following general proposition: if the 
changed coefficients p(x) and q(x) satisfy condition (112), the eigenvalues 
An cannot decrease, whilst if the changed coefficient r(x) satisfies the 
condition r(x) > r(x), An cannot increase. 

Let us apply this proposition to an asymptotic inequality for the 
eigenvalues 4, for large n. Let (p, P), (q, Q), (r, R) be the minimum 
and maximum values of the functions p(x), q(x), r(x} in the interval 
[a, b]. We replace p(x) by P, g(x) by Q and r(x) by r in equation (1). 
The new equation with constant coefficients: 


Py’ (ir — Q)y =0 (113) 


will have eigenvalues 2,;, which are never less than the eigenvalues /, 
of the original equation. But the 2; can easily be found. We do this 
by first of all observing that (113) can have a solution satisfying 
boundary conditions (95) only when (Ar — Q)/P > 0. On taking this 
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into account, we can write the general solution of (113) as: 


y =C] cos [=e +0, sin #582. 


For the sake of simplicity in further working we shall take [0, 2] as the 
basic interval [a, b]. It follows from the boundary condition y(0) = 0 
that C, = 0, and the second boundary condition y(l) = 0 gives us an 


equation for 4, namely 
ar —Q 
E = nn, 


whence 
ze? n? 
n-p Ptg nr P+Q 


a= —Ë—, so that 4 < 


r r 


Similarly, on replacing p(x), q(x), r(x) by p, q, R respectively, we can 
show that 
2 Gái 
np Pta 
ne Site 


and hence obtain the following bounds for the eigenvalues: 


2 2 
nt = PHQ nt p+q 
eae al leas ae 


r 


It follows from this that 2, is of order n? for large n and the series 


is convergent. On using the maximo-minimal property of An, a closer 
inequality can be obtained by first transforming the initial equation. 
Let p(x) and r(x) have continuous derivatives up to the second order 
and let (1) be transformed by replacing x by the new independent 


variable t: 
x a 
_ (ya | 
t= IV; Gy ae (114) 


and y by the new required function u: 


ETET A (115) 
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The interval [a, b] of variation of x is transformed to the interval [0, 2] 


for t, where 
bo 
p r (x) 
l F. |: (a) dz. 


The equation for u(t) will have the form 


S44 (A—8())u=0, (116) 


where s(t) is a continuous function which is easily found from the given 
coefficients of equation (1). It follows from y(a) = y(b) = 0 that 
u(0) = u(l) = 0 and vice versa, so that the eigenfunctions of the 
initial equation will be obtained from the eigenfunctions of the 
transformed equation in accordance with (115), and vice versa, whilst 
the eigenvalues remain as before. When finding the eigenvalues of 
equation (116), we have to pose the minimal problem for the integral 


f [w2 + s (t) u?] dt. (117) 
0 


Let o be the maximum of | s(t) | in [0, 2], so that 
—ao<s(t)<o (0<t<l). 


If we pose the minimal problem for the integrals 


i (u’? + ou?) dt (118,) 


a 


and 
b 
f (w? — ou?) dt (1183) 
a 
instead of for integral (117), and write A;, åp for the respective eigen- 


values, we get 
Fae E (119) 


But the numbers 4; and A; can be calculated by elementary means 
from the solutions of the equations 


u” t(A—o)u=0 and u” +{(å+o0oju=0 
with the boundary conditions u(0) = u(l) = 0, and we have: 


nn? nèn? 
, ʻ n 
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We have from (119): 


=" F 44, (| An| <e) (120) 
or 
4, = 2 +0(1), (121) 


where O(1) denotes as usual a magnitude whose absolute value remains 
bounded for all n. We obtain, on returning to the old variables: 


b p ~2 
i= nea f yz ae +01), (122) 
2 | Pe) 
so that 
l b 2 
im =L r(e) 4 |. 123 
lim [= 33 |j -2 ar| (123) 


An asymptotic expression can similarly be obtained for the eigen- 
values with different boundary conditions. This may be seen at once 
by considering the equation u” + uu = 0 for different boundary con- 
ditions. 


189, Asymptotic expression for the eigenfunctions. Having found 
an asymptotic expression for the eigenvalues, we can obtain one for 
the eigenfunctions by using the method employed earlier when de- 
ducing the asymptotic expressions for Hermite and Legendre poly- 
nomials [IIL, 162, 163]. 

With the aid of the above transformation of the variables, we can 
reduce our equation to the form (116): 


u” (t) + (å — s (t))u (t) = 0. 


The eigenvalues 4, will be positive for large n, as we know from 
[176], and we assume in future that n is large enough for 4, > 0. 
Let u,(¢) be the eigenfunctions corresponding to the An. We can write: 


Un (t) + Ann (t) =8 (é) Un (), 
and we find: 


u, (t) =a, sin VA t +b cos Ant + 


t 
1 : 
tag J emt sin VA, (t — T) dr. (124) 
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We apply Buniakowski’s inequality to the integral on the right: 


iG s(t) u(t) sin VA, (t — 1) dt ‘ < f w(x) dt ( s? (t) sin? V2, (t—t) dr, 


0 0 0 


whence it follows that, for any t of the interval [0, J]: 


t = p 

p s(t) u, (T) sin VA, (t — 1) ar|< f s2 (t)dr, (125) 

0 

where the normalization of functions u,(¢) has been taken into account. 
Let 9,(x) be the eigenfunction of the initial equation (1) obtained 

from u,(¢) with the aid of transformations (114) and (115). It follows 

at once from these transformations that 


b l 
f r(x) G2 (x) da = f ui (i)dt=1, (126) 
a 0 
i.e. the ordinary normalization of u,(¢) is equivalent to normalization 
of pna(x) with weight r(x). The boundary condition u(0) = 0 gives us 
bn = 0, and we can rewrite (124) as follows: 


u, (t) =a, sin VA, t+ Z (127) 


in ni 
where, by virtue of inequality (125), the function m,(¢) remains 


bounded for all positive integers n and all ¢ of [0, 1], i.e. there exists a 
positive number A such that 


Im, (t)| <A. (128) 


On squaring both sides of (127), integrating over the basic interval 
and taking into account the normalization of functions u,(¢), we can 
write: 

l 


t4 l 
E sin? V3 tdt + 7g [ml sin VZ tdt +zJ mè (t) dt. 
0 0 


The first of these integrals can be worked out, whilst the other two are 
bounded in absolute value for all n by virtue of condition (128). We 
thus obtain: 


Eens S ui 


1 
a = — qns 129 
aa 4VIq 7E Pat 7, dn i) 
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where p, and qn remain bounded in absolute value for increasing n. 
We take a? outside and write: 
l sin 2YA, 1 


1 
I = a es — = = —— é 
ny2 4yA, an Van Pa + ažân In 


If we were to encounter arbitrarily large values of af with increasing 
n, the expression inside the brackets would tend to the non-zero limit 
1/2 for these values of n, and the right-hand side of the last equation 
could not be equal to unity. We can thus conclude that a, remains 
bounded with increasing n. On taking this into account, we can re- 
write (129) as: 

1 =_u+ol(7), (130) 
where, as usual, O(1/z,) denotes a magnitude such that the product 
Ln * O(1/£n) remains bounded as n increases indefinity. We can re- 
write the last formula as follows: 


whence we have: 
= 2 +0 l 
@n | l Fra i 


Substitution of this in (127) gives us 


u, (t) = |2 sin JA,t+0 Fa l (131) 
where f 


and p(t) is bounded in absolute value for all n and all t of the interval 
0O<t<l. 
It follows from (121) that: 


aero) ea HOCa)> 


whence 
sin V2, t = sin T + o(Ș) f 


where O(1/n) = qn(t)/n, and q,(é) is bounded in absolute value for all 
n and for all t of [0,2]. On substituting this in (131), we obtain the 
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following asymptotic expression for the normalized functions u,(t): 
u, (t) = |2 sint o4 ). (132) 


On returning to the old variables in accordance with (114) and (115), 
we obtain the following asymptotic formula: 


E ee | Vee] O(=)}+ ass) 


where the eigenfunctions ,(x) are normalized in accordance with 
(126) and O(1/n) = 7,(x)/n, where 7,(x) is bounded in absolute value 
for all n and all for x of [a, b]. 


190. Ritz’s method. The equation 


-$ ip @)y'] + Ur(e) —p@ly =0 (134) 


is Euler’s equation for the integral 
b 
f [p (ay? + g (2) y?] de (135) 
a 
subject to the auxiliary condition 


b 

f r(x) y? (x) da = 1, 

a 
and, as we have seen, obtaining the successive eigenvalues and eigenfunctions 
amounts to an extremal problem for integral (135). This leads us to a practical 
method for finding approximately the eigenvalues and eigenfunctions. This 
method (Ritz’s method) has already been described as applied to finding the 
absolute extremum of an integral. 

We take a sequence of linearly independent functions v(x), v£), ... 

satisfying the boundary conditions, form the linear combination: 


n 
y= Y af og (136) 
k=1 


and substitute it in the integral 


b 
J (y) = f {p (x) y? + Eg (x) — îr (a)] y°} da. 
a 
We obtain as a result a quadratic form in the af. On equating to zero its partial 
derivatives with respect to al”, we arrive at h system of n homogeneous equa- 
tions with n unknowns ağ. On putting the determinant of this system equal 
to zero, we obtain an equation of the nth degree in A. The roots of this equation 
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AM, ..., A can be taken as the approximate values of the first n eigenvalues 
of the problem. The homogeneous system yields for each of them a set of 
numbers af, and the corresponding function y can be constructed for these 
ay with the aid of (136). This function y can be taken as the corresponding 
ot aifinction. The convergence of this process depends essentially on the choice 
of coordinate functions v(x). We shall only quote in this connection certain 
results obtained by N. M. Krylov (Memorial des Sciences Math. fasc. XLIX, 
1931). 
Suppose that the equation has the form: 


y” + Ar (x) y =0 (r (x) > 0). (187) 


The boundary conditions will be taken in the elementary form: y(0) = y(1) = 0. 
If we put v,(z) = y? sin nz, the difference between the true value of ån 
and the nth approximation to it can be estimated as follows: 


242, max r3/2 (a) 
(n + 1)? 2? min Yr (x) — 2/,, max r3/2 (x) 


[am — ADP | < 


or 


(138) 


ain) —A,, | E AmA , 
(n + 1)? m? — Åm B 


where 


max r (x) 


= [maxr (x) — minr (x)] marla) 


; B = 2 maxr (x). 


Polynomials are often used instead of trigonometric functions in practical 
computations. Suppose that we first have equation (137) with boundary condi- 
tions y(—1) = y(1) = 0, and that we take v(x) = (1 — x?) x-1 [the factor 
(1 — z?) guarantees the satisfaction of the boundary conditions]. With this 
choice of v,(x), the following inequality holds: 


(139) 


am) — al < A) maxr (2) 
An (n+ 1) (m +2) 
This inequality holds if we merely assume the continuity of the function r(x). 
If this function also has a continuous derivative, a closer inequality can be 
obtained, namely 
am) — Am |< na 

In mF mF) 


where 


r’ To 


+] max 75 max rë (a) i 


N= | max | 725 
“minr (£) 


A still closer inequality is obtained on the assumption that r(x) has a continuous 
second derivative. 
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191. Ritz’s example. The following is an example of the approximate calcu- 
lation of eigenvalues and eigenfunctions; these can be obtained accurately in the 
finite form in this example, so that we are in a position to see the speed of con- 
vergence of the process. The example is to be found in an article by Ritz (J. 
für die Reine und Angew. Mathem. Bd. 135, 1909). We take the equation 


y+ ky =0 
with the boundary conditions y(—1) = y(1) = 0, where k? plays the role of 
the parameter A. The problem of the vibrations of a string fixed at its ends leads 
to this type of boundary value problem. The fundamental tone of the string is 
given by the solution: 

T 
Yr = c08 -y> k = -7 S 

the first overtone is: 


Yı = sin ng, k= m 
the second overtone: 


ya = cos 2%, ky = 3 and so on. 


We shali seek the even solutions approximately as polynomials containing even 
powers of x. The general form of such a polynomial satisfying the boundary 
conditions will be 


y = (1 — aè) (a, + a,2* +... + apa”). 
On confining ourselves to the first two terms: 
y = (1 — x?) (a, + a2?) 
and on substituting in the integral 


1 
J (y) = a (y? — k?y?) da, 


we get: 
J (y) = T [(105 — 42k?) ag + (42 — 12k?) aa, + (33 — 2k?) až]. 


On equating to zero the partial derivatives with respect to a, and a,, we arrive 
at the system: 
(35 — 14k?) a, + (7 — 2k?) a, = 0 


(21 — 6k?) a, + (33 — 2k?) a, = 0, 
and equating the determinant to zero gives us: 
kA — 28k? + 63 = 0, 
the roots of which are: 
k? = 2.46744; k3 = 25.6. 
We obtain from the exact solutions quoted above: 


2 2 
k= > = 2.467401100...; k2= on = 22.207. 
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As a second approximation: 
y = (1 — 2?) (a, + a,2? + axt). 
We obtain the equation for k?: 
4ks — 450k: + 8910k? — 19305 = 0, 
from which we find that 


k? = 2.467401108...; 4% = 23.301... 


On substituting this approximate value for k? in the coefficients of the system 
for a, a, aQ}, we can determine these coefficients up to a constant factor 
which can be arranged so that the solution obtained satisfies the condition: 


1 
fy? dz = 1, 
=1 


which is satisfied by the exact solution y = cos (22/2). Hence we arrive at 
the following approximate solution: 


y = (1 — æ?) (1 — 0.23343022 + 0.018962z"). 


The following table shows how little y differs from cos (za/2); the table gives 
the mantissae of the common logarithms of these functions: 


x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 


log cos T 994620) 978206 sage 907958) 849485) 769219) 657047/489982/194332 


log y 994621) 978212) 949889) 907952) 849493) 769221) 657043/489978)/194345 


The eigenvalues and eigenfunctions which are odd functions of x can be 
sought approximately in the form 


= (1 — x?) (a£ + a2. . Hapa?" tt). 


§ 2. Equations of the elliptic type 


192. The Newtonian potential. We now turn to a discussion of bound- 
ary value problems for partial differential equations. Let us start 
with Laplace’s equation. We have already solved Dirichlet’s problem 
for this equation in the case of a circle and sphere. Other equations of 
the elliptic type, apart from Laplace’s equation, will be considered in 
this section. Problems can be posed for these equations that are analo- 
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gous to the Dirichlet and Neumann problems for Laplace’s equation. 
These elliptic equations are usually obtained in physics when con- 
sidering statical problems or steady states. It may be recalled that 
Laplace’s equation is itself obtained when considering, say, an electro- 
static field or a steady heat flow. 

The Newtonian potential is of great importance when discussing 
boundary value problems for Laplace’s equation. We shall recall the 
basic definitions relating to the Newtonian potential, prior to intro- 
ducingcertain new concepts. ; 

Let D be a bounded domain of three-dimensional space, u(N) a con- 
tinuous function of a point in this domain and r the distance from the 
point M to the variable point N of D. The potential of a three-dimen- 
sional mass distribution is defined by the familiar expression 


v(m) = [ {fA av. (1) 
D 


Similarly, the potential of a simple layer distributed over an area S 
with density u(N) is given by 


u(M) = [| 4224s. (2) 
Ss 


As we know from [I], 87, 200], outside the distribution the functions u( M) 
and v( M) have derivatives of all orders and satisfy Laplace’s equation. 
It is important for our future exposition that we first of all indicate 
the limitations to be imposed on the surface S, which will be assumed 
closed in future. The first precise statement on these lines was given 
by Lyapunov in his work On Certain Questions Relating to Dirichlet’s 
Problem (O nekotorich voprosakh, svyazannykh s zadachei Dirikhle) 
(1898). This work played a decisive part in the development of poten- 
tial theory and the study of boundary value problems for Laplace’s 
equation. We shall follow Lyapunov’s treatment in this and the 
following sections. 

The following requirements are laid down for the surface S. 

1. A tangent plane exists at every point of S. 

2. There exists a d > 0 such that, if M, is any point of S, every 
sphere with centre N, of radius less than or equal to d cuts 9 into two 
parts, one of which lies inside and the other outside the sphere, and 
the straight lines parallel to the normal to S at N, cut the part of S 
lying inside the sphere in not more than one point. 
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3. If 2 is the acute angle formed by the normals to S at two points 
N, and N,, and 7,, is the distance between these two points, there 
exist two positive numbers a and a, independent of the choice of N, 
and N,, such that we have 


<ar, (a<1) (3) 


for any positions of N, and N, on 8. 

Closed surfaces that satisfy these conditions are generally called 
Lyapunov surfaces. We shall later introduce some further assumptions 
regarding the surface S, but for the moment certain corollaries of the 
above assumptions will be deduced. 

It follows at once from (3) that the tangent plane varies continuously 
as the point of contact varies along the surface. Let N, be a point 
of S, which we take as origin; the Z axis is taken along the outward 
normal to S at N, whilst the X and Y axes are chosen arbitrarily 
in the tangent plane. The equation of the piece of S lying inside the 
sphere O, with centre N, and radius d can now be written explicitly as 


¿=? ($, n). (4) 


We shall always use (&, 7, ¢) to denote the coordinates of a variable 
point N of 8, and (x, y, 2) to denote the coordinates of any point M of 
space. The coordinate axes described may be termed local axes at the 
point No. 

The existence of the tangent plane and its continuous variation 
imply the existence and continuity of the first order derivatives 
Cal E, y) and ¢,(é, n). Let d be assumed sufficiently small. For instance, 
we can take the condition: 


ad* <1, (5) 
so that the angle 3, between the normal at N, and the normal at any 


point N of the piece of S lying inside the sphere C, does not exceed 
x/2. On writing r, for the distance NoN (r, < d), we have: 


cosh > 1— + > 1— a rh, (6) 
whence 
1 ee : 
sosa = VLt SEG <1 + arg <2, (7) 


and consequently, by (5): 


CRA G2 < 2a? r3 + atri" < 3a? 7p". (8) 
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We introduce polar coordinates: 


= pacos; = sinb. 
We have: 
¿3 = (Cecos 6 -+ ¢, sin 0)? < ¿3 + %, 


whence, by (8): 


[če | < V8ars, (9) 
and 
le|< V3 ades < V300, (10) 
so that 
ro = Vå + 2? < 209- (11) 
Inequality (9) gives: 
lal] < V3a2"05, (12) 
whence 
3 2% 
je] < BP aes, 
so that certainly: 
|E] < 2aggt?. (13) 
since 2° < a + 1 fora < 1. Finally, it follows from (6) that 
1 — cos % < 277-1 a2927. (14) 


Inequalities can also be found for cos (n, X) and cos (n, Y), where 
n is the unit outward normal to S at the point N. We have, by (8): 


[cos (n, X)| = aA, < liel < VBar, 


and similarly, 
|cos (n, Y)| < V3arş. 


Further, we have 
cos (n, Z) = cos ®. 
Let us collect all the above inequalities: 
|E] < cott; | cos (n, X)| < coo; |cos(a, Y)| < cog 
1 


1 — cos (n, Z)| < co; |cos(n, Z) > ae (15) 


where, for the sake of simplifying later writing, we have put c for the 
maximum of the constants appearing in the respective inequalities. 
These inequalities obviously still hold if we replace ọọ by 7, on the 
right-hand sides. We have rọ = d at points of intersection of S with C4, 
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and it follows from (11) that g, > d/2. The part of S cut out by a 
cylinder whose axis coincides with the Z axis (the normal at V,), and 
of radius d/3, is thus seen to lie inside C). We shall write t, in future 
for this part of S. Its projection oj on the XY plane (the tangent 
plane at No) is a circle: 


Bp act. (16) 


Formulae (15) hold at all points N lying on oy. We also bring into the 
discussion the part o, of S which is cut from S by the circular cylinder 
whose axis is the Z axis and whose base radius is equal to a number 
d,, where d, < d/2. We shall later make use of the fact that the choice 
of d, is arbitrary. Inequalities (15) will also hold on o,. The projection 
oj of c on the tangent plane at N, is a circle: 


Btn < A (a<+}. (17) 


Let us turn to an investigation of the properties of the potentials of 
a simple layer, as also of certain other potentials, viz. those of a double 
layer, which, like the potentials of a simple layer, can be written as 
integrals over the surface S. 


193. The potential of a double layer. The singular solution 1/r of 
Laplace’s equation plays a fundamental part in forming the functions 
(1) and (2). We now introduce another singular solution of this equa- 
tion. Let N be a point of space and / a fixed direction drawn from N. 
We take a segment NN’ of length c in the direction / and locate a 
charge (1/e) at N, and (—1/e) at N’. On writing r and 7’ for the dis- 
tances from the variable point M to the points N and N’, we obtain 
the following potential for the two charges: 


1 l 1 l1 r’—r 1 72. r? 

( J= $ ee (rt pr)’ 
Let us introduce the angle gy = (r, l), where the direction r is reckoned 
from the point M to N. 

On taking into account the obvious equation r”? = 7? + £ + 2re cos p, 
we can write: 

_ E+ 2rcoso 

Wg (M) aR (r +r)rr , 
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and in the limit as «> 0 we obtain the potential of a dipole of unit 
intensity with the direction l: 


cos Q 
ro 


w (M) = 


It may easily be shown that we can write this potential as the deriva- 
tive of 1/r with respect to the direction J, the differentiation being per- 
formed with respect to the point M: 


cosp df 1 
r =al+)- (18) 
For, if (&, 7, ¢) denote the coordinates of N, and (a, y, z) the coordi- 
nates of M, we have: 


a 1 je (£ — æ) cos (1, æ) + (n — y) cos (I, y) + (6 — 2) cos (2, 2) 
ol r r3 ’ 


whence, on taking into account the expression: 


cosp = EZF cos (l, x) + 1 cos (ly) + =~ cos (l, 2), 


we in fact arrive at (18). Function (18) obviously satisfies Laplace’s 
equation and has a singularity at the point N. Let us cover the sur- 


Fic. 9 


face S with dipoles in such a way that the direction of the dipole at 
any point of the surface coincides with the direction of the outward 
normal n to the surface, and let u(N) be the intensity of the dipole 
located at the point N. We thus arrive at the potential of a double 
layer, which is defined by the equation (Fig. 9): 

w(M) = 11 u(y) 2% as [py =(r,n)]. (19) 


rè? 
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Function (19) has derivatives of all orders everywhere outside S and 
satisfies Laplace’s equation. It can be differentiated under the inte- 
gral sign with respect to the coordinates of the point N. If M coincides 
with a point N, lying on the surface, r vanishes when N coincides 
with N, and (19) becomes an improper integral. 

Let us show that it has a meaning. 

It is sufficient to investigate the integrand on the part oy of the 
surface close to V,. We can make use here of equation (4) of the surface 
referred to local axes at the point N. 

We find an expression for cos pọ = cos (ro, n), where ry is the 


direction N,N: 
COS Py = 3 cos (n, X) + A cos (n, Y) + E eos (n,Z) (20) 


((n, Z) = Dy) 


where (¢, 7, ¢) are the coordinates of N and r, = VE- a+ @. On 
taking into account inequalities (15), together with the obvious in- 
equalities: | E| < 093 | n| < 2o; 2o S To we obtain: 


cos P 3cog aE S 
w (e = VE + 7°), 
i.e. 
| cos @ b 
a os Sy (21) 


where b is a constant. In addition, we have for the continuous function 
uN): 

\u(N)|<4 (Nons), (22) 
where the constant A = max | u(N)| when N varies on S. On re- 


placing the integral over c by the integral over the projection oo 
of o, on the XY plane (a circle with centre N, and radius d/3), we 


obtain 
cos Po , dé dn 
f feen r3 = cos ® ’ 
9, 


where the following inequality holds for the potential function, by 
(21), (22) and (15): 


cos o 2Ab 
| HG) r Sa 


whence the convergence of integral (19) follows, when the point M 
lies on 8. Thus function (19) is defined throughout space. 
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Let us consider integral (19) with u(N) = 1. On taking (18) into 
account, we can write: 


1 
¢— 
w, (M) = lf con? dS = — f f ds, (23) 
s s 
where it is assumed that the differentiation with respect to the direction 
n is performed with reference to the point N, which is the variable of 
integration. In view of this, we have put a minus sign in front of the 
integral. 

Suppose first that the point lies outside the closed surface S. In this 
case 1/r is a harmonic function inside S with continuous derivatives 
of all orders as far as S, and we have by virtue of a fundamental 
property of harmonic functions [II, 194]: 


ð — 
w, (M) = — { f z—d9=0 (M outside S). 
S 


1 
n 
Let M lie inside S. We isolate it by a small sphere C with centre M 


and radius ọ. In the part of space D’ between C and S the function 1/r 
is harmonic, and we have: 


if 


The outward normal with respect to the domain D’ is directed to the 
centre of the sphere, so that 


EA gs 
7 ay) Z dS =0. 


c è’ 


and the previous equation can be rewritten as: 


a= = 


If T f fas—o or JJ dS + 4x =0, 
S 


whence 


ə l 


w, (M) = — Ti Z dS = An (M inside S). 
S 
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Finally, let M coincide with a point N, lying on the surface. We draw 
a sphere C with centre N, and radius d, < d/2 and replace the part 
c, of S lying inside C by the part C” of the sphere C such that N, lies 
outside the surface obtained, which consists of (S — c) and the part 
C’ of C. We have: 


oe 
5 dS =0. 


n 


? (24) 


1 
Taff 
: 


The second term is calculated as above, and is equal to the solid angle 
subtended by the part C’ of C at the centre NV, of C: 


J 


S-a, 


1 


f(a) (ae: (25) 
E i 


Cc’ 


The curve J of intersection of the sphere C with S has the property 
that, by (15), | č | < cdj** for the ¢ coordinate of any point of l; as 
d, —> 0, points of l indefinitely approach the XY plane. 

It follows from this that the solid angle (25) tends to 27 as d, tends 
to zero, and (24) gives in the limit: 


9 1 


wo, (M) = — f | -as = 20 (M on 8). 
S 


We thus have 


[3 (M inside 8) 
0 (M outside 8) (26) 
| on (M on S). 


ji aras 
S 


Let us also consider an unclosed surface S, and the integral 


w, (M) = {f con? aS, (27) 
Sı 

the point M being assumed to lie outside S,. We draw the cone with 
vertex M and base S,, and let o, be the part of the sphere with centre 
M and sufficiently small radius ọ lying inside this cone. 

We consider the domain D of space bounded by 8,, o and the 
lateral surface I’ of our cone (Fig. 10). (We are assuming that the 
surfaces mentioned bound some domain D). 
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The function 1/r is harmonic inside D, so that 


Í 


a al ile 
| 7 as+ | | ds + a) a dS = 0. 


On the surface T 


ə 


2 


r cos ¢ 
On T? 


= 0. 


The direction n is opposite to that of r on o, and Ə(1/r)/ðn = 1/ ¢. 
If œ is the solid angle subtended by S, at the point M, we obtain 
from the previous formula: 


1 
gai Sas (mas 
Sı S, 


i.e. integral (27) gives the solid angle subtended by S, at the point M. 

The direction n on S, is here reckoned outwards from the domain D. 

The radius vector of M can cut S, at 

several points. If we have say three 

points of intersection, cos y>0 at two 

of them, and cos ¢ < 0 at the third Sy 

(Fig. 10). The element of our integral, 

i.e. (cos g/r?) dS, represents the elemen- y 

tary solid angle dw subtended by an 

elementary area of the surface at M, 

this angle being positive if cos » > 0 

and negative if cos p<0. If M lies on S,, (27) must be regarded as 

an improper integral, as was the case above for a closed surface. 

Formulae (26) can again be obtained from our above arguments. 
We shall assume in future that the surface S is such that, for any 

position of the point M: 


Fic. 10 


J|- ase, (28) 
S 


where c is a definite positive number. Suppose, say, that a positive 
integer k exists such that, for any position of M, S can be divided into 
separate parts, the number of which does not exceed k, so that a 
straight line passing through M cuts each piece in not more than one 
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point, whilst cos g retains its sign on each piece. Condition (28) is now 
fulfilled if we take c = 4ak. 

Formulae (26) show that, with u(N) = 1, the potential of the double 
layer (19) has a discontinuity when M passes through S. Let us 
discuss this question for an arbitrary continuous density. 

Let N, be a fixed point of S. We form the potential of the double 
layer: 


wy(M) = | | [e(X) — a No] as, (29) 
S 
and show that it retains its continuity when M passes through the 
surface at a point N,. Let e be a given positive number. We isolate a 
piece o of S containing N, as an interior point, on which the following 
inequality is satisfied: 


|u(V)—w(N)| <E Wono, (30) 
where c is the constant appearing in condition (28). On dividing S 
into two pieces, o and S — o, we can write: 


w (M) = wf (M) + wf (M), (31) 
where 


wÐ (M) = ei (N) — u (No)] S* as; 


w® (M y= f f [ul AATA (32) 
S-o 
We have, for any position of the point M: 
[u® (M) | < yi (N) — a (N) 1452 as, 
whence, by (28) and (30), 
| w (M)| < -$ - (33) 


It follows from (31) that 
w, (M) — w, (No) = wO (M) — wP (No) + [wg (M) — w) (No), 
whence 
| wy (M) — w (No) | < (WP (M) | + | 26? (No) | + | eof? (AL) — wh? (No) |, 
or, by (33): 
|w (AL) — wo (N) | < $ + | w (M) — w® (No) |. (34) 
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In the double layer potential w?(M), the integration is performed over 
(S — o), whilst the point N, lies inside ø, so that w?(M) is a con- 
tinuous function at and in the neighbourhood of N, (and has deriva- 
tives of all orders). We thus have | w?(M) — w(N,) | < e/2 for all 
M sufficiently close to Ny, and by (84), | wa M) — w (Ny) | < «, 
whence it follows, since e is arbitrary, that the function w,(J/) defined 
by (29) is continuous at V,. We can write: 


r2 


wo (M) = w (M) — u (No) | | “Sas, (35) 
S 


where w( M) is the potential of the double layer (19). Suppose first that 
M lies on S. We shall denote it by N. Now, by (26): 

w (N) = w (N) — 27u (No) (36) 
and 

wo (No) = w (No) — 27u (No), (37) 


where w(N,) is the value of integral (19) at Ny. We shall now let the 
point NV on S tend to N,. Since we have proved that w,(M) is con- 
tinuous, we have: 


Wy (N) —> wy (No) = w (No) — 27u (No). 


On returning to the right-hand side of (36), we see that w(N) now has 
a limit w(N o), i.e. the function w( M) defined by (19) is continuous on the 
surface 8. 

Now let M be inside S. We have here, by (26): 


wo (M) = w (M) — 47u (No). (38) 


Now let M, lying inside S, tend to Vy. We have, by virtue of the proved 
continuity of w,( M): 


Wy (M) > wy (No) = w (No) — 27u (No). (39) 


On returning to the right-hand side of (38), we see that w(M) has a 
limit. Let us write this limit as w;(N). It follows from (38) and (39) 
that 
wi (No) — 4 (Ny) = w (No) — 27u (No), 
i.e. 

wi (No) = w (No) + 27y (No). (40) 
Hence it is clear that the limit w;(N,) and the value w(N,) of the 
function w(M) at N, are different if u(N,) # 0. If M is outside S, we 
have instead of (38): 

w, (M) = w (M) 
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and it may be seen, arguing as above, that w(M) hasa limit when M 
tends to N, outside S. On writing w,(N,) for this limit, we have with 
the aid of (39): 


Ww, (No) = w (No) — 27u (No). (41) 


On writing 7, and ¢, for the values of r and y when M and N, coincide, 
(40) and (41) can be rewritten as 


wi (No) = w (Ny) + 2m (No) = | f u (N) SPAS + amp (No) 
S 


(42) 
we (No) = w (No) — 224 (No) = | f w(W) SRE AdS — anu (No). 
S 


Here, pọ is the angle formed by the direction N,N with the outward 
normal n at the variable point N, i.e. pọ = (rẹ n). On taking into 
account these formulae and the continuity of w(N,) when N, varies 
on S, we can say that the function w( M) defined by (19) is continuous 
inside and up to S. Similarly, it is continuous outside and up to S. 
We recall that this function has derivatives of all orders inside and 
outside S. It may easily be seen that w(M) tends to zero as M moves 
away indefinitely. For, if D denotes the shortest distance from M 
outside S to S [II, 89], we have 


A 
ds < yz ` area 8. (43) 


r? 


jwn] < f f | amn 
Ss 


Hence it follows that w( M) > 0 as M moves away indefinitely. More 
precisely, if O is any fixed point, then given any positive e there 
exists a positive number B such that | w(M) | < £ provided M lies 
outside the sphere with centre O and radius B. 


194. Properties of the potential of a simple layer. The potential of 
a simple layer 


u (M) = f [Has (44) 
S 


is an improper integral if M lies on S. Let M coincide with a point Ny 
on S. [We show that the improper integral (44) now has a meaning. 
As in [193], it is sufficient to consider it on the part o, of S con- 
taining N, as an interior point. We make use of equation (4) for og in 
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local coordinates. We have: 
(N) u (É, n) 
=> as =| | nora, Edn. 


Using (15), (22) and the fact that ry < o, we obtain the inequality 
for the integrand: 


E ($, n) 
To cos y 


ao: 


Qo 


whence the convergence of integral (44), when M lies on S, follows at. 
once. Formula (44) therefore defines u( M) for any position of the point 
|M. The function u(M) is continuous at points M outside S. We show 
that u(M) is also continuous at any point NV, on S. Let € be any given 
positive number, and o, the part of S defined by inequality (17). We 
show that it is possible to choose d, so small that, for any position 
of M in some neighbourhood of N,: 


| f fas) <=. (45) 


We have: 
[JJP as|< ff asan w 


where oj is the circle with centre N, and radius d}, and ọ is the length 
of the projection M,N, of the segment MN on the tangent plane. 
Suppose that M lies inside the sphere with centre N, and radius d}. 
M, now lies in the circle oj, and if we take the circle of with centre M, 
and radius 2d,, it will contain the whole of circle oj, so that, by (46): 


27 2d, 
u (N) ddn _ gıdo,dð __ 
[JeRa af pees a fete a 
a, e,<2d, 00 
It remains to fix d, such that 4ad,A < ¢/4, and we obtain inequality 
(45) for any position of M in the sphere with centre N, and radius d,- 
We can further write function (44) as 
u (M) = u, (M) + u (M), 


where 


u (M) = [|2 as; u, (M) = [ {as, 
o, S—o, 


and u,( M) is continuous at V,; the proof that u( M) is continuous at Nọ 
follows precisely the same lines as in [193] for function (29). We thus 
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have the following result: the potential of a simple layer (44) is defined 
throughout space and is continuous throughout space. It can be shown, 
exactly as in [193], that u(M)— 0 as the point M becomes infinitely 
remote. 


195. The normal derivative of the potential of a simple layer. 
Let n, be the direction of the outward normal at a point N, of the 
surface S. Assuming that M does not lie on S, let us form the derivative 
of function (44) with respect to the direction n. Only the factor 1/r 
depends on M, and we can differentiate under the integral sign: 


a _ iy ù 


Notice the difference between the last integral and integral (19), 
giving the potential of a double layer. In integral (19), p = (r, n), where 


ps 


= f Í u (N) “sds. (47) 
S 


Ng 
l 
| 
| 
\ 
O 


N 


Fıc. I1 


n is the unit outward normal vector at N, the variable point of the 
integration, whilst in integral (47), p = (r, n), where n, is the unit 
outward normal vector at the fixed point NV. In both cases r is the 
direction MN (Fig. 11). We show that integral (47) exists even when 
M coincides with the point N, mentioned above. We shall write 
integral (47) in this latter case in the form: 


ffaw) cos eas = an Nie oe COS (ro, My) ds, (48) 
S 


where r, is the distance | N,N |, and the angle Yo = (ro, nọ) is the 
angle between the directions N,N and n,. We show further that when 
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M approaches N, from inside or from outside the surface along the 
normal, derivative (47) has definite limits, for which the following 
expressions hold: 


(2 o) = ff pu (N) ae dS + 2a (No) 
S 


on, 


(SS), S u (N) ZPAS — 2mp (No), 
S 


On, 


(49) 


where, as in [193], the subscripts 7 and e mean that the limits of 
du(M)/dn, have to be taken as M tends to N, from inside and from 
outside the surface, and the left-hand sides merely represent a notation 
for these limits. 

In the local systems of coordinates with origin at N, the direction 
Ng coincides with the direction of the Z axis. We shall write (x, y, z) 
as above for the coordinates of M, and (é, 7, ¢) for the coordinates of 
N in the local system. On isolating the piece o, of the surface S as 
usual, we can write integral (47) as 


| f a mias. (50) 


% 


If M coincides with Vy, z = 0, and the integral becomes 


f fem ass= [feen goen dean, 


ia cos (n, Z) 


where ¢ is replaced in ee with (4). On taking (15) into account, 
and the fact that ry > 09, it can be seen at once that the integral 
written above has a meaning. We have thus proved the existence of 
integral (50). Let us turn to the proof of (49). 
We form the difference between integral (47) and the potential of 
a double layer with the same density u(N): 
du (M) w(M) = JJ wo Ny) S¥ — 008 Fag. (51) 


On, A 


This last integral has a meaning if M does not lie on S or if M coincides 
with No. 

We show that this difference remains continuous when M passes 
through the surface S at N,. As in previous sections, it is sufficient 
here to show that the last integral, taken over the small piece o, of 8 
given by condition (17), can be made as small as desired in absolute 
value. We shall assume in future inequalities that M is on the normal 
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to 8 at N, i.e. that x = y = 0 in the local coordinate system. We 
now have 
Cos y= cose not (n, X) — -Žž cos (n, Y) — £5 (cos By — 1). (52) 


Ta r3 


On taking into account (15) and the inequalities 


1 
IEI <eo” |n <w Tea >-—57 [Ez] <r < 2, 


where g, = /&-+ 72 is the length of the projection of MN on the 
XY plane, we obtain: 


| cos y — cos ¢ | bı 
z < gee’ 


where b, is a constant. Thus, on taking (22) into account, we have 


[ie ) Leow Flag) < J Sa dé dn = 


e2-4 


eod, 


2x d, 


= 24b, | ie dey de (53) 


where b, is a constant. This inequality holds for any position of M on 
the normal to S at No, including M coinciding with Ny. Hence it 
follows that, with d, sufficiently small, the integral on the right-hand 
side of (51), taken over c, will have an absolute value less than any 
previously assigned positive number for a suitable choice of d,. This 
shows that the difference (51) must be continuous at Ny. But w( M) 
has a limit as M tends to N, from inside or from outside S. Hence it 
follows that (47) also has a limit in both cases. By using the continuity 
of the difference (51) we obtain 


(“),- w; (No) = iM u (N) As — w(N,), 


and if we take into account the first of expressions (42), we get the 
first of expressions (49). The second of expressions (49) is obtained in 
a similar way. These formulae lead us directly to the size of the jump 
in the normal derivative of the potential of a single layer: 


(5e) z (1), = 4rpu (No). (54) 


On, 
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196. The normal derivative of the potential of a simple layer 
(continued), It is important for what follows to be able to show that 
the normal derivative tends to its limits 


(Maa a (are 


uniformly for the whole of the surface S as M tends to N, along the 
normal. To do this, we must first prove the uniform convergence of 
the integral in (51). Let œ(M) denote this integral. As already mention- 
ed, this function has a meaning if M coincides with Ny. We have to 
show that, given any positive e, there exists a positive ņ, not depending 
on the position of N, on S, such that | w(Mf) — o(N,)| <« if 
| MN,| <n, M being on the normal to S at No. 

We fix d, so that b, dj < ¢/4 and write œ( M) = o,(M) + œM), 
where 


N) SP SP ag, o, (M N) ee = S08? ag. 
wfc [eon 
Now, by (53), we have | w,(JZ) | < ¢/4 for any position of M on the 


normal to S at Ny. Further, 
w (M) — w (No) = œ, (M) — w1 (No) + [2 (M) — w (No)], 
whence 
w (M) — œ (No) | < |% (M) | + 0:1 (No) | + | 2 (M) — wN) | < 
<- +| o (M) — o(No) |- (55) 


On taking (52) into account, we obtain 


[s y — cos 2] [= p — cos z] pe 
p M Ta No 


an [= =. a) [£ cos (n, X) + 7 cos (n, Y) + $ (cos By — 1)] + 


rō 


+ (cos 8) — 1) (39 = (n, Y)). (56) 


When integrating over (S — o,) we have r > dı and ry > d,. In ad- 
dition, for any positions of N and N, on S, the absolute values of 
&, n, € do not exceed the diameter D of the surface S, i.e. the maximum 
distance between points of S. We have further: | r — rẹ | < |z | and 


1 1 


rè r3 


1 3lz|. jz] _ izl 
=|r—rol (se ta tes) < di’ re SB? 
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and we obtain, in accordance with (56): 


cos Y — Cos Y cos y — cos o 
[SP] [SP], < alh 


where c, is a definite constant, not depending on the position of N45. 
Obviously it depends on the choice of d,. We obtain on taking into 
account the expression for œ,( M): 


|w, (M) — w, (No) | < ff |#(N)|c|2|dS < Ac,|z|-area S. 


—?, 


If we take: 
E 
[z] < 2Ac,-area 8’ (57) 


we have | œM) — (No) | < «/2, and, by (55): |w(M) — w(N,) |<e. 
We can therefore take the right-hand side of inequality (57) as the 
required number 7. 

We have shown that the difference 


Ou M) 


in. w(M) 


tends uniformly, with respect to the position of N, on S, to its limit 
as M tends to N, along the normal. On the other hand, the double 
layer potential w(M) is a continuous function as far as S, so that 
w( M) also tends uniformly to its limits on S. Hence it follows that the 
normal derivative ðu(M)/Ən, also tends to its limiting values (49) 
uniformly on S. We shall say, following A. M. Lyapunov, that a 
function u(M), harmonic inside or outside S, has a regular normal 
derivative if, as M tends to N, along the normal to S, the normal 
derivative du(M/)/dn, tends to its limits uniformly with respect to the 
point N, on S. We can therefore assert that: 

THEOREM. The potential of a simple layer with continuous density 
has regular normal derivatives both inside and outside S. 

Having fixed the positive value | z|, with M lying either inside or 
outside S, we can assume that the value of the normal derivative 
du(M)/On, is a function of N, that also depends on the parameter | z |, 
this function being a continuous function of Ny, since u(M) has con- 
tinuous derivatives inside and outside S, and the direction n on S varies 
continuously. 

Since the convergence is uniform as | z | — 0, we can say that limits 
(49) are also continuous functions of Ny, whilst it follows from this 
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that the integral on the right-hand sides of expressions (49) is a continuous 
function of N, on S. This integral is called the direct value of the normal 
derivative of the simple layer potential on S. 


197. The direct value of the normal derivative. Let F(N) denote the direct 
value of the normal derivative on S: 


P (N) = | faem Ee as. (58) 
S 


We have seen that F(N,) is a continuous function of the position of N, 
on S. We shall now prove a theorem that makes this property of F(N) more 
precise. It was first proved by Lyapunov. 
THEOREM. With a continuous density (N), the function F(N,) satifies the 
condition: 
| F (N,) — F (N,) | < Bros, (59) 


where B and ß are positive constants and ry, = | N,N, |. 

We shall in future refer to (59) as a Lipschitz condition. If r,, is greater than 
some positive quantity, given any positive f, we can satisfy this inequality 
by means of a suitable choice of constant B. For we know that F(N) is continu- 
ous on S and therefore bounded, i.e. | F(N) |< 4, and if ro > 24> 0, by 
taking B = 2A,/h’, we can obviously obtain (59) with ry, > h. If we obtain 
a different B in (59) when r,, < h, by taking the greater of these two values 
of B we can write (59) for all values of r}. We can therefore assume that say 
To, < d/10. We have: 


cos (Fr, nı) _ COS (Fy, no) 
Sa 
0 


paren] Jaane: Jas, 


where r, and r, are the vectors N,N and N,N, whilst r, and r, are their lengths, 
so that we obtain, on taking (22) into account: 


FoR) — Fai | f 


We cut out a part a, of S with the aid of a circular cylinder, the axis of which is 
the normal to S at N, and the base radius 27,,,. We divide the integral over 
S into integrals over o, and S — 9a;: 


COS (r1, 01) COS (Fo, mo) (60) 


2 
To 


a cos T m,) _ COS (Fp; My) as: 
r3 i 
(61) 
cos (r,,n cos (r,, n, 
J, =| [E Gsm) _ 098 (Fo: Po} as. 
v 1 0 


S-a, 
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We introduce the scalar products of vectors and write 


COS (r,,n,) COS (To, nọ) or m To * Ny 
2 = 2 Ae Ss. 36702 
ri rT ri ro 
LE ES ln rtm trt (= z) 
— - r-en — — — 
3 3 0 0 3 3 p 
ri ri ri ro 


where, as usual, nọ and n, are the unit outward normal vectors at N, and N,. 
It follows from the above that 


cos (r, nı) COS (Fp, My) 
r? r? 


S 


1 


| my + m — ro + Mo | l 2&8 
r3 rè 


T'en — r. 
< = al 1 e 1 no) ienen] 
i 1 


(62) 


We write inequalities for the separate terms: 


|r en — r en] = [rie (my — mm) | <7, | a — n |. 


On forming the triangle with sides n, and n,, we find that |n, — nọ | < 9, 
where 6 is the angle between n, and n,. On taking condition (3) into account, 
we can write: 


[ren — r en | < arı T> 
where a is a constant. Further: 
Ty +My — Fyo*Mo| = | (ty - To) +n | = iFo1* Do | ={4], 


where ¢, is the coordinate of N; in the local system with origin at N,. On taking 
(15) into account, we have: 


[i+ My — Xo mo |< er} Ha, 


Finally, if the point of integration N is sufficiently close to N,, we have, by 
(15), | ro * no | = | ¢| < erl**. But, as in the case of (59), we can assume that 
this last inequality holds for all r, On substituting all these inequalities in 
(62), we have 


cos (r, nı) COS (rp, Mp) 
r? r? 


p ra rl+a 1 1 1 . 
< 1! Oot + Sa + eyrite | Ti fa | ( -+ 3 + ) > (63) 
1 


3 3 2 3 
ri To, Tri Toi 


where c, is the greater of the constants a and c. From the triangle N,N,N: 
Ty +701 > ro But we have r,,< r,/2 when integrating over (S — 9), 
so that 7, > r,/2. On using these inequalities, together with the inequality 
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[ri — | < 79,1, we can write instead of (63): 


cos (r,,m,) COS (To, Ny 


+a arl a rita ri-a rite ri—a ) 


) 1 Tort rl 
< crga 7" + + To 


rt r3 ry rer, rirt rori 
4 4 2 4 8 22c r! 

c re 1°01 
E e u a a D 


We obtain on returning to the second of expressions (61): 
[Je] < corgi BE~ 73’ (64) 
S-o, 


where c, = 22c,. The radius of the cylinder which cuts out o, from S was 
taken as 27,,,. Let us take the cylinder with the same axis and fixed radius 
d/3. It cuts out a piece o, from S, where o, contains 9, in its interior. 


E Se sft pe 


S-o, 0—0, S-o, 


Since r, > d/3 in the second integral, 


{ls 7 < ¥ - area S. 


S-o 


When integrating over (o, — 9,), we can perform the integration on the tangent 
plane at N, and obtain, by means of the usual inequalities (r, > @, and 
cos (n, Z) > 1/2): 


ds 2e,d go d 
{lS 7 Tp LoCo” = 4a (i0 “J — log 2ro,) - 


Ca iaat ror 


On substituting in (64), we get an inequality of the form: 
Ja < Ayre, log ro + Birgi 


where A, and B, are constants. This can be replaced by an inequality of the 
form: 
Ja < Aarh 


if we take a positive £ less than a. 
As regards an inequality for J,, we have 


lp Heo om aS + JJ Leosten ag, (65) 
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Application of the usual inequalities gives 


27 2Fo,1 
ff | cos (Eo n) | aS = f [ Glas <e f e+ eo AQ 49 _ 4 re 
í re TS Go 
G, 00 


where A, is a constant. To obtain an inequality for the first of integrals (65), we 
draw a sphere with centre N, and radius 4r,,, observing that 4r, , < 2d/5. 
This cuts out from S a piece o, containing the piece o,. This piece o, has 
an explicit equation in the local coordinates with origin N,, and we can 
apply the usual inequalities on this piece, the integration being performed 
on the tangent plane at N,. The domain of integration will be part of a circle 
with centre N, and radius 4r,,. On integrating over the whole of the circle, 
we get the inequality 


ff en aS < ff jos ea dS < Arge 


On substituting all the inequalities obtained in (60), we have 
| F (Mi) — F (No) | < A (A278, + Agrt,), 


and finally we can write (59), where 8 is any positive number less than a. 


198. The derivative of the potential of a simple layer with respect to any 
direction. We investigated in [195] the limits of the normal derivative of the 
potential of a simple layer as M approaches N, along the normal. If we assume 
more than continuity as regards the density u(N), it can be shown that limits 
exist for the derivatives with respect to any fixed direction, and that, moreover, 
these limits do not depend on the law by which M approaches N ;. Suppose that 
the density satisfies the Lipschitz condition: 


|u (Na) — u (N3) | < Br p» (66) 


where 7,2 = | N,N, |, and Band 6 are positive constants (ô < 1). Let XYZ be 
the local coordinate system at N, on S. We take the derivative of u(M) with 
respect to the direction x, lying in the tangent plane to S at Ny. We shall assume 
for the present that M lies on the normal to S at N,. Let us suppose for the sake 
of definiteness that M lies inside S. We have: 
ete 2 f pN) È as (r =] MN). (67) 
S 


We introduce the quantity r’ = ye + 7? + z? and consider 


J J 1 (N,) -Ẹ cos (n, Z) aS = u (No) j J EF E an ane 4), (68) 
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where o% is the circle & + 7? < d?/9. We obviously have: 


2a 2 
i Erer = | ae) Tare en? 
We can write instead of (67): 
mA f fim ass f fay as= (My eM). (69) 


Oo S— e 


On using the fact that integral (68) vanishes, we have 


[u (N) u (N,) cos (n, Z 
v an = f [ eA Eo as. (10) 


r’3 
To 


The difference appearing under the integral sign can be written as 


u (N) _ y (No) cos (n, Z) _ #(N)—y(No)  #(No) [1 — cos (n, Z)] 4 


73 73 r3 + T3 
1 
+u (Ndoo 2 (5) (7) 


We shall find inequalities for each of the terms on the right-hand side. From 
(66): 
IAN) HIN) br 
r3 ra? 
whence, since ra < 29, and r> o, we find that 


|u (N) — u (N,)| < 2% 


= =e (72) 
Further, it follows from (15) and (22) that 
| # (No) | [1 — cos (a, 2) ] < cA (73) 


r3 e3-20 


We shall find an inequality for the third term on the right-hand side of (71): 
r’ is the length of the vector from M to N’, N’ being the projection of N on the 
XY plane, so that, from triangle MNN’: 

Ir—= r'| <|] <2ag}+e, 
whence it follows that 


l 


ro r3 


< 2agh# ( 1 1 l ) 6a 


rap? a rep + rr’3 037a ý 
since r and r’ > ọgọ, and 


u (N,) cos (n, Z) (=--+) <— (74) 


e3-% 
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We could have assumed when deducing the inequalities that M coincides with 
N, In this case a = 0 and r = r, 

On substituting (71) in integral (70), v(M) is split into three integrals: 

vı (M) = Vil (M) + 8i (M) + i (M) (15) 


over gy, each of which has a meaning for any position of M on the normal at 
N,, and in particular when M coincides with N,. We have inequalities (72), 
(73) and (74) for the integrands of these integrals, with 
C, CQ, O, 
IE laa? LEl aza? [el ga? (76) 


respectively on the right-hand sides, where the constants C,, C, and C, do not 
depend on the position of N, on S or of M on the normal. Hence it follows 
that v (M) (k = 1, 2, 3) tend to limits which are equal to v,,;(N,) as M 
tends to N, uniformly with respect to the position of N, on S. Let us prove 
this for v,„(M). Let £ be any given positive number. We isolate the part o, 
of a, defined by €? + 7? < d,, and choose d, so small that the integral 


ff jg AQ (No) lag 


remains less than or equal to ¢/4 in absolute value for any position of M on 
the normal. This can be done by virtue of the first of inequalities (76). Further, 
we can write v, (M) as 


= of?) (M) + of? M) 
and obtain 
Py (M) — vi (No) = fl) (M) — of) (Mo) + [0 (M) — 0 (N), 

whence 

[or (M) — vra (No) | < - + | 2) (M) — 0 (Na) |- (17) 
The integral vo (M ) is taken over a surface, every point of which is not less than 
a distance d, from N, and M, so that we have, precisely as in [196]: 

[081 (M) — o N) | < C4 |2|, 
where C, does not depend on the position of N, on S. Now, (77) gives 
[v11 (M) — 41 No) |< +O lz], 

and we obtain for |z| < ¢/2C,: 


[v11 (M)— Vi (N) |<, 


whence it follows that v (M) ~ %4,(N,) uniformly with respect to the posi- 
tion of N, on S. 
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We see on returning to expression (75) that v,(17) tends uniformly to the 
limit v,(N,) as M > N,. We notice that this limit is the same whether M tends 
to N, from inside or from outside S. Expressed more simply, the function v, (M) 
is continuous at N, when M moves along the normal. 

The integral v,(M) is taken over the piece (S — o) of S, all the points of 
which are not closer than the distance d/3 from M and N,. It follows from this, 
as above, that 

| va (M) — ve (Na) | <C5 lz], 


where the constant C, does not depend on the position of N, on S, so that 
v,(M) —> v,(N,) uniformly with respect to Ny. Finally, we can say that the deriv- 
ative ðu(M)/ðx tends uniformly to a limit as M tends to N, along the normal, 
this limit being the same when M — N, from outside and inside S. Similarly, 
the same can evidently be said for 0u(M)/dy. We proved in [196] that the 
derivative 0u(M)/0z tends uniformly to a limit. There, however, we had dif- 
ferent limits from inside and outside. If J is any direction forming angles 
ap @, a, with the X, Y, Z axes, it follows at once from the above that the- 
derivative 


ðu (M) _ ðu (M) ou (M) du (M) 4 
ap ~ ag 0a ioe cos a, + Az CO8 Ag (78) 


also tends uniformly to limiting values when M tends to N, from inside or 
outside S. 

In view of the uniform convergence of derivative (78) to its limits from inside 
and outside, we can say that these limits are continuous functions of the point 
N, on S. 

Let us finally show that derivative (78) tends to the above-mentioned limit 
however M tends to N, (i.e. not necessarily along the normal). Suppose for 
definiteness that M tends to N, from inside, and let w(N,) denote the limiting 
values on S of derivative (78). Given any positive £, we have to show that there 
exists a positive ņ such that 


du (M) 


a 8 (No) | <s, (79) 


provided | MN, | < 7, where M lies inside S. We draw the sphere with centre: 
N, and radius ô so small that | w(N) — w(N,)| < «/2 on the part g’ of S 


lying inside this sphere. We assume further that M lies inside the sphere with 
centre N, and radius 7, this latter number being chosen so that 


[E-o m| < 
provided M lies on the normal to S at N and | MN | < 7. This is possible by 
the proved uniform convergence of 0u(M)/al to w(N) on S. In addition, we 
further assume that 7 < 6/3. If the distance of M from N, is not greater than 
yn, the distance from N will certainly be not greater than 7, where N is a 
point of ø’ on the normal on which M lies. We have: 


ðu (M) 
al 


du (M) 
al 


o (No) o (N) + o (N) — o (No) 
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and 
du (M) 
on 


es (M) 
i 


gic e 


<| o)] | @(N) —oN,) |. 


By what has been said above, both terms on the right are < ¢/2, so that 


|= (M) 


5 <e for |MN,| <7». (80) 


— o (Np) 


We have used above the following elementary proposition: the shortest distance 
from M to the surface S is the length of the normal MN to S through M. 

We remark further that integrals (67) and (68) do not have a meaning 
when z = 0, i.o. when M and N, coincide; but their difference has a mean- 
ing, as we have seen. 

The above discussion leads us to the following theorem, first proved by 
Lyapunov: 

THEOREM. If the density u(N) satisfies the Lipschitz condition (66), the derivative 
of the potential of a simple layer with respect to any fixed direction is continuous 
up to S both from inside and outside. The derivative with respect to any direction 
tangential to S at N, varies continuously on passage of the point M of the surface 
to Ng. 

Greater difficulties are involved in investigating the behaviour of the deriv- 
atives of the potential of a double layer on approaching the surface S. The 
fundamental results in this direction were also obtained by Lyapunov in the 
work already quoted. 


199. Logarithmic potential. In the case of a plane, we have the 
basic singular solution log (1/r) instead of 1/r [II, 193]. Let Z be a closed 
contour on the XY plane and J, its length. The potential of a simple 
layer is given by 


u (M) = | u(N) log —ds = fu (s) log + ds. (81) 
l i 


The second singular solution, analogous to a dipole in three-dimen- 
sional space, is 


and the potential of a double layer is given by 


w(M) = | u (N) “2s, (82) 
i 
where ọ = (r, n). The expression cos p ds/r gives the angle sub- 


tended by the element ds of the contour at the point M, the 
angle being positive if cos p > 0, and negative if cosy < 0. The 
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analogue of (26) is as follows: 
27 (M inside 2) 


cos 
[S%ae= } o Caroutsided) (83) 
I 

x (M onl). 


Similar assumptions can be made regarding the contour J to those 
made above regarding the surface S. 

Suppose now that the functions 2(s), y(s), giving the equation of l 
parametrically and being periodic with period lọ, have continuous deriv- 
atives up to the second order. The function u(N) = p(s) will be assum- 
ed continuous. Let us investigate the kernel of the potential ofthe double 
layer, on the assumption that M lies on land coincides with a point 
N, of l. Since the direction-cosines of the direction n are given by the 
derivatives y’(s) and —2’(s), we can write: 

cosg con (r, my. late) — a (0) 19 (s) — [y (8) — y (8o)] 2° (8) (84) 
r r [æ (8) — æ (50)? + [y (8) — y (8) P 
If s and s, are different, this expression is a continuous function 


of s and 8). Now let s and s, tend to the common limit s,. On applying 
Taylor’s formula, we can write: 


æ (8) — a (8) = 2" (8) (S — 8) + 5-2" (84) (8 — 6)? 


a’ (8) = x! (So) + æ” (89) (S — So) 


wet 


y (8) — Y (8) = Y" (80) (8 — So) + > Y" (86) (8 — so) 


nn 


y’ (8) = y' (8) + Y” (8”) (8 — 8), 


ni nn 


where So, 89, So» 89” lie between s and sọ On substituting in (84) and 
cancelling (s — s,)?, we obtain in the limit: 


x (81) Y” (81) — Y (81) x” (sı) x’ (81) Y” (81) — Y’ (81) & (81) 
2 [x (s) +y? (s) 2 Í 


which is equal to half the curvature of the curve at s = s,. Function (84) is 
therefore continuous in s and s, along J. On writing L(s), s) for this 
function, we can say that the potential of a double layer: 
I 
w (No) = w (so) = f u (8) L (89, 8) ds 
0 


is a continuous function of N, if N, lies on l. 
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Hence, given our assumptions regarding (s) and y(s), (84) is a 
continuous function of s and s, on l. In the three-dimensional case the 
function (cos ¢)/r? in general had a polarity when N and N, coincided. 
We can prove formulae analogous to (42) for the double layer potential 
(82): 


10; (No) = w (No) + mH (No) = | p (0) EE ds + ru (No) 
I 


(85) 
w, (No) = w (No) — ap (N =f p(W) Be") ds — xu (No) 


where 7, = | N,N | and (ro, n) is the angle formed by the direction 
N,N with the direction n of the outward normal to lat N. It follows 
from (85) that 

wi (No) — we (No) = 27u (No). (86) 


The simple layer potential (81) is defined and continuous throughout 
the plane. 

Let N, be a point on S and n, the direction of the normal at this 
point. We have, if M is not on 8: 


= f u (N) s ds = f p (0) Em ds, (87) 
l vi 


As M approaches N, along the normal from inside and from out- 
side S, derivative (87) has limits which are given by 


(1E) = f ey See ds + mp (No) 
l 


On, 
(88) 
ðu (N, 
(E0) = | um Eem ds — au (No), 
1 
from which it follows that 
Ou (N) (Ou (NA) _ 
(on), — (A), = 22 (No). (89) 


We have instead of (84): 


cos (ro, mo) _ [æ (8) — & (89) ] y’ (So) — [y (8) — Y (80) ] 2” (So) 
To Læ (s) — z (8)? -+ [y (8) — (8)? f 
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and it can be shown, as above, that this expression remains continuous 
when s and 8, coincide. We remark that the simple layer potential 
(81) does not in general vanish at infinity. 


200. Integral formulae and parallel surfaces. We shall require 
later the following integral formulae, enabling integrals over three- 
dimensional volumes to be transformed to surface integrals [II, 193]: 


du w , Ow w , Ou 3) d 
k | : ! t 
Í Í f (a Oa: dy dy dz əz 
D, 


2 =at J f utvar, (90) 


D: 


|f [ese —vaujar= ff (ug -egas (91) 
D S 


i 


where D; is the part of space bounded by the surface S, and n is the 
direction of the outward normal to S. These formulae are deduced 
on the following assumptions: u, v and their first order partial 
derivatives are continuous in D; as far as S, the second order partial 
derivatives are continuous inside D;, and the integrals over D; con- 
taining Au and Av exist. If Au and Av do not possess continuity as 
far as 8, the integrals are improper, and are obtained as the limits for 
any sequence of domains D™ which are contained inside D; when the 
D tend to D; in such a way that every point inside D; lies inside 
the D from a certain onward. We shall be concerned in future 
with harmonic functions, so that Au = Av = 0, and we shall take 
u = v in (91). The above formulae become in this case: 


J el + Gay + eye = J J e (aehos (92) 
J Il (an), ? (ae), 48 =0- (93) 


These formulae also hold for and infinite domain D, lying outside S: 


yyy (a) F (a) a (Gs z |a= = JJ u 6I dS, (94) 
DE a le = (95) 
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provided that the functions u and v, harmonic outside S, are continuous 
together with their first order derivatives as far as S and tend to zero 
asthe point M moves away indefinitely, sothat the inequalities hold: 


R\u(M)|< A; R 


bd 


du iu | 
(96) 


Rlv(M)| <4; R < 4, 


av XOU. | 


where œR is the distance from M to any definite point O of space, A is 
a numerical constant and / is any fixed direction. In (94) and (95) n is 
the direction of the normal to S, outward with respect to D,, i.e. 
directed into ØS. 

To prove (94) and (95), we have to apply them to the finite domain 
bounded by S and the sphere with centre O and a sufficiently large 
radius. As the radius tends to infinity the integral over the surface of 
the sphere tends to zero, since the products wdv/0n and vdu/dn will be 
of order 1/R?, whilst the surface area is —47R?. Hence we obtain (94) 
and (95) fef. II, 194]. 

As we shall see in a later section, conditions (96) are fulfilled with 
the single assumption that the harmonic functions u(M) and v( M) 
tend to zero when M becomes infinitely remote. The following formula 
is a corollary of (93) and (95) [II, 194]: 


al 
aieh 


where n is the direction of the outward normal with respect to D; or De, 
depending on the case to which (97) is applied. 

We shall now prove more general conditions for the above formulae 
to be applicable. We mark off a segment of constant length ô, directed 
inwards into S, along the normals at every point of S. We assume that, 
for all sufficiently small 6, the locus of the ends P of these segments 
forms a closed surface, which does not cut itself, and which lies inside 
S and has a continuously varying tangent plane. Let Sẹ denote this 
surface. For every point WV on S there is a corresponding definite point 
P on S;, which lies on the normal to S at N; and conversely, for every 
point P on S; there is a corresponding definite point NV on S. We shall 
show that the normal to S at a point WN, is also normal to S; at P. Let 
(x, y, z) be the coordinates of points of S and (z’, y’,2’) the coordinates 
of the corresponding points P in some system of coordinates. 
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We have: 
xz’ = x — 6 cos (n, X) 


y' = y — ô cos (n, Y) (98) 
z =z — ô cos (n, Z), 


where n is the outward normal to S. We shall assume that some piece 
of the surface S has the explicit equation z = z(x, y), where z(x, y) has 
continuous derivatives up to the second order. The direction-cosines 
of the normal will now be continuously differentiable functions of the 
coordinates. 

Suppose that N describes some curve J on the above-mentioned 
piece of S, so that (x, y, 2) are continuously differentiable functions 
of some parameter ¢. Now, (x’, y’, 2’) will also be continuously diffe- 
rentiable functions of t. On differentiating with respect to ¢ the obvious 
equation 


(a’ — x)? + (y — y)? + (z — 2)? = 82, 


we obtain: 


[@ g) eit (y y) y+ —2) a] + [(@' — 2) w H 
+U — 9) + (2 — 2) 2] =0. 


But the second square bracket vanishes, since PN is the normal to 8. 
Hence it follows that the first bracket also vanishes, which is equi- 
valent to the fact that the tangent to l’ is perpendicular to PN. 
It follows immediately from this that PN is also normal to S;. We 
shall assume that every point of S can be located inside a piece of 
surface with the above properties. The surface S; is said to be parallel 
to the surface S. 

Now let the functions u and v, harmonic inside S, have regular 
normal derivatives when M tends to N along the normal, u and v being 
themselves continuous in the closed domain D;. We can now apply all 
the above formulae for the domain bounded by the surface S;. On 
recalling that u, v and their normal derivatives tend uniformly to 
their limits, and that the normals to 8; and S coincide, we obtain all 
these formulae for D; also as ô— 0. The triple integral over D; must 
be regarded here as improper, i.e. as the limit of integrals over interior 
domains as these tend to D;. Since the integrand is positive, the precise 
way in which these interior domains tend to D; is of no significance. 
In particular, domains bounded by S; can be used. When passing to 
the limit we must also bear in mind the variation of the surface area. 
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An element of this area is expressed in terms of the coefficients of the 
first Gaussian form as [II, 130]: 


dS = VEG — F? dz dy, 


if we take say x and y as parameters, and it follows from (98) that Æ, 
G and F are second degree polynomials in 6. The above arguments can 
also be used for D,. In this case, the minus must be replaced by a plus 
in formulae (98). If the harmonic functions u(M) and v(M) are ex- 
pressible as the potentials of simple layers with continuous densities, 
they are continuous as far as S and have regular normal derivatives. 

We thus have: 

THEOREM. If tt is possible to construct parallel surfaces inside and 
outside S with the above-mentioned properties, the above formulae can be 
applied for the simple layer potentials u(M) and v(M) with continuous 
densities. 

We shall now indicate some sufficient conditions for the existence 
of surfaces S, parallel to S. Let S be a Lyapunov surface, witha = 1 
in condition (3). We show that the surface S, is now, for sufficiently 
small 6, a closed surface with no multiple points, i.e. the points P cor- 
responding to different points NV on S are distinct. Suppose for the 
moment that ô < d/3, and that we obtain the same point P for 
different points N,(x, Yy 21) and N(x, Yz 22), i.e. 


xı — 6 cos (ny, X) = £, — ô cos (nz, X) 
Yı — ô cos (n,, Y) = Y, — ô cos (ny, Y) (99) 
2, — 6 cos (ny, Z) = 2, — 6 Cos (Ny, Z) 


where n, and n, are the directions of the outward normals to 8 at N ï 
and N,. We observe that N, lies inside the sphere with centre N, and 
radius d. If 7,» denotes the distance | N,N, |, we have by (99): 


Tia = ô V2 (1 — cos 0), 


where @ is the angle between n, and n. From (6) with a = 1 we have 
1 — cos 0 < a? ri /2, so that, by (991): Ty. < aéry, >. 

If we take 6 < l/a, we arrive at a contradiction. Thus, for a Lyapu- 
nov surface with a = 1, the surface S, has no multiple points if 6 < d/3 
and ô < l/a. Moreover, it follows at once from the conditions imposed 
on § [192] that all the points P with 6 < d lie inside (or outside) S. 
Tf we further assume that the equation of a part of S in local coordin- 
ates: z = z(x, y), is such that z(x, y) has continuous derivatives up to 
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the second order, the surface S,; will have a continuously varying 
tangent plane. The fact that S, is closed follows at once from the fact 
that, when an interior point M of D; moves continuously, the shortest 
distance from M to S will be equal to ô for some position of M. 
Note. Suppose that u(M) is continuous inside S, has continuous 
first order derivatives and has a regular normal derivative. The 
limiting values of this latter, (du(N)/0n);, will now form a function con- 
tinuous on S [196], whence it follows that a number B exists such that 


(52 ), <B (N on 8). 
On the other hand, by virtue of the uniform convergence of the normal 
derivative to a limit, given any positive « there exists a number 7 
such that 


| ðu (M) (= (M) 


| om ae ),| <e for | AL | < n, 


where M lies inside S and on the normal to S at N. Having 
fixed e, we obtain | du(M)/an| < (B + e) for | MN | < n, whence 
| u(y) — u( M) | < (B+ e) ô,» where ô, = | M,M, |. Hence it 
follows that u(M) has a definite limit u(N) as M —> N along the 
normal. We can further write: 


ô 
u(M)— u (N) = | 2E. d, 
0 


where M, is a variable point on the normal, 6,=|NM,| and 
ô= | NM |, and ô < 6 < 7. It follows from the previous inequality 
for the normal derivative that | u(M) — u(N) | < (B+ «)6, whence 
it is clear that u(M)— u(N) uniformly with respect to the position 
of N on S. On taking this into account, it is easily shown [cf. 198] that 
u( M) tends to u( NV) whatever the law by which M tends to N, and that 
u( M) is continuous up to S. Similar arguments can be applied for D,. 
Thus, u( M) is continuous up to S when it has a regular normal derivative. 

Therefore, we can only be sure that the above-mentioned integral for- 
mulae are applicable when u(M) and v(M) have regular normal deriva- 
tives. 

Everything said above for D; can be carried over to the case of a 
plane. The case of an infinite domain on a plane is somewhat different, 
and will be discussed below. 
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201. Sequences of harmonic functions. Before turning to the 
solution of boundary value problems for Laplace’s equation with the 
aid of the potentials of a simple and a double layer, we must establish 
some properties of harmonic functions, supplementary to those des- 
cribed earlier. We consider a sequence of harmonic functions, or what 
amounts to the same thing, a series whose terms are harmonic func- 
tions. We shall give all our proofs for the case of a plane. They are 
precisely similar for three-dimensional space. We merely have to use 
the formula giving the solution of the Dirichlet problem for a sphere 
instead of Poisson’s formula. 

The fundamental theorem on uniformly convergent series of harmon- 
ic functions is strikingly similar to the analogous theorem from the 
theory of regular functions of a complex variable [III,, 12]: 

If the terms of the series 


D Uy, (%,Y) (100) 
k=1 


are harmonic functions inside a bounded domain B and are continuous 
functions in the closed domain B, and the series is uniformly convergent 
on the contour lof this domain, it must be uniformly convergent throughout 
the closed domain and the sum of the series must be a harmonic function 
inside B. 

Let £ be a previously assigned positive number. In view of the uni- 
form convergence on the contour l, there exists an N such that, for 
any n > N and any positive e, we have 


<e [(x, y) on l]. 


È u(x, y) 


The above finite sum of harmonic functions will be a harmonic 
function inside B and will be continuous in the closed domain B, and 
in view of the fundamental property of harmonic functions that they 
attain their extrema on the contour [II, 194], we can say that, since 
the above inequality is satisfied on the contour, it will certainly be 
satisfied at all interior points, or in other words, it will be satisfied 
throughout the closed domain; and this gives us the uniform conver- 
gence of series (100) throughout the closed domain. Thus the sum S(z, y) 
of series (100) is a continuous function in the closed domain. We show 
that it is a harmonic function inside the domain. Let M, be any point 
inside B. We describe the circle X, with centre M, and radius R such 
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that the whole of the circle lies inside B. Let S,(z, y} denote the sum 
of the first n terms of series (100). This finite sum will be a harmonic 
function, and its values inside the circle 2’, will be expressible in terms 
of its values on the cireumference in accordance with Poisson’s formula: 


2n 


Sn (09) = a2 | Sa (Ry) % 


0 


R? — ọgọ 
2 — 2Re cos (Y — p) + @? 


dy, 


where (ọ, p) are the polar coordinates of M(x, y) if M, is taken as 
origin. On the circumference of our circle S,(2, y)—> S(R, y) uni- 
formly with respect to y, and we have on passing to the limit: 

2n 


Slop) = sy | S (Ry) ze 
0 


R? — o? 
— 2Re cos (py — p) + 2° 


dy, 


i.e. the sum of series (100) is expressible by Poisson’s integral inside 
our circle, and is therefore a harmonic function. We recall that M, 
was any point inside B, and notice that it could have been proved in 
precisely the same way that series (100) can be differentiated inside B 
with respect to the variables (ọ, gy) as many times as desired. For it 
follows at once from Poisson’s formula that 


2n 


urlop) _ 1 R? — g 


3 
l ae l tr (HY) og mame oy tE P 
On multiplying both sides of series (100) by 


a R? — ọ, 
dg R? — 2Re cos (y— P) -+ ez 


and integrating over the circumference of 24, we have 


3S (2%) _ Y urle o) 
ĉe A w 
Our theorem can obviously also be stated in terms of a sequence of 
harmonic functions, viz: if a sequence S,(x, y) of functions harmonic 
inside B and continuous in the closed domain B tends uniformly to the 
limit function S(x, y) on the contour l, it must be uniformly convergent 
to the limit function throughout the closed domain B. The limit func- 
tion is harmonic inside B, and the sequence can be differentiated any 

number of times inside B. 
We shall prove a further theorem, relating to the particular case 
when the terms of series (100) are positive functions. To begin with, 
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a corollary of Poisson’s formula must be mentioned. A function 
u(p, p), harmonic inside the circle ọ < R with centre M, and con- 
tinuous in the closed circular domain, is expressible in this domain 
by Poisson’s formula: 


2z 


1 
u (B, Y) R? 


R? — 2 
ule, p) = 5 e 


— 2Re cos (y — p) + 2° 


dy. 
Suppose, in the addition, that this function is positive. Since 


| cos (p — p) | < 1, we can write the inequality: 


(R — e)? < R — 2Re cos (y — p) + e° < (R + o), 


and it follows at once from Poisson’s formula that: 


27 27 
R — 1 R 1 
Ree | “(Bway < u (9, p) < eat ag f UR, y) dy, 
6 
or, using the mean value theorem [II, 194]: 
R— 
FEY (Mo) < u (e p) < Ee u Mo). (101) 


This inequality for the values of a positive harmonic function at any 
point inside a circle in terms of its value at the centre of the circle is 
usually known as Carnac’s inequality. We can use this inequality to 
prove the following theorem: 

If 8,(M) is an increasing sequence of functions harmonic inside B, 
and if it has a finite limit at any one interior point M, of B, it is con- 
vergent everywhere inside B and is uniformly convergent in any closed 
domain B, which is contained, together with its boundary, inside B. 

By hypothesis, 8,4,(J2) > S,(M) inside B. In view of the converg- 
ence of the sequence at M,, given any positive c, there exists an NV 
such that 


[Snp (Mo) a Sr (Mo)] <E 
for n > N and any positive p. Let 2’, be a circle with centre M, and 


radius È lying inside B. Since the difference written above is a positive 
harmonic function, we can write 


0 < Sn+p (M) — Sn (M) < me E, 


where M is any interior point of the circle and ọ is the distance from M 
to M, On taking the circle 24 with centre M, and radius (R — a), 
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where a is any given small positive number, we have 
0 < Spi) (M) — 8, (M) < Fe 


in Zo, whence follows the uniform convergence of S,,(M/) in 2%. Since the 
sequence is seen to be convergent at an interior point M, of the circle 
Zo, we can now use the above arguments to prove its uniform converg- 
ence inside a circle with centre at M, and lying inside B. On proceeding 
in this way, we can show, precisely as in the case of analytic continu- 
ation, that the sequence is uniformly convergent in any closed circle 
inside B. Any closed domain B, which, together with its boundary, 
lies inside B, can be covered by a finite number of circles lying inside 
B, whence follows the uniform convergence of the sequence in B,. We 
remark further that, by the above theorem, the uniform convergence of 
the sequence implies that its limit function is harmonic inside B. 

This last theorem can be stated in terms of series, viz: let the terms of 
series (100) be harmonic functions inside B and be positive from a certain 
n onward. If the series ts convergent at some interior point of B, it is con- 
vergent at all interior points of B, and is uniformly convergent in any 
closed domain B, which, together with its boundary, is contained in B. 
Of course we could have taken a decreasing instead of increas- 
ing series in the last theorem, with negative instead of positive 
functions. 


202. Formulation of interior boundary value problems for Laplace’s 
equation. Let D; be a finite domain of three-dimensional space 
bounded by a surface 9. As we know, the interior Dirichlet problem 
consists in seeking the function u( M) which is harmonic inside D,, is 
continuous in the closed domain D; and takes on S given values re- 
presenting a function continuous on S. The solution must be unique 
[II, 194]. We shall later prove the existence of a solution, given certain 
assumptions regarding the boundary S. The problem is essentially the 
same in the case of a plane. 

In Neumann’s problem, instead of specifying the function itself on 
the boundary, we specify the limiting values f(N) of the normal 
derivative du(M)/dn, on the assumption that M —> N along a normal. 
If we further assume that u(M) has a regular normal derivative, we 
can apply (93) to u{ M) and v(M) = 1, and obtain: 


f ff) dS =0, (102) 
S 
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which is therefore the necessary condition for the interior Neumann 
problem to be soluble when a regular normal derivative exists. We 
remark that, if a function u(M) gives a solution of the Neumann 
interior problem, the function u(M) + 0, where C is an arbitrary 
constant, also gives a solution of the problem with the same bound- 
ary condition f(N). The uniqueness theorem for the solution of the 
interior Neumann problem consists in asserting that these in fact 
exhaust all the solutions of the problem, i.e. if u (M) and u,( M) are two 
solutions of the Neumann problem with the same boundary condition f(N) 
the difference u{ M) — u,(M) must be constant in D. 

This proposition is easily proved if u (M) and u(M) are assumed 
to have regular normal derivatives. In this case the difference 
vo(M) = u,(M) — u,(M) also has a regular normal derivative, the 
boundary values of which are zero; hence v( M) is continuous as far 
as S. and we obtain on applying (92) to v( M): 


f. J (EER + P+ (AP Var =o 


whence it follows that v( M) is in fact constant inside D;. A more 
general proof of the uniqueness of the solution of Neumann’s problem 
will be given in a later section. 

It could have been assumed, when formulating the Dirichlet and 
Neumann interior problems, that the boundary S consists of several 
closed surfaces. 

The third fundamental boundary value problem connected with 
Laplace’s equation consists in finding a harmonic function inside 8 
when a linear combination of the normal derivative and the function is 
given on the boundary, i.e. the boundary condition has the form: 


(PE) + pu =F) (N on 8), (103) 


where p(N) and f(N) are continuous functions given on S, it being 
assumed that p(N) > 0. Let us prove the uniqueness theorem on the 
assumption that u(M) has a regular normal derivative. If two solutions 
were to exist, their difference v(N) would satisfy the single boundary 
condition: 


(22) + p(N)v(N) =0. (104) 


On applying (92) to v( M) and using (104), we obtain 
JJ TEEN (FEY + Ae = - J [ pew ruas. 
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The integral on the right-hand side cannot be positive, whilst the 
integral on the left cannot be negative, i.e. they must both vanish, 
whence it follows at once that v( M) = 0. 

All the above results also hold in the case of a plane. 

We have so far considered the so-called interior problems, in which 
it is required to find a harmonic function in a bounded domain with 
some given boundary condition. We now turn to the exterior problem, 
where a harmonic function is required in the infinite part of space 
lying outside some closed surface (or outside several closed surfaces). 
A similar problem can be formulated for a plane. Here, the essential 
role is played by the condition imposed on the required function in 
the neighbourhood of an infinitely remote point. This problem receives 
different treatments for a plane and for space. We shall start by con- 
sidering the condition at infinity in the plane case. 


203. The exterior problem in the case of a plane. A function u(M), 
harmonic in the neighbourhood of an infinitely remote point, is said 
to be regular at the infinitely remote point if u( M) has a finite limit as 
M tends to infinity. Let us explain the meaning of this definition. 
We construct in the neighbourhood of an infinitely remote point 
the harmonic function v(M) conjugate to u(M) [III, 2]. The function 
v(M) can acquire an added constant, call it y, on a circuit counter- 
clockwise round the infinitely remote point. The function 


f (2) = u (2) + iv (2) — Flog z 


of the complex variable z will be single-valued and regular in the neigh- 
bourhood of the infinitely remote point, and it must therefore be 
possible to expand it at this point in a Laurent series in integral 
powers of z. Let us show that this expansion contains no terms at all 
with positive powers of z. In fact, if there were an infinite set of 
such terms, as |z |—> œ the function f(z) would have to take values 
as close as desired to any previously assigned number [III,, 17], 
whereas in fact the real part of the function, i.e. u(z) — (y/2z) log | z | 
either tends to infinity if y # 0 because u(z) has a finite limit by 
hypothesis, or else, if y = 0, it has a finite limit. 

If there were a finite number of terms with positive powers, i.e. if 


Pt, (@m#0), 


zZ 


f (2) = am?” + am- 2" H.. + ao H 
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we should have 
u (2) — -> log 9 = re™ cos (mp + Y) + 


+ Rl dng 28 $2 bay + SE s] 
(z = e'?; a,,=re'¥; @ indicates the real part). 


If both sides are divided by 9” and ọ tends to infinity with fixed 9, 
the left-hand side will obviously tend to zero, whilst the right-hand 
side will have a limit r cos (mp + y), depending on 9g, which is not 
always zero. We thus arrive at a contradiction, i.e. the expansion of 
/(z) contains only a constant term and terms in negative powers: 


f (2) =a + “3 ae (105) 


As |z|— œ the function f(z) has a finite limit a), and it im- 
mediately follows that the constant y must be zero, i.e. if u(M) is 
regular at an infintely remote point and v(M) is the conjugate function, 
/(z) = u(z) + iv(z) has the expansion (105) in the neighbourhood of the 
infinitely remote point. It follows at once from the previous arguments 
that, to obtain this result, we need only suppose that u{M) is simply 
bounded in absolute value in the neighbourhood of the infinitely 
remote point. Expansion (105) will follow from this alone, and hence 
the existence of a finite limit of u(M) when the point M tends to 
infinity. 

The exterior Dirichlet problem amounts to finding a function u( M) 
which is harmonic outside a closed contour J, is regular at infinity 
and takes on / given values f(). Let z) be a point inside l. We carry 
out the conformal representation w = 1/(z — 2,). The part of the plane 
outside 1 becomes a bounded domain B, a harmonic function becomes 
a harmonic function [III,, 29], the point z = œ becomes w = 0, and 
f(z) becomes a function of w regular at w = 0. Our exterior Dirichlet 
problem becomes an interior problem for the transformed domain, 
and there can obviously be only one solution of the problem. 

On using (105), differentiating it with respect to z and observing that 


2? f' (2) > — a as |z|— œ, 


we can say that, if a harmonic function u(M) is regular at an infinitely 
remote point, the products 9? du/dz and g? dujdy, where şe = |z |, 
remain bounded when M moves away indefinitely. Hence it follows at 
once that the product ọ? du/am, where m is any direction, which can 
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in fact vary as M varies, also remains bounded as M becomes infinitely 
remote. If B is the part of the plane lying outside the closed contour 
l, and u(M) and v( M) are functions harmonic in B, continuous at an 
infinitely remote point and continuous together with their first order 
derivatives up to the contour, we have: 


Jf (ey + (%)]as = f e (an) (106) 


HEEG] am 


where n is the direction of the normal to l, outward with respect 
to the domain B. These formulae are proved precisely as in [200] for 
the case of three-dimensional space. We need only bear in mind that 
the derivatives v(du/dn). and u(dv/dn). are of order 1/R? on the circle 
C with centre at a fixed point O and radius R, whilst the length of the 
circumference is 27R. As in [200], formulae (106) and (107; still hold 
if we require the existence of regular normal derivatives of u(M) and 
v( M) instead of the continuity of the first order derivatives as far 
as l. 

We turn to the exterior Neumann problem, where we have on / the 
boundary condition: 


(+), =/N) Wo) (108) 


as M tends to N along the normal, and the requirement that u( M) 
be regular at infinity is retained. Let a solution u( M) of the problem 
exist, and let u(M) be assumed to have a regular normal derivative 
on l. On drawing a circle C of sufficiently large radius R and apply- 
ing (107) to u(M) and v(M) = 1, for the domain bounded by ? and 


C, we obtain 
! (a), + | (a). = 0. (109) 
L Cc 


But the derivative (du/dn), is of order 1/R? on C, whence it follows 
that the integral over C tends to zero as R— œ, and we obtain in 
the limit, from (108), 
f f(N)ds=0. (110) 
i 


This necessary condition was also obtained for the interior Neumann 
problem. On using (106), it can be shown that the solution of the 
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exterior Neumann problem is unique if we assume that the normal 
derivative is regular [cf. 202]. There is no condition analogous to (110) 
for solubility of the exterior Neumann problem in three-dimension- 
al space. 

It is worth observing that the basic singular solution log (1/r) is not 
regular at an infinitely remote point. As r — œ it tends to infinity. The 
second singular solution (cos g)/r, corresponding to a dipole, is regular 
at infinity and vanishes there. In three-dimensional space, the basic 
singular solution 1/7, as well as the dipole potential, vanishes at an 
infinitely remote point. The potential of a simple layer (81), which 
is a harmonic function outside J, is not in general regular at an in- 
finitely remote point. If the total charge is zero, i.e. if 


f #(N) ds = 0, (111) 
l 


potential (81) is regular in this particular case. For, let R be the distance 
of the point M from the origin. On introducing into integral (111) the 
factor log R, which does not depend on the variable point of integration 
N, we can write potential (81) as 


R 
u(M) = l u (N) log = ds, 
and log (R/r) tends to zero uniformly with respect to points N on las M 
moves away to infinity. The potential is thus seen to be regular at an 
infinitely remote point, where it vanishes. 

Let us prove a further property of harmonic functions. Suppose that 
u( M) is a harmonic function in a circle whose centre Ny is taken as origin, 
with the possible exception of the origin ttself, and is bounded in absolute 
value in this circle. We show that the limit of u(M) exists as M —> N,, 
and if this limit is taken as the value u(N), u(M) is harmonic throughout 
the circle including the origin. To see this, we only need to repeat the 
arguments that led us to expansion (105), with the infinitely remote 
point replaced by the origin. We have instead of (105): 


f(z)=a,t+a,z2+a,274+..., 


whence our assertion follows. 


204. Kelvin’s transformation. When considering harmonic func- 
tions in three-dimensional space we no longer have most of the valuable 
auxiliary equipment such as is provided, in the case of a plane, by the 
theory of functions of a complex variable, and in particular, by the 
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conformal transformation mapping every harmonic function into 
another harmonic function. Nevertheless, in the case of three-dimen- 
sional space there is a point transformation of a special type which 
has the same property: if u(x, y, z) is a harmonic function in a do- 
main D, the function 


+ + + 1 , 4 if + 19 , £. 
vye) = u e He, E) =y) (112) 
is harmonic in the domain D’ obtained from D with the aid of the 


transformation: 
s=; y= lei (r? = a? + y? +2). (113) 
We first of all remark that r’ = 1/r and that the inverse transform- 
ation to (113) has the same form: 
, Y. z’ 


x . 
T= Ta y= Pa?’ z= 


(113,) 
If we introduce spherical coordinates, (112) transforms to 
; 1 
v (7, 0, p) = u(>,0,¢). 


Since u(r, 0, p) satisfies ee equation: 


7? Up, + 2ru, TnT y (sin Ô ue), +- ——-~ =0 


E g A 


and we have the obvious aie 
2 2 
rs (orr A Pa vy] = Uy + ra Ur, 


it can easily be seen that the function v(r’, 0, p) also satisfies Laplace’s 
equation. Transformation (113) is a symmetry transformation with 
respect to the unit sphere with centre at the origin [cf. II, 197]. We 
could obviously also take the centre of the sphere at any point (a, b, c) 
and its radius È as arbitrary. Formulae (112) and (113) can now be 
written as 


2 


x — a = 


(—a); y' —b= 


R? ; R? 
z(y — b); z ee =o) 


r? r? 


R 


v(e', yz") =u a+ a), l (114) 
r? = Vœ — a}? + (y — 6)? + (z — 0); 
r?= æ- Fy FEE. 
Transformation (114) is known as Kelvin’s transformation. Before ex- 
plaining the concept of regularity of a harmonic function at an infi- 
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nitely remote point in three-dimensional space, let us prove the property 
of harmonic functions which we proved for the plane case at the end 
of the last section. Let u(M) be a harmonic function in some sphere S, 
with centre at the origin, with the possible exception of the origin itself, 
and let it be bounded in absolute value in this sphere. We show that the 
limit of u( M) exists as M tends to the origin, and if this limit is taken as 
the value of u(M) at the origin, u(M) is also harmonic at the origin. 

By using the integral mentioned in [II, 197], we can construct a 
function w(M), harmonic in the sphere S, including the origin, and 
taking the same boundary values as u( M) on the surface of the sphere. 

We apply Kelvin’s transformation to the difference u,(M) — u(M), 
with respect to the sphere S,. The transformed function is harmonic 
outside Sy, vanishes on the surface of Sy and tends to zero as the point 
M’ tends to infinity. This last fact follows immediately from the form 
of (114) and the fact that u( M) is bounded by hypothesis in the neigh- 
bourhood of the origin. Since the extrema of a harmonic function must 
be attained on the boundary of the domain, we can assert that the 
function u,(M) — u(M) must be identically zero, i.e. u,(M) coincides 
with u( M), so that this latter is also harmonic at the origin. 

Let u( M) be a function harmonic in the neighbourhood of a point O 
which we take as origin, and at O itself. On carrying out the Kelvin 
transformation with centre at the origin and radius at least equal to 
unity, we obtain a transformed function v(M’) which is harmonic in 
the neighbourhood of an infinitely remote point. This function tends 
to zero as r’ —> œ and furthermore, it follows directly from (112) that 
the product r'v( M) remains bounded as 7’ —> co, and the same can be 
said of the products 7’7(dv/dzx’), r’(dv/dy’), r? (Əvəz). This last result is a 
direct consequence of the fact that the derivatives of u( M) are bounded 
in the neighbourhood of the origin. Conversely, if u(M) is a function 
which is harmonic in the neighbourhood of a point at infinity and is 
such that the product ru(M) remains bounded as r—>» ©, it can be 
seen by carrying out Kelvin’s transformation that the transformed 
function v( M’) = l/r’ - u(M) is harmonic and bounded in the neigh- 
bourhood of the origin, and is therefore harmonic at the origin as well. 
But it now follows at once from the above arguments that the pro- 
ducts 7r?(du/dx), r?(du/dy), r?(du/dz) are bounded as r— co. Suppose, 
finally, that we only know, regarding a function u(M) harmonic in 
the neighbourhood of an infinitely remote point, that u(JZ)— 0 as 
r—> oc, i.e. given any positive e, there exists a positive number A such 
that | u(M) | < e provided r > A. We draw a sphere S, with centre 
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at the origin and so large a radius that u(M) is harmonic outside Sy 
and on the surface of S,. We can construct a function v, ( M’), har- 
monic inside S, and having the same boundary values as u(M) on 
the surface of S. 

Let u,(M) be the result of applying Kelvin’s transformation 
to the function v( M’) with respect to the sphere S,. The difference 
u(M) — u,(M) is a harmonic function outside S,, vanishes on S, and 
tends to zero as r—> œ. We have seen that such a function must 
vanish identically. Hence our original function u(M) must coincide 
with the function w(M) obtained from »,(Jf’) by Kelvin’s trans- 
formation, v( M’) being harmonic inside S, We have seen that, 
for such a function, the products 


õu (M) 4g By (M) ng dn (M) 
ox 


ru, (M), r ; ay Ae 


(115) 


must be bounded as 7 —> co. Hence we see that the fact that u(M) —> 0 
as r—> œ implies that products (115) for u(M) must remain bounded 
as r—> œ. 

We describe the function u( M), harmonic in the neighbourhood of 
a point at infinity, as regular at infinity if u( M) > 0 as r —> co. If we 
only know that u( M) tends to a finite limit b, we can say that such a 
function is equal to the sum of a constant b and a harmonic function 
regular at infinity. If the products (115) for functions u( M) and v( M) 
harmonic outside S remain bounded, and if these functions have 
regular normal derivatives from the outside on S, then as we saw in 
[200], (94) and (95) hold for these functions, the integration being 
carried out over the part of space outside 8. 

The exterior Dirichlet problem consists in finding a function u( M), 
harmonic outside S, regular at an infintely remote point, continuous 
up to S and having previously assigned values f(N) on the surface S. 
On taking an interior point M, of S as origin and carrying out Kelvin’s 
transformation, the exterior Dirichlet problem is reduced to an interior 
problem for the transformed domain. We can prove with the aid of the 
usual arguments that the solution of the exterior Dirichlet problem is 
unique. The existence of the solution amounts to the existence of the 
solution of the interior problem, and this latter can be proved with 
general assumptions regarding the surface provided that the bound- 
ary data are continuous. 

We may note the difference in the statements of the exterior 
Dirichlet problem for a plane and for space. In the plane case we speci- 
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fied the boundary values and merely required that the function tend 
to a finite limit as r —> œœ. In the case of three-dimensional space we 
specify the limit itself, i.e. we assume that it is zero. We might have 
assumed that our function tends to a given limit b as r —> co. In this 
case we should arrive at our previous statement of the problem by 
considering the difference u(M) — b. It may easily be seen that, in the 
case of three-dimensional space, it is not sufficient to require that u( M) 
have a finite limit as r —> © in order to obtain a definite statement of 
the exterior Dirichlet problem. For suppose that a certain amount of 
electricity is in equilibrium on a conducting surface S. The electrical 
potential of the simple layer will have a certain constant value c on S, 
whilst it is easily seen that u( M) is a harmonic function outside S and 
tends to zero as r->co. The constant c is itself a harmonic function out- 
side Ş and has the same boundary values on VS, but it is no longer re- 
gular, according to our definition, at an infinitely remote point. This 
argument does not apply in the plane case, since the electrical potential 
of a simple layer on a curve J becomes infinite at an infinitely remote 
point. We further remark that a function u( M) is sometimes said to 
be harmonic outside a surface S only when it is regular at an infinitely 
remote point, ie. some authors include regularity at an infinitely 
remote point in their definition of a function harmonic outside S. 

The exterior Neumann problem consists in finding a function, 
harmonic outside S, regular at infinity, and with a normal derivative 
having specified boundary values on S. In this case the boundary 
values of the normal derivative no longer need to satisfy condition 
(110). The proof of this condition that we gave in the plane case is not 
suitable in space, since the surface area of a sphere of radius R is of 
order R?, and the integral of du/dn over a sphere of sufficiently large 
radius does not necessarily tend to zero as R — co. If we assume that 
the solution of the exterior Neumann problem has a regular normal 
derivative, the uniqueness of this solution follows at once from (94). 
Similar arguments have been used for the interior Neumann problem. 

We conclude the present section by remarking that the above- 
mentioned properties of a harmonic function in the neighbourhood of 
an infinitely remote point could be obtained directly from the ex- 
pansion of the function in spherical functions in this neighbourhood. 


205. Uniqueness of the solution of Neumann’s problem. The present 
section gives a proof of the uniqueness of the solution of Neumann’s 
interior problem, without the assumption that the normal derivative 
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is regular. As a preliminary we take a solid of a special form and con- 
struct in the solid a harmonic function having certain properties 
which will be indicated below. Let T(a, k, h) be a solid bounded by 
the surface 


1+a 
Z = k (x? + y?) ? (116) 


and the plane Z = h, where k, a and h are positive constants. We write 
N, for the point (0, 0, 0) and call it the vertex of the solid. Let o’ 
denote the part of the boundary of the solid that lies in the plane 
Z = h, and o” the remaining part of the boundary. Further, let uw, 
and ù be two real constants with ug < u. We construct a function 
w(M) harmonic inside the solid T(a, k, h), continuous up to the 
boundary, and such that w(M) < u, on o’, w(M) < u, on o” and 
w(N >) = uo. If r = Vx? + y? + 2, 6 is the angle between the radius 
vector and the z axis and P,(x) is Legendre’s function [III,, 141], we 
know from [II], 135] that, given any n, the function r”P,, (cos 0) is 
harmonic inside 7'(a, k, h). We shall construct w( M) in the form 


w (M) = y [r cos 6 + r+? P 44 (cos 6)] + uo, (117) 
where y and £$ are positive constants which will be defined later. We 
obviously have w(Ny) = uo. We show first of all that, for all £ suffi- 


ciently close to zero: 
Py4,(0) <0. (118) 


The function P,,(x) is the sum of the hypergeometric series: 


P, (e) = F(n +1, —2, 1; 3") (£| <1), 


in view of which we can write 


P,, (0) =1— ones 4: S(-1 (+h) (mtk—=V..—k+Y . 
ke2 (kt)? 2 
or 


— co k = 
P, (0) =— Sot?) + SOT ntan E 
k=2 


= s=1 


We take 1 < n < 2, so that the factors corresponding to s = 1 and 
s = 2are positive, whilst the remaining (k — 2) are negative. On taking 
(—1)*~? out of these last factors, we can write them as 


(n+ 8)(s—n—1)_ s?—n?—s—n 1 
v= 28s? ~ 2s? 
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Hence we obtain, on separating out the first two factors: 


— 1 2 ~ 2 l — 
Pio ae a Sees e ia 
k=2 


i.e. 


P, 0) < re ea [ei i}; 


whence it follows that P,(0) < 0 if n? + n < 8. Thus (118) is proved 
for all positive £ sufficiently close to zero. We fix £ so that it satisfies 
this condition, and also the condition B < a, (see equation (116)). 
Since z = r cos 9, we obtain on surface (116): 


r cos 6 + 7'*° P, (cos 0) = kott + 71+? Pp (cos 9), 
where 9 = |x? + y?, and finally, on surface (116): 
r cos 6 + 71+? P yp (cos 0) = r+? [kre sin'**6 + P +g (cos 6)]. 
If r— 0, then 0 —> 2/2, and by (118) and the fact that B <a, the 


square bracket now has a negative limit. We can therefore fix a positive 
h so small that we have, throughout the part o” of the surface T(a k. h), 


r cos 0 + rt? P, 4g (cos 0) < O. (119) 


We finally choose a positive y so small that (117) gives w(M) < u, on 
o’. The constructed function w( M) satisfies all the above-mentioned 
conditions. We have on the axis of T(a, k, h), i.e. on the z axis: 


w(M)=y( +2) +u  (>0). 
If M is a variable point on this axis, then 


w (M) — w (Np) 
z 


=y + yf >y. (120) 


We now prove the theorem: 
THEOREM. If u(M) is a function harmonic inside D; and not equal 
to a constant, and if u, ts the finite strict lower bound of u( M) inside Di, 
and there exists a point N, on S such that u( M) —> u, as M approaches 

N, from inside, then the ratio 
u (M) — u (No) 


[NM] (121) 


will remain greater than some positive number as M approaches Ny 
along a normal. 

We assume that there exists a solid T (a, k, h) which touches S at No 
and all the points of which, except N, lieinside S. The number h is 
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chosen small enough for (119) to hold throughout the part o” of the 
surface of the solid. Let wu, be the minimum of u(M) on the part o’ of 
the surface of T(a,k,h). Since u( M) is not a constant, ug < ù, and by 
choosing y sufficiently small, we can construct w(Jf) with the above- 
mentioned properties. Here, w(N,) = u(N,), and w(N) < u(N) on the 
remaining part of the surface of T(a, k, h). On directing the z axis 
along the inward normal to S at Ny, we now obtain: 


u(M) —u(N,) _ u(M)—u(N,) w (M) — w(N,) 
|N, M| z > z >y, (122) 


which proves the theorem. 
A direct consequence of this theorem is the uniqueness of the 
solution of Neumann’s problem in the following sense: 
If a function u( M), harmonic inside D;, is continuous up to S, and 
N)/0n); = 0 throughout the surface S, u(M) is constant. Let Ny be 
the point of S where u(M) has its minimum value. It follows at once 
from (122) that the derivative with respect to the normal at Nọ 
cannot tend to zero when M — N, whilst remaining on the normal. 
If this were so, we should obtain from the formula of finite increments: 


uM) uN) o 
z 


which contradicts (122). 

The proof of uniqueness is similar for Neumann’s exterior problem. 

The above proof was given in a joint paper of M. V. Keldysh and 
M. A. Lavrent’ev (Dokl. Akad. Nauk SSSR, t. XVI, no. 3, 1937). 

If it is possible to touch the surface S from inside by a sphere, the 
proof of the uniqueness theorem is elementary. (S. Zaremba, Uspekhi 
matematicheskikh nauk, t. I, vyp. 3—4). 


206. The solution of boundary value problems in the three-dimensional 
case. Let us consider the interior Dirichlet and Neumann problems 
for a domain D; bounded by a surface S. We shall seek the solution 
of the interior Dirichlet problem in the form of the potential of a 
double layer: 


ee ssn qs (v=|MN|), (123) 


where r is the direction MN and n is the direction of the outward 
normal at N to the surface. The unknown is the density u(N). In 
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accordance with the first of formulae (42), the interior Dirichlet 
problem with boundary values 


u|s = f(N) (124) 
is equivalent to the following integral equation for the density u(N). 


y= J faa a aS + 27u (No) (ro =|NN |). 


On introducing the kernel 


K (No N) = i COS (r, n) 


On re , 


we can rewrite the last equation as 
1 
u (No) = sch (No) + f f wi) KW N) ds. (125) 
$ 


The kernel K(N,; V) is not symmetrical, since the normal is taken 
at N and rọ denotes the direction N,N. We obtain the transposed 
kernel of the adjoint equation [9] if we take the normal at N, and 
reckon r, from N to N,. This transposed kernel K (N; N) is therefore 
given by 


K, (Noa; N) = K (N; No) = Sere, (126) 
where n, is the direction of the outward normal at Ny. We have 
changed the sign of the kernel, since the direction of ry must be 
reversed in K,(N,; N), whilst ry in (126) denotes the direction NN 
as before. The solution of the interior Neumann problem with the 
boundary condition: 


du (N) 
(Aa), =F) (127) 
is sought in the form of the potential of a simple layer: 


u(M) = TEE #0) ag. (128) 


On using the first of formulae (49), we arrive at an integral equation 
equivalent to the problem: 


ps em ) See te) as + amu (Ny). 
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This equation can also be written as 


n (Mo) =A (No) — f | w(N) Ky (Noi N) aS. (129) 
Ss 


Similarly, by using the second of formulae (42) and (49), we obtain 
for the exterior Dirichlet and Neumann problems with the boundary 
conditions 


uls =f (N); (130,) 
(A), <7, (130,) 


the integral equations 


uN) = — sof (No) | f w(W) Se" as, a31) 
S 


(No) = — f (No) + f f a eag, (181,) 
S 


where, as above, the solution of the Dirichlet problem is sought in 
form (123) and the solution of the Neumann problem in form (128). 
Let us write the equations containing the parameter A: 


UIN) = 9 (No) +2 § S (ME (Nai NYAS, (132) 


u (No) =P (No +4 $ f (N) Ky (No; N) as. (133) 
S 


Equation (132) with 2 = 1 and g(N,) =/f(N,)/2x corresponds to 
the interior Dirichlet problem, and with å = —1 and 9(N,) =/f(N,)/2% 
to the exterior Dirichlet problem. Equation (133) with 2=1 and 
P(N o) = — f(N,)/2a corresponds to the exterior Neumann problem, 
and with 2 = —1 and 9(N,) = f(N,)/2% to the interior Neumann 
problem. If S is a Lyapunov surface, and a = 1 in condition (3), we 
obtain the inequality for the kernel of the integral equation, on the 
basis of the results of [192]: 


|K (No; N)| < 


C 


and we can assume that the fundamental theorems of the theory of 
integral equations [19] hold for equations (132) and (133). 
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207. Investigation of the integral equations. We consider the 
homogeneous equation: 


(Ny) =2 f f w(N) K (No; N) dS. (135) 
S 


The investigation of this is extremely simple in the case of a convex 
surface. In this case cos (ro no) > 0 and K(N,; N) < 0. Let u(N) be 
a non-zero solution of equation (135), and let N, be the point at which 
| u(N)| has its maximum value. If u(N}) is not constant, we get 


la (No) |< llle (Me) | f (Soe) ig 


: 2arz 
S 
or; by (26), 
La (No)! < [4] lu (No) | (u (No) # 0), 


whence | A| > 1. If we suppose that u(N) is a non-zero constant in 
(135), on again using (26) we get A = —1. 

We thus find that: 

If S is a convex surface, A= 1 is not an eigenvalue of equation 
(135), whilst å = —1 is an eigenvalue with unit rank, corresponding 
to the eigenfunction u(N) = const. We can therefore say that, as 
regards equation (133), å = 1 is again not an eigenvalue, whilst 
A = —1 is an eigenvalue of unit rank. 

We now show that the same results hold for any Lyapunov surface 
with a = 1; here we shall use the results of [200], based on the 
possibility of constructing parallel surfaces. We start from equation 
(133) and consider the corresponding homogeneous equation with 
A= 1: 

(No) = f f w(N) K, (Ny; N) ds. (136) 
S 


Let u(N) be a continuous solution of this equation. We have to 
show that uo(N) = 0. The potential of a simple layer with density 
Ho(N) gives us a function u,(M), harmonic in D; and D,, continuous 
throughout space, and such that the values of the normal derivative 
(du,(V)/dn), vanish on S. This latter result follows from the fact that 
[to( NV) satisfies (136) by hypothesis. We can apply (94) to the simple 
layer potential u,(N), whence it follows that u (NV) is constant in D,. 
The simple layer potential vanishes at infinity, so that u, = 0 in De, 
and in particular, on S. Now the harmonic function u,(M) = 0 
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inside S as well, ie. u (M) = 0 throughout space. On taking (54) 
into account, we obtain 


16 (N) = al AR] a, 


which is what we wanted to prove. We can therefore say that 2 = 1 
is not an eigenvalue of equations (132) and (133). The homogeneous 
equation (135) with A = —1 has, by (26), a solution equal to an 
arbitrary constant, i.e. A = —1 is an eigenvalue of equations (132) 
and (133). Let us show that its rank is unity. We need only show 
that, with 4 = —1, equation (133): 


u (No) = — $ f aN) K, (No; N) as (137) 
S 


has only one eigenfunction (discounting an arbitrary constant factor). 

Let m(N) be an eigenfunction of (137). The potential of a simple 
layer with density (N) gives a function u,(M) harmonic in D;, 
for which the limit of (du,(N)/dn); on S is zero. As above, (92) shows 
that u,(M) is constant in D; and on S, i.e. the density (N) gives a 
simple layer potential which remains constant on and inside 8. In other 
words, (N) is an electrostatic density. 

Let u(N) be another solution of (137), differing from zero. 
We have to show that u(N) only differs from y,(N) by a con- 
stant factor. We form the simple layer potential u, with density 
(N) = m(N) + cu(N), where c is a constant. As above, it will be 
constant in D; and on S. We can choose c so that the constant 
value of u, in D; and on 8 is zero. The simple layer potential u 
will also vanish at infinity. Hence it follows that u, vanishes in D, 
also, ie. ug = 0 throughout space. We conclude from this, on the 
basis of (54), that y(N) = u(N) + cu(N) =0 on S, ie. u(N) in 
fact differs only by a constant factor from (N). It follows at once 
from the proof of u, = 0, that the potentials of a simple layer 
with densities (N) and y,(N) differ from zero in D;. This makes 
it possible for us to determine the constant c. 

Let us show that the integral 


ff mas, (138) 
S 


giving the total amount of electricity in equilibrium on the conducting 
surface S, differs from zero. As already mentioned, u, has a con- 
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stant value in D;, and (54) gives: 
1 (du, (N 
fy (N) = -4 (32), (139) 


If integral (138) were to vanish, we should have: 
du, (N) 
n (=), d8 =0. (140) 


We apply (94) to u. The function u has a constant value on S, 
and integral (140) vanishes. Hence it follows that both sides of (94) 
vanish for u = w, i.e. u is constant in D,, and (139) shows us that 
m(N) is zero on 8, which contradicts the fundamental assumption 
that u,(N) is a solution of homogeneous equation (137) which is not 
identically zero. Hence integral (138) is in fact non-zero. On multi- 
plying (4) by a constant factor, we can give integral (188) any 
previously assigned value. 

It follows from these arguments that equations (132) and (133) for 
A= 1 have a definite solution with any function g, and hence we get 
solutions of the interior Dirichlet and exterior Neumann problems. 
We now return to equation (133) with 4 = —1. It gives the density 
of the potential (128) that solves the interior Neumann problem. 
The necessary and sufficient condition for the existence of a solution 
is that the function y of the integral equation be orthogonal to the 
eigenfunction of the homogeneous adjoint equation, i.e. to a constant. 
This leads to the usual condition: 


f § f(N) ds = 0, (141) 
S 


the necessity of which has already been seen above. Given our 
assumptions, it is also a sufficient condition. If it is fulfilled, the 
solution of the non-homogeneous equation is determined apart from 
an added term, which is a solution of homogeneous equation (137), 
i.e. it is defined apart from a term which represents an electrostatic 
density. On substituting this term in the simple layer potential we 
obtain a constant potential; and a constant term does not play any 
essential role in the solution of the interior Neumann problem. 

We now consider equation (132) with A = —1, which corresponds 
to the exterior Dirichlet problem. The necessary and sufficient con- 
dition for the equation to be soluble is that the absolute term be ortho- 
gonal to the solution of homogeneous equation (137), i.e. to the electro- 
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static density (N): 
f f mW) f(N) dS =0. (142) 
s 


This supplementary condition is not tied up with the core of the 
problem, and is only due to the fact that we seek the solution of the 
exterior Dirichlet problem as a double layer potential. It follows at 
once from the form of such a potential that it vanishes as r—» co 
with order 1/72. This rapid tending to zero at infinity is not necess- 
ary for the solution of the exterior problem, and is in fact the 
result produced by the presence of the supplementary condition 
(142). Let us show that the exterior Dirichlet problem can be 
solved without any supplementary condition imposed on f(N), with 
the aid of the sum of simple and double layer potentials. In fact, 
let u(N) be the electrostatic density for which integral (138) is unity, 
and w(M) the corresponding simple layer potential. The potential 
u,(M1) has limiting values on S equal to some non-zero constant k. 
We choose the constant c such that 


f § amy —o] ds =o, 


i.e. we put 
c= ff mW) sw) as. 
s 


In accordance with the foregoing, we can form a double layer potential 
w(M), which satisfies the exterior Dirichlet problem with boundary 
values f(N) — c. The sum 


w (M) + =-%, (M) 


will now satisfy the exterior Dirichlet problem with given boundary 
values f(N). 

Note. We have assumed in the present section that the domain 
for which the boundary problem is solved is bounded by a single 
surface S. The results are different if the finite domain D is bounded 
from the outside by a surface S, and from the inside by surfaces Sy 
(k = 1, 2, ..., m). We shall seek the solution of the Dirichlet problem 
for this domain as a double layer potential. We obtain as before 
equation (132) with 4 = 1 for the density, where S will be the total 
boundary of D, i.e. S will consist of surfaces S, and Sp (k = 1, 2, ..., 
m), and the normal has to be directed outwards from D, i.e. inwards 
to the surface, on the S,. We therefore obtain the interior Dirichlet 
problem. Equation (133) with å = 1 corresponds to the exterior 
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Neumann problem. It amounts in the present case to finding a function 
harmonic inside each of the surfaces S, and outside S,, the values of 
its normal derivative being given on these surfaces. As usual, the 
function must be regular at infinity. 

If the given values of the normal derivative are zero, we have 
homogeneous equation (133) with 4 = 1. As we have just seen, this 
equation has only the zero solution if D is bounded by a single surface. 
In the present case the situation is different. In fact, imagine that 
all the surfaces are conducting. We locate a unit of positive electricity 
on the surface S}, whilst we join S, to earth and suppose that the 
electrostatic state has been established on all the surfaces. On the 
surfaces S, (l = 2, ..., m) we have an induced distribution of elec- 
tricity with zero total charge. 

Let u,(N) be the density of the electrostatic distribution on S. 
The potential of a simple layer with such a density will obviously 
be constant inside each surface S, and zero outside Sp, i.e. this 
potential will be a solution of the exterior Neumann problem with 
homogeneous boundary conditions. In other words, (N) will satisfy 
homogeneous equation (133) with A = 1. On locating a unit of positive 
electricity successively on each of the surfaces Sp, we get m linearly 
independent solutions y;(N) of homogeneous equation (133) with 
å = 1. It can be shown that these functions u,(N) form a complete 
system of linearly independent solutions of the homogeneous equation. 
Hence it is seen that 4 = 1 is in the present case an eigenvalue of 
equations (132) and (133). The necessary and sufficient condition for 
(132) to be soluble is that f(N) satisfy the m conditions: 


S § FY) my () as =. 
S 


If at least one of these conditions is not fulfilled, the interior Dirichlet 
problem has no solution in the form of a double layer potential. It 
can be shown that it is soluble as the sum of double and simple layer 
potentials, the proof being similar to the above for the exterior 
Dirichlet problem. A detailed account of problems of potential theory 
in the case of boundaries consisting of several surfaces may be found 
in N. M. Günther’s La théorie du potential... (Paris, 1934). 

We have already proved the uniqueness of the solution of Neumann’s 
problem under the condition that the required harmonic function be 
continuous up to S. It follows from the above discussion that this 
unique solution of Neumann’s problem is expressible as a simple layer 
potential. 
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208. Summary of the results relating to the solution of boundary 
value problems. Let us formulate the results obtained above relating 
to the solution of the Dirichlet and Neumann problems, and obtain 
some new results in this field. For any function f(N), continuous 
on S, equation (125) defines a continuous density u(N) such that the 
double layer potential (123) gives a solution of the interior Dirichlet 
problem with boundary condition (124). Similarly, equation (131,) 
gives a continuous density u(N) such that the simple layer potential 
(128) satisfies the exterior Neumann problem with boundary condition 
(130,). If f(N) satisfies condition (141), equation (129) defines a 
density (NV) such that the simple layer potential satisfies the interior 
Neumann problem. 


Some important points regarding the solution of Neumann problems must 
be noticed. The integral term on the right-hand sides of equations (129) and 
(131,) satisfies the Lipschitz condition [197]. If the function f(N) also satisfies 
this condition, it follows from these equations that u(N) satisfies the same condi- 
tion. But now it follows from [198] that the corresponding simple layer potential, 
i.e. the solution of Neumann’s problem, is not only itself continuous up to S, but 
also has first order partial derivatives continuous up to S. 


We now turn to condition (141) for the interior Neumann problem 
to be soluble. We obtained (141) on the assumption that the solution 
u(M) has a regular normal derivative. Therefore u( M) must be con- 
tinuous up to S [200]. Let us show that the necessity of condition 
(141) follows merely from the continuity of u(M) up to S. Suppose 
that f(N) does not satisfy this condition, but that there nevertheless 
exists a solution of the Neumann problem u(M), continuous up to S. 
We show that this leads to a contradiction. 

We have by hypothesis: 


S SF) as #0, 
S 


and a non-zero constant C can be chosen such that 
f f [7 () —C]dS =0. 
S 


By what has been proved above, we can construct a solution w, (M) 
of the interior Neumann problem with the boundary condition 


(4) =r) -0 


on i 
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in the form of a potential of a simple layer with continuous density, 
u,(M) being continuous up to S. The difference u,(M) = u(M) — u,(M) 
is also continuous up to S and satisfies the boundary condition 


(SS), a 


By changing the sign of u,( M) if necessary, we can assume that C > 0. 
The function w(M) attains its minimum on S at some point N,, 
but this is in contradiction with the fact that, as M tends to N, 
along the normal, du(M/)/dn tends to a positive value O. Therefore, 
the necessity of condition (141) for Neumann’s interior problem 
to be soluble follows from the continuity of the required solution 
up to J. 


We have indicated above the behaviour of the derivatives of the solution of 
Neumann’s problem on approaching S. A similar study of the solution of Dirich- 
let’s problem is more difficult, inasmuch as the solution is expressed as the 
potential of a double layer. A study of the potential of a double layer was 
carried out by Lyapunov in the work already quoted, and also in his work 
“On Newmann’s Fundamental Principle in Dirichlet’s Problem” (O fundamental- 
nom printsipe Neimana v zadache Dirikhle) (1902). 


Let us enumerate the results obtained by Lyapunov in regard to the poten- 
tial of a double layer and the solution of the Dirichlet problem. 

1. The value at points of S of the potential w(N) of a double layer with 
continuous density is expressible by a function satisfying the Lipschitz condi- 
tion with any index less than unity. 

2. If the potential of a double layer with continuous density has a regular 
normal derivative on S from one side of S, it has a regular normal derivative 
from the other side of S, and these normal derivatives are equal at all points 
of S. 

3. The necessary and sufficient condition for the solution of the interior or 
exterior Dirichlet problem with continuous boundary values f(N) on S to 
have a regular normal derivative on S is that the potential of the double layer 
with density f(N) has a regular normal derivative on S. This theorem is 
proved on the assumption that the number a appearing in condition (3) is 
equal to unity. 

4. Let F(x, y, z) be a single-valued function which is continuous along with 
its derivatives of the first and second orders and which is defined in a neigh- 
bourhood of the surface S, and let f(N) be the value of F(x, y,z) on S. The 
derivative with respect to any fixed direction of the function u(M)}, harmonic 
in D; or D, and taking the value f(N) on S, is then continuous as far as S. This 
theorem is proved without the assumption that a = 1. 

Lyapunov also established a sufficient condition for the double layer potentia] 
to have a regular normal derivative. Let us quote this. Let N, be any point of 
S which we take as the origin of polar coordinates (ọ, 8) in the tangent plane 
to S at N,. The density u(N) at points N close to N, can be regarded as a function 
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of o and 6 by projecting N onto the a plane. We write: 


7 (0) = = frena 


The condition mentioned amounts to the following. There exist two positive 
numbers b and £ such that, for any choice of N, 


|Z (0) — u (N,) | < bf t. 


This theorem was proved by Lyapunov on the assumption that a = 1. 

Further results concerning the potential of a three-dimensional distribution, a 
simple and a double layer, and concerning the solution of the Dirichlet problem, 
can be found in the book by Günther mentioned above and in Kh. L. Smolitskii’s 
article ‘Inequalities for the derivatives of fundamental functions’ (Otsenki 
proizvoldnykh fundamental’nykh funktsii) (Dokl. Akad. Nauk SSSR, 
XXIV, 2. 1950). 

We shall quote the results of this latter work relating to the solution of Dirich- 
let’s problem. 

Let z = 2(x, y) be the explicit equation of the surface S in the neighbourhood 
of the point No, in fact for x? + y? < d?/4 [192]. If z(x,y) has continuous 
derivatives up to order J, and all these derivatives have absolute values not 
exceeding some constant B, the same for all points N, of S, we shall say that 
S belongs to the class Se 

Every function f(N) defined on SI is expressible as a function f(x, y) of local 
coordinates in the aie of N,. We shall write D* f(z, y) for any kth 
order derivative of f(x, y). If the following inequalities hold: 


| D*f (@,y)| < 4; 


[ D" i (a, Yheaya — [D* F (2 Dlenyy | < B (Vaz — a)? F (Y2 — y) (143) 
(k =0,1,...,2), 


where zp + Y; <d?/4 (i = 1,2) and A, B and £ are constants not depending on 
the choice of N,, we shall say that f(N) belongs to the class Lip f(l, B). Let 
JM) =f, (x, y, z) be defined in the closed domain D;, and have derivatives inside 
D; up to order J, continuous as far as S, and let these derivatives satisfy relation- 
ships analogous to (143), in which D* denotes any kth order derivative with 
respect to (x,y,z) and Vez — 2)? + (Yz — yı} is replaced by the distance 
between the points (x2, Yz, Z2) and (2, Yp 21). We now say that the function 
Jı(M) belongs to the class Lip (l, B). Smolitskii proves the following theorem 
in his work: If f(N), defined on S, belongs to the class Lip £(l, B) and the 
surface S belongs to the class Si,,, the solution u(M) of the interior Dirichlet 
problem with boundary values f(N) belongs to Lip £(l, CB) where C is a con- 
stant not depending on the choice of f(N). 


209. Boundary value problems on a plane. The Dirichlet and Neu- 
mann problems on a plane can be treated in essentially the same way 
as in [206]. The solution of Dirichlet’s problem is sought as the poten- 
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tial of a double layer: 
u(M) = f u (N) <8") ds (144) 


i 
and that of Neumann’s problem as the potential of a simple layer: 
u(M) = | (WN) log+as. (145) 
i 


We obtain for the density the integral equations 


u (No) = p (No) +4 f u (N) K (No; N) ds, (146) 
I 
u (No) = p (No) +4 f u (N) Ky (No; N) ds, (147) 
L 
where 
K (No N) = — S80") ; K, (No; N) = EE NN |). 


Equation (146) with 2 = 1 and (No) = 1/x - {(N,) corresponds to 
the interior Dirichlet problem, and with å = —1 and g(N,) = 
—I/x-f(N,) to the exterior Dirichlet problem. Equation (147) 
with 2 = 1 and g(N,) = —1/a- f(N,) ae to the exterior 
Neumann problem, and with 4 = —1 and 9¢(N,) = 1/2 - f(N,) to the 
interior Neumann problem. In all these cases No) is the ene 
appearing in the boundary condition. 
Equation (146) can be written as 
lo 
H (So) = P (80) + 4 f u (8) K (so, 8) ds, 
ò 


where s and s, are the lengths of the arcs LN and LN, of the contour 
l, measured from some fixed point L in a definite direction, whilst lo 
is the length of l. Equation (147) may be written similarly. With 
the assumptions made in [199] regarding the contour l, K(s); s) and 
K (So; 8) are continuous kernels. 

As in [207], à = 1 is not an eigenvalue, whilst 4 = —1 is an eigen- 
value of the first rank. The eigenfunction for equation (146) is now an 
arbitrary constant, and for equation (147) itis the electrostatic density 
(NW), for which the potential of the simple layer (145) is equal to a 
constant on J and inside I. 

On substituting the solution of (146) with A=1 and g(N,) = 1/x-f(N, 

n (144), we obtain the solution of the interior ae a 


210] AN INTEGRAL EQUATION FOR SPHERICAL FUNCTIONS 629 


Substitution of the solution of (147) with A = 1 in (145) does not 
in general give the solution of the exterior Neumann problem, since 
log (1/r) tends to infinity as r > œ. If f(N) satisfies the condition: 


substitution of the solution of (147) with A = —1 in (145) gives the 
solution of the interior Neumann problem. 

We turn to the exterior Dirichlet problem. If f(1) satisfies the 
condition: 


f Mo (N) f(N) ds = 0, 
l 


substitution of the solution of (146) with 2 = —1 in (144) gives the 
solution of the problem. 

If this condition if not fulfilled, we take a constant a such that 
[cf. 207] 


f uo (N) [F (N) — a] ds = 0, 
L 


and obtain, as above, the solution w(M) in accordance with (144) 
of the problem with boundary values f(N) — a, and the sum w(M) + a 
is the required solution of the problem with boundary values f(N). 
The addition of the constant is connected with the fact that (144) 
gives a harmonic function vanishing at infinity, whilst in the plane 
case the solution of the exterior problem does not require the solu- 
tions vanishing at infinity. 


210. An integral equation for spherical functions. We take the homo- 
geneous equation (133) for the case of a sphere X with centre the 
origin and unit radius. Here the direction nọ is the direction of the 
radius ON, and cos (Fo, no) = —?o/2, so that homogeneous equation 
(133) becomes 


A N 
pe (No) = — Zo ff was. (148) 
Zz 


We would arrive at the same equation if we started from equa- 
tion (132). The integral on the right is the value at the point 
N (89,9) of the potential of the spherical layer with density 
—AuwN) : 40 = —à ul, g) : 4x. 

We first consider this potential at the point M(ọ, 0’, p’) situated 
inside the sphere. On writing r for the distance | MN | and ọ for 
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| OM |, we have the expansion [III,, 132]: 
= > Px (cos y) o* (e < 1), (149) 
k=0 


where the P,(x) are Legendre polynomials and y is the angle formed 
of the radius vectors OM and ON. We take a spherical function 
by order n for u(0, ¢): 

u (0, p) =Y, (8, p). 


On using the expansion written above, which is uniformly convergent 
for 9 < 1, we obtain: 


J J Fa (9, p) ado = tS Y,, (9, ¢’) 0", 


which follows at once from the following expressions [III,, 133]: 


SJ Pal (0, p) Pm (cos y) dS = 0 form#n 


JI Y, (9,9) Pn (cos y) dS = z i Y,, (6'¢’). 
When M coincides with N, ue on the sphere, we have: 


J] ¥ (0, 9) do = 5975 Yn Oo Po): 


It is clear from this that An = —(2n + 1) are the eigenvalues of 
equation (148), and for every eigenvalue thereare (2n + 1) correspond- 
ing eigenfunctions, these being spherical functions of order n. The 
eigenfunction corresponding to the first eigenvalue 24, = —1 is a 
constant (the electrostatic density for the case of a sphere). 

We now show that equation (148) has no other eigenvalues and 
that there are no other eigenfunctions corresponding to the An apart 
from those mentioned above (spherical functions). Let 4’ be an eigen- 
value of (148) different from those indicated, and let y’(N) be a 
corresponding eigenfunction. The kernel of (148) is a symmetric 
function of N and N, so that u’(N) must be orthogonal to all the 
spherical functions and, in particular, to P; (cos y): 


f fe (0, p) P, (cos y)do = 0. 
z 


It now follows from expansion (149) that the potential of the spherical 
layer with density u’(N) is equal to zero everywhere inside the sphere, 
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and hence everywhere on the sphere. But integral equation (148) 
shows us now that p’(N) is identically zero throughout the sphere, 
which cannot be true for an eigenfunction. We now consider the 
eigenvalue 2,. If any eigenfunction which is not a spherical function 
of order n were to correspond to it, we would be able to assume that 
the eigenfunction is orthogonal to all the spherical functions and, 
by repeating the previous arguments, we would see that this function 
must vanish identically on the whole of the surface of the sphere. 

Therefore, the spherical functions represent the complete set of all 
eigenfunctions of integral equation (148). 


211. The heat equilibrium of a radiating body. Let us consider a 
third boundary problem for Laplace’s value equation. 

In the case of a steady heat flow the temperature u(M) inside a 
body must satisfy Laplace’s equation, whilst the condition 


oY +h (u — tty) = 0 


must be fulfilled on the boundary S, where h is the coefficient of 
external heat conductivity and w, is the temperature of the external 
medium in contact with the body. Both these quantities can be 
taken as functions of a point on the surface S, and we therefore 
arrive at the problem of finding a harmonic function inside the surface 
S which satisfies on S a boundary condition of the form 


du (N 
Se + P(N) u (N) = F(N), (150) 
where p(N) and f(N) are functions given on S and p(N) > 0. We shall 
seek the solution of this boundary value problem as the potential 
of a simple layer. The boundary condition (150) leads to the following 
integral equation for the density: 


J Jam coe ee) aS + 2mp (Na) + p (No) | | aN) as =f (W 
S 


or 


SEL — P(N) | COS (To no) 
u (No) = zz f (No) J uN) | Pe t Ooo) las. 
We show that, given the above assumptions, the homogeneous equa- 
tion cannot have a non-zero solution. For we have seen above [202] 
that, with p(N) > 0, a harmonic function expressed by the potential 
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of a simple layer and hence having a regular normal derivative and 
satisfying the homogeneous boundary condition 


A + P(N) u (N) =0, (151) 


is identically zero inside 8S. Suppose that the homogeneous equation 
has a solution u(N). The potential of a simple layer with density 
u(N) satisfies the homogeneous boundary condition (151),and therefore 
vanishes inside S. Since it also vanishes at infinity, we can conclude 
from this, as above, that it vanishes throughout space and that 
u(N) = 0, ie. the homogeneous equation has in fact no solutions, 
so that the non-homogeneous equation is soluble for any choice of 
the function f(N,). Suppose that S is a sphere 2 of unit radius and 
that the function p(N) is a positive constant h. In this case, since 
To = —2 cos (ro no), we obtain the integral equation 


u (No) => J f uN ido + Fy) 
P 


which has been discussed in the previous section. If we take h as the 
parameter, the eigenvalues of this equation are given by the equation 
1 — 2h = 2n + 1, i.e. the eigenvalues are h = 0, —1, —2, ... whilst 
the corresponding eigenfunctions are the spherical functions. This 
third boundary value problem can be considered for the plane case 
in essentially the same way. 


212. Schwartz’s method. A further method of solving the Dirichlet 
problem must be mentioned. Suppose that we know how to solve the 
Dirichlet problem with any continuous boundary values for the do- 

mains B, and B,, these domains having 


Ny a common part D as shown in Fig. 12. 

Schwartz’s method enables us to solve 

Ga oky the Dirichlet problem for the domain 
x B = B, + B,, obtained by combining 

a iz B, and B,. We shall give the argu- 


ments for the plane case, though they 
remain essentially the same in the case 
of three-dimensional space. The contours of B, and B, are divided 
by the points of intersection of the domains into the sections a, and fı 
for B,, and a, and f, for B,. Let œ(N) be a continuous function 
defined on the contour l = a, + a, of the domain B. The working 
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in Schwartz’s method is carried out as follows. The function œ(N), 
defined, in particular, on a,, is continued on to f, in any manner 
whilst preserving its continuity. Let w,(N) be the function thus 
obtained on £f}. On solving the Dirichlet problem for B,, we construct 
a function w,(JZ) harmonic in B, with the boundary values: 


Loos w (N) on a, 
i. aie 


The values of this function on ĝ, together with the values of w(N) 
on a, are taken as the boundary values of a new function v,(M) 
harmonic in B,: 

w (N) on a, 


M)= i 
ee Lee 


We now construct a function u,(M@) harmonic in B, with the boundary 
values: 
w (N) on a, 


a= le (N) on B, 


Further, we construct a function v, (M) harmonic in B, with boundary 
values: 
w (N) on a, 


nm =| a on By 


and so on. In general: 


u, (M) is harmonic in B, and u, (N) = ie (N) on a, 
Vn—1 (N) on By 


(152) 


w (N) on a, 


v, (M) is harmonic in B, and v, (N) = | 
un (N) on By 


We now show that lim u„(M) in B, and lim v,(M) in B, exist, 
and that these limits coincide in the common part of B, and B,. For 
this, we make use of the following lemma. Let us first of all recall the 
assumptions made regarding the contours of the domains. We assume 
that the contours of B, and B, consist of a finite number of pieces, 
each having a continuously varying tangent. It is therefore possible 
to have a finite number of vertices on the contour. In addition, we 
assume that both contours have tangents at the points of inter- 
section NV, and N, (Fig. 12), and that these tangents at N, and N, 
form an angle different from zero. We shall now state the lemma. 
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If the contours of the domains B, and B, satisfy the above-mentioned con- 
ditions and if w(M) is a function harmonic inside B,, continuous in the 
closed domain, taking on a, the value zero and satisfying on b, the condi- 
tion | w(N) | > A, then there exists a positive constant q < 1, depending 
only on the domains B,and B,and not on the choice of w(M), such that 
| w(M)| <qA on fọ A similar proposition holds if we start from 
B, and estimate w(M) on f,. We can assume here that g is the same 
in both cases. We shall postpone the proof of the lemma to the next 
section, and apply it now to prove the convergence of Schwartz’s 
process. 
By construction, 


0 on a 

N) — u (N) = 

Un+ı (N) — Un (N) aa on A, 
(153) 


0 on a, 
Un (N) — un- (N) on fz 


We introduce the following notation: 


ta (N) — va (N) =Í 


M,, = maX | unt (N) — un (N) | = max | v, (N) — vn- (N) | on f, 
Mp = max| v,4,(N) — v, (N) | = max | uny (N) — un (N) | on b- 


On taking into account boundary conditions (153) and the lem- 
ma, we get Mh < qMn and Mn < qMnr—m Hence it follows that 
Mn, < E Mn (n = 2,3, ...), ie. Mn < 7” My. 

We form the series 


w (M + S [in (M) — un (DD). (154) 
n=1 


Its terms are zero on a, from the second onward, and satisfy 
| uny N) — un(N) | < “7M, on f,. The series is therefore absolutely 
and uniformly convergent on the contour of B,, and hence throughout 
the closed domain. Its sum u(JZ) is continuous in the closed do- 
main B, and harmonic inside B,. The sum of the first n terms of 
(154) is un( M), and we can therefore say that un( M) > u(M) uniformly 
in the closed domain. Similarly, it can be shown that v,(M) — v(M) 
uniformly in the closed domain B,, where v(M) is continuous in the 
closed domain B, and harmonic inside B,. On the basis of (152): 


tu, (N) = vn- (N) on b, and v, (N) = un (N) on fz. 
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On passing to the limit, we see that u(N) and v(N) coincide on f, 
and £,. Hence it follows that they coincide everywhere in the common 
part D of domains B, and B,. The functions u(M) and v( M) thus 
yield a single harmonic function inside B = B, + B,. By (152), this 
harmonic function has the given boundary values œ(N) on the contour 
l = a -+ a, so that Schwartz’s method in fact solves our problem. 


213. Proof of the lemma. We form the potential of a double layer 
distributed along the arc p, with unit density: 


m=— 


This is the angle subtended by the arc f, at the point M, assuming 
that M belongs to B,. The function (155), harmonic inside B,, takes 
continuous boundary values at interior points of arcs a, and fı 
(Fig. 13). 


0 le 


(155) 


Fic. 13 Fie. 14 


Different limits will be obtained for the boundary values F(N) of 
the function (155) according to whether a point N of the contour 
approaches N, along f, or along fı; let F_(N,) and F4(N,) denote 
these limits. 

The limits are the angles formed by the secant W,N, with the 
different directions of the tangent to the contour of B, at Ni 
(Fig. 14), and we have: 


F,(N,)— F- (N) =a. (156) 
If we let the point M approach N, along any chord N,Q, which 
forms an angle @ with the direction of the tangent at the point as 


indicated in Fig. 14, function (155) is easily seen from Fig. 14 to have 
the limit 7 ,(N,) — 0, which, in view of (156), can be written as 


F(N) —9 =< F_(N,) + (1-2) Fy (Wy). (157) 
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When M approaches N, in any manner, function (155) can have 
different limiting values, but they must lie between F_(N,) and F,(N), 
and so the function (155) will be bounded in the neighbourhood of N,. 
Similar results are obtained at the point N,. 

Let us define on the contour l = a, + f, a function f(N) equal to 
zero inside a, and to x inside f,;. On writing F(N) as above for 
the limiting values of function (155), we can form the function 
f(N) = F(N) —f(N) inside a, and £. It may easily be seen that this is 
continuous throughout the contour l = a, + fı, including the points 
N, and N,, since F(N) and f(N) both have the same jump at these 
points. The value of fi(N), say at N,, is equal to F_(N,). Let F,(M) 
be harmonic in B, and have continuous boundary values f,(N) on 
the contour. We construct the harmonic function 


G(M) = [F (M) — F, (M)]. (158) 


Its boundary values are zero inside a, and unity inside £. Moreover, 
from what has been said regarding F(M), as M approaches N, or N, 
the limiting values of G(M) must belong to the interval [0, 1]. By the 
maximum and minimum principle, all the interior values of function 
(158) will also lie inside this interval, i.e. 0 < G(M) < 1, if M is 
inside B,. Let 6, and 0, be the angles formed by the tangents to the 
curve f, at N, and N, with the tangents to the contour of the domain 
B, at these points. On approaching the point N, along f», F(M) has 
the limit [F.(N,) — 6,] by (157), and F,(Jf), with the continuous 
boundary values /,(), will have the limit f(X) = F_(N,), whilst 
function (158) will have the limit 1 — (0,/z), by (156). Similarly, 
function (158) will have the limit 1 — (0,/x) at N,. Both these limits 
are less than unity, whilst we have 0 < G(M) < 1 inside the domain. 
Hence it follows at once that a positive q < 1 exists such that 
G(M) <q on fy. 

After these auxiliary constructions, we return to the function 
w(M) mentioned in the lemma. On replacing this function by w(M)/4, 
we can assume that the number A, fixed in the lemma, is unity, i.e. 
the that harmonic function w(/), continuous in the closed domain B,, 
has zero boundary values on a,, and | w(NV) | < 1 on £,. The boundary 
values of w( M) at N; and N, are obviously zero. We form the harmo- 
nic function H(M) = G(M) — w(M). Its boundary values inside 
the arc a, are zero and are non-negative inside f}, since we have 
G(N) = 1 and | w(N)| < 1 inside £,. As M approaches N, and N, 
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the limiting values of H(M) must belong to the interval [0, 1]. 
Hence it follows at once that H(M) > 0 in the closed domain B,, 
ie. w(M) < G(M), so that we have w(M) < G(M) <q on $f, 
Similarly, G(M) -+ w(M) > 0 in B, and it follows from this that 
—w(M) < G(M) <q on f, The two inequalities obtained yield 
| w(M) | < g, which proves the lemma. This proof can be repeated 
for the three-dimensional caset. 


214. Schwartz’s method (continued). We have discussed the applica- 
tion of Schwartz’s method in the case of the simplest mutual disposi- 
tion of domains B, and B,. The contours of these domains may intersect 
in more than two points (Fig. 15), or may have a common part 


Fic. 16 Fic. 17 


(Fig. 16). It may happen that B, and B, are singly-connected, whilst 
their sum is multiply-connected (Fig. 17). In Fig. 15, the contour of 
the domain B = B, + B, is the curve CDEFGHJKC. In Fig. 16, 
the step-line CDE is the common part of the contours, whilst the 
shaded domains in Fig. 17 form the common part of B, and B,. 
Whatever the case, the construction of the successive approxima- 
tions in Schwartz’s method is precisely the same as above. By 
slightly modifying the method of calculation, if we know how to 
solve the Dirichlet problem for B, and B,, we can obtain the solution 
for the common part of these domains instead of for their sum. In the 
case of Fig. 16, this is the domain bounded by the contour f, + bz. 
We are given the boundary values of w(N) ‘on this contour. 

Given these boundary values, we seek the harmonic function as 
asum: 


w(M)=u(M)+ (NM), (159) 
* See Courant and Hilbert: Methoden der Mathematischen Physik, vol. II. 


638 BOUNDARY VALUE PROBLEMS (214 


where u(M) is harmonic in B, and v( M) harmonic in B,. This decom- 
position of the harmonic function into two terms is obviously not 
unique, but this is of no importance for the construction. We con- 
tinue in any manner the values of œ(N) given on £, on to the are a, 
so as to obtain a continuous function, and denote this continuation 
by 9,(¥). 

We construct the successive approximations for u(Jf) and v( M) as 
solutions of Dirichlet’s problem with the following boundary con- 


ditions: 
wy [aon a, = 
Gi co a | 


Notice here that the difference w(N) — u,(N) vanishes at N, and N,,. 
To evaluate the subsequent approximations, we put 


r on a, 
w (N) — Ung: (N) on bz. 


0 On Gy 


w (N) — u (N) on fz 


T E Fe on Gy. v 
w (N) — v, (N) on f, 
The process is convergent and the sum (159) will give the solution 
of the problem. 

A detailed account of this method may be found in Approximation 
Methods of Higher Analysis (Priblizhennye metody vysshego analiza) 
by L. V. Kantorovich and V. I. Krylov, where it is used for other 
equations of the elliptic type apart from Laplace’s. The method can 
also be used for the three-dimensional case. 

A further possible application of Schwartz’s method may be 
mentioned. We shall shortly be concerned with the solution of Dirichlet’s 
exterior problem, and we shall consider in this connection the three- 
dimensional instead of the plane case. Suppose we have n closed 
surfaces S; (k = 1, 2, ..., n) in space, each pair of which has no 
common points. Let D denote the part of space lying outside all 
the Sp, and D, the part outside S,. Suppose we know the solution of 
Dirichlet’s problem for all the D, with any continuous values on 
the S,. It will now be shown how the Dirichlet problem can be solved 
for D. All the D, and D contain the point at infinity as an interior 
point, and we assume as usual, for the solution of the Dirichlet problem, 
that the harmonic function vanishes at infinity. 

We thus require to find a function, harmonic inside D and taking 
on the S, the given continuous values 


uls, = fr (N) (k=1,2,..., n). (160) 
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As a first step we find for each k the functions u),(J1) (k = 1, 


2, ..., N), harmonic inside D; and taking the values f(N) on Sp 
Further, we find the functions u, (1) (k = 1, 2, ..., n}, harmonic 
inside Dp and having the boundary values 
Uy, x (M) = — Su, (NV) on Sk (k==1,2,...,n), (161) 
if#k 


where the summation is carried out over all i from i = 1 to i =n, 
except for i = k. 

In general, for each positive integer m we find functions Um,( M) 
(k =1,2,...,n), harmonic inside D, and having the boundary 
values 


Um, u (N)jss=— SUm—1,i(N)onS,  (k=1,2,...,7). (162) 
ifxk 


The functions 


p 
X Um, (M) (k=1,2,...,n), 
m= 
are harmonic inside D, and have the boundary values 


Um, x (N) = fx (N — Š Fumi Mon 8, (k= 1,2,...,n). 


m=0 =0 i#k 


On subtracting from both sides the sum 
p-l 
eS u, 
m=0 


we can rewrite the previous equations as 


l LMT 


P (N) = fk(N)— up k(N)on 8, (k=1,2,... n). (163) 


If we show that all the functions up,,(M) (k = 1,2, ...,n) tend 
uniformly to zero in the closed domain D as p increases indefinitely, 
it will follow from (163) that as p tends to infinity the functions 


Um, i (M), 
m=0 i=l 


harmonic inside D and continuous up to the boundary, in fact gives 
the solution of the Dirichlet problem for the domain D with the 
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boundary values f,(N) on S, as: 


u(M= S Su, (M). (164) 
ma0i=1 


Let us consider the conditions in which the functions w,,(M) tend 
uniformly to zero in the closed domain D. Let v,(12) (k = 1, 2, ..., n) 
denote a function harmonic inside D, and equal to 1 on S;. Now 
v,(M) > 0 inside Dy, and since v;(M) > 0 as the point M moves to 
infinity, there exists a constant qx satisfying the condition 0 < q,< 1 
such that 


oy, (M) <q,on S;fori#k (k= 1,2,...,7). (165) 


If w{M) (k= 1, 2,...,) are any functions harmonic inside D,, 
continuous up to Są and satisfying the conditions: 


| wz (M)| < a, on Sx (k=1,2,...,n), (166) 


where a, are constants, then apv,( M) — w;,{M) will be harmonic inside 
D, and non-negative on Sp, whence it follows that a,v,(M) — w,{M) > 0 
in the closed domain D,, i.e. wM) < a,v,{(M) in Dy. We can change 
the sign of the harmonic function w,(JZ) without affecting (166), 
and can therefore assume that w,(M) > 0 at the point M. Hence 
it follows from the above discussion that 


lw, (M) | < apk Vge (M), (167) 

so that, by (165): 
[wr (N) | <a,q, on S; fori # k (k=1,2,...,n). (168) 
This inequality is therefore a consequence of (166). Let a be a positive 
number such that | /,(N)| <a for k = 1, 2, ..., n, and let q be the 
maximum of qı, %, -- -, 9n, where obviously 0 < q < 1. By (160), 
we have |uo(N)| <a on Sk By (161) and (168), we also have: 
| uN) | < (n — 1) aq on Sp (k = 1, 2, ..., n). On further applying 


(162) with m == 2 and again using (168), we get | uz (N) | < (n — 1)aq? 
on Se and in general: | up.(V) | < (n — 1)’aq? on Sk, so that 


[up (AM) | < [n — 1) ¢]? a(M in D,) (k=1,2,...,n). (169) 


If the number of surfaces n = 2, it follows from this that up (M) —> 0 
as p— œ uniformly in D, and certainly uniformly in the closed 
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domain D. If n > 2, we obtain the following sufficient condition for 
up (M) -> 0: 
(n— l)q< 1. (170) 


The number q, by construction, does not depend on the boundary 
conditions f,() and is defined only by the domain D. We could 
have considered in precisely the same way the case when the domain D 
is finite, with an exterior boundary S, and interior boundaries 8, 
Sg, ..+, Sp. In this case we should have had the interior Dirichlet pro- 
blem for the domain D, bounded by S,, and the exterior problem as 
above for the D, (k = 2, ..., n). The construction given above is due 
to G. M. Goluzin (Matematicheski sbornik, 41, 2, 1934). It is not 
applicable in the plane case, as may easily be seen by specifying 
constant values on separate closed contours lp. 


215. Sub- and superharmonic functions. When solving Dirichlet’s 
problem by the method of integral equations it proved necessary to 
impose fairly severe restrictions on the boundary of the domain. 
We shall give another method of solution of Dirichlet’s problem, 
which is suitable with very general assumptions regarding the boundary 
and the boundary values. This method is more of a theoretical nature 
and does not yield a construction for the approximate solution of the 
problem. It was proposed by Poincaré and made precise by Perron 
(Math. Zeitschr., Bd. 18, 1923; see also an article by I. G. Petrovskii 
in Uspekhi matematicheskikh nauk, t. VIII, and his book on partial 
differential equations). 

The present section will be concerned with certain new concepts, 
which will be useful when explaining the method. These new concepts 
are of general interest for mathematical physics. Our treatment will 
be confined to the case of a plane, though the three-dimensional case 
is essentially the same. The difference in the investigation of the 
boundary values of the harmonic function constructed by the method 
will be indicated at the end of our discussion. 

An equation analogous to Laplace’s for a function of a single 
independent variable y(x) is y"(z) = 0, and its general solution is 
the first degree polynomial y = az + 6, its graph being a straight 
line. The Dirichlet problem, i.e. the problem of finding the solution 
of the equation y”(x) = 0 inside the interval [a, b] with given values 
at the ends of the interval, amounts simply to drawing a straight 
line through two given points. A characteristic feature of a first 
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degree polynomial is that its value at any point = 2, is the arithmetic 
mean of its values at x = £) + h and x = x, — h, equidistant from x. 
We now take a continuous curve that is concave upwards. Let y = y(x) 
be its equation. We have at points of this curve: 


y (20) <> [Y (£o +h) + y (£o — h)]. (171,) 


Similarly, if the curve is convex upwards, we have 
l 
Y (20) > = [y (2o + A) +y (£o —h)]. (171,3) 


Inequality (171,) follows at once from the fact that each piece of the 
curve here lies below its chord. Let us introduce a similar class of 
functions in the case of several variables. Let f(M) be a function 
continuous inside a plane domain B. We describe it as subharmonic 
inside B if there exists for every interior point P of B a positive 6 such 
that f(P) does not exceed the mean value of f(M) on the circle with 
centre P and any radius 9 < 6. If P has coordinates (x, y), this con- 
dition can be written as 


f (2, y) < a (x + o cos p, y + e sin p) dp (o <ò). (172,) 


If {(M) is a harmonic function inside B, the sign of equality holds 
n (172,) for every interior point of B [II, 194], i.e. a subharmonic 
function is a particular case of a harmonic function. The definition 
can be extended directly to the three-dimensional case, though 
the circle has to be replaced by a sphere. A superharmonic function 
is similarly defined. Here we have, instead of (172,), at every point 
inside B: 


27 
f(x,y) > zj’ f(z + @cosy, y -+ esin gp)do. (1723) 


A harmonic function is also a particular case of a superharmonic 
function. It follows at once from the definition that, if f(JZ) is sub- 
harmonic and C is a constant, Cf(1Z) is subharmonic for C > 0 and 
superharmonic for C < 0. If f(M) is superharmonic, Cf( M) is super- 
harmonic for C > 0 and subharmonic for C < 0. In addition, it follows 
directly from the definition that a finite sum of subharmonic 
functions is subharmonic, and a finite sum of superharmonic func- 
tions is superharmonic. 
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Let f(M) = f(x,y) have continuous secon order derivatives 
inside B, and suppose 


Af = t + t> > 0 (inside B). (173,) 


On applying Green’s formula to the circle K, with centre P(x, y) 
lying inside B, and putting u = f and v = 1, we find: 


{ Žas = f f aras, (174) 
Co Ko 


where C, is the circumference of K,. We also apply to the function f 
the formula [II, 193]: 


f(ey)= z | (fF Get - log r i) as+ 5 er 


e 


where r is the distance from (x, y) to the variable point of integration. 
The direction n coincides on C, with the direction r, and ds = ọ dọ; 
we can use (174) to rewrite the formula as 


f(x,y) = i fieteosnytosneap + J | oreg do. 


We have rjo <1 in K, and by (173,), the last formula gives 
inequality (172,), i.e. given condition (173,), {(Mf) ts subharmonic 
inside B. Similarly, if 

Af <0 (in B), (173,) 


/(14) is superharmonic inside B. We clearly do not assume the existence 
of derivatives in the fundamental definition of sub- and superharmonic 
functions. Conditions (173,) and (173,) are analogous to the familiar 
conditions for convexity and concavity of a curve [I, 71]. 

Some simple properties of sub- and superharmonic functions may 
be mentioned. Let f(M) be continuous in a closed domain and sub- 
harmonic inside the domain. It now follows at once from (172,) that 
a subharmonic function takes its greatest value on the contour. Moreover, 
it cannot have a maximum, in the neighbourhood of which it is non- 
constant, at an interior point. Similarly, a swperharmonic function 
takes its minimum value on the contour. 
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216. Auxiliary propositions. Let us prove some propositions con- 
cerning sub- and superharmonic functions which will be needed for 
solving Dirichlet’s problem. We shall write B as usual for the 
bounded domain B together with its contour, i.e. for the closed 
domain. 

THEOREM I. Let f( M) (k = 1, ..., m) be functions continuous in B 
and subharmonic inside B. The junction ¢( M), equal to the maximum of 


the values of f( M) (k = 1, ..., m) at every point of B: 
¢ (M) = max [f, (M), -~ -> fm AD) (175,) 


is continuous in B and subharmonic inside B. 
THEOREM I’. Similarly, if the f,(M) are superharmonic and 


y (M) = min [A M), ++ fm M), (1753) 


(M) is also superharmonic. 

The continuity of (JZ) in B follows at once from the continuity of 
the f( M). Let (£o Yo) be a point inside B and let oxo, yo) be equal 
to fi(£o Yo) say. We have, since f(x, y) is subharmonic: 


2n 
P (Lo, Yo) = fı (Lo Yo) SZ = | Ale + @ cos P, Yo + @ sin p) dy. 
0 


But, by (175,), > f,(M) along the circle over which the integra- 
tion is ae so that certainly 


2x 
P (Xos Yo) < zje (£o + @ COS P, Yo + E Sin p) dy, 


which shows that g(M) is subharmonic. 

THEOREM IT. Let f(M) be subharmonic inside B and continuous in B; 
let K be a circle contained in B, and ux(M) the function harmonic inside 
K whose values on the circumference of K coincide with the values of 
{(M). Then 

(M) <u,(M) (in Kk). (176,) 


THEOREM II’. Similarly, if f(M) is superharmonic, then 
f(M) > ugk(M) (ink). (176,) 


The expression f — ux = f + (—ux) is the sum of a subharmonic 
function f(M) and a harmonic (i.e. also subharmonic) function (— ux). 
Thus f — wx is subharmonic inside K and vanishes on the contour. 
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Hence, by what was said in the previous section, f — ux < 0 inside K, 
which leads to (176,). 

THEOREM III. Jf in the conditions of Theorem I, we replace the 
values of f (M) in the circle K by the values of ux (M) and denote 
the new function by fx (M), this function is continuous in B and sub- 
harmonic inside B. 

THEOREM III’. The same construction for a superharmonic function 
yields a superharmonic function fg (M). 

Outside K the function fx coincides with f, and condition (172,) 
is obviously satisfied at every point outside K for sufficiently 
small ô. Inside K the function fx is harmonic, and (172,) is fulfilled 
with the sign of equality. It remains to verify (172,) at points of the 
circumference of K. Let (£o, Yọ) be a point which is assumed to lie 
inside B if the circumference has points in common with the contour 


of B. We have: 
Ír (2o Yo) = $ (£o, Yo) < prs J (% + 2 COS P, Yo + osin p)de (g < ô). 


Inside K, by Theorem II, fx > f, whilst outside K, fp = f, so that 
certainly 


27 


Ír (£o Yo) < z | fe (£o + @ COS Q, Yo + E Sin p) dg, 
0 


which is what we had to prove. 


217. The method of lower and upper functions. We now turn to 
a new method of solving Dirichlet’s problem. Let B be a bounded 
domain on the plane and / its contour, about which we make no 
assumptions at present. Let w(N) = w(x, y) be a function defined on 
l; we assume for the present in regard to this function merely that it 
is bounded, i.e. that there exist two numbers a and b such that 


a<a@(N) <b. (177) 


We describe as a lower functionany function y(M) which is continuous 
in the closed domain, subharmonic inside the domain, and satisfies 
P(N) < w(N) on the contour. Similarly, an upper function y(M) 
is one which is superharmonic inside the domain and which satisfies 
y(NV) > w(N) on the contour. 
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Obviously an infinite set exists of each type of function. For 
instance, every constant which does not exceed a is a lower func- 
tion. Let » be a lower and y an upper function. The expression 
y = p — y = g + (—y) is the sum of two subharmonic functions and 
is therefore subharmonic, and y <0 on l. Hence it follows that y < 0 
in B, ie. p < yin B. In other words, every lower function is not 
greater than every upper function in B. It follows at once from 
Theorems I and I’ that, if f(W), f{ M), .--, fm M) are lower functions, 
o(M), defined by (175,), is also a lower function, and similarly for 
upper functions and (175,). Similarly, it follows from Theorems III 
and IIT’ that, if f{(M) is a lower function, fx(M) ts a lower function, 
and likewise, if {(M) is an upper function, f ,(M) is an upper function. 

It is quite obvious that lower functions are bounded from above 
by some number, and upper functions bounded from below. For 
instance, the number b, appearing in (177), is an upper function, 
and we have for any lower function: y(M) < b. Similarly for any 
upper function y(M) > a. Hence, the set of values of all possible upper 
functions y(M) at any fixed point M inside B has a strict lower bound 
[I, 42], which we denote by u(M). This will be a function defined in- 
side B. It follows from p(M) > a that u(M) > a, and since the constant 
b is an upper function, we have u(M) < b, i.e. the constructed function 
u(M) satisfies the condition a < u(M) < b. By the definition of strict 
lower bound, there exists for every interior point M, of B a sequence 
yn(M) of upper functions such that y (M,) -> u(M,) as n—> œ. 
If an upper function y(M) exists such that y(M,) = u(M,), we can 
take for instance y (M) = y(M) for any subscript n. The sequence 
Wn(M) may be different for different points M,. We now prove a 
theorem. 

THEOREM. u(M) is a harmonic function inside B. 

In future, we shall write superscripts in brackets instead of sub- 
scripts for the functions. 

Let us prove a preliminary lemma. 

Lemma. If P is an arbitrary fixed point inside B, there exists a 
monotonic sequence of upper functions: 


qO (M) > ¢@(M)> .. MinB) (178) 
such that oP) —> u(P). 
As we saw above, a sequence y,(J) of upper functions exists such 
that p,(P)— u(P). We put: 


p™® (M) = min [y, (M), Ya (M), -< Pa (DD). (179) 
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We saw above that the functions pM ) are continuous upper func- 
tions. As n increases, the number of functions ys( M) from which the 
minimum is composed is increased, so that the ¢(M) satisfy con- 
dition (178). Since u( M) is the strict lower bound of the upper functions, 
it follows, using (179), that u(P) < pP(P) < y,(P), and hence it 
follows, since p,(P)—> u(P), that g(P)— u(P). This proves the 
lemma. 

Note. Let K be any circle with centre P lying inside B. We 
construct functions ¢(M) as indicated in Theorem IIT’. Since (178) 
holds on the circumference of K, similar inequalities hold throughout 
the closed circular domain K. Outside K, g(M) coincides with 
p™(M), so that (178) is also satisfied by 


pH (M) > ¢@(M) >. (M in B). 


Furthermore, u(M) < 9@(M) < (M), and since pP) —> u(P), 
we have pR (P)— u(P). We can therefore assume that the functions 
p”(M) featured in the lemma are harmonic inside any fixed circle with 
centre P that belongs to B. 

We pass on to the proof of the theorem. It is sufficient to show 
that u(M) is harmonic inside any circle K contained in B. Let P 
be the centre of this circle. In accordance with the lemma and the 
remark on it, we construct functions pM ), harmonic inside K. 
These functions have the limit u(P) at the point P. By Carnac’s 
theorem, these functions tend to a harmonic function at all points 
inside K: 

g™® (M) —>v (M) (M inside K), 


the convergence being uniform in any closed circle K’ with centre 
P that lies inside K. Let us show that v(M) = u(M) inside K. 
This will prove our theorem. We use reductio ad absurdum. Let 
o(P,)#u(P,) at some interior point P, of K. Since g™(P,)—>v(P,), and 
u(P,) is the strict lower bound of values of the upper functions at P,, 
we must have vo(P,) > u(P,). Hence an upper function w(M) must 
exist such that w(P,) > v(P,). Let K’ be a circle with centre P such 
that P, lies on its circumference. We form the upper functions: 


oe (M) = min[w(M), p@™(M)] and oP (IN), 


where 
W (M) < & (M). 
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Since pM ) converges to v( M) uniformly in the closed circle K’, 
we can say that o(M) is also uniformly convergent to the same 
limit function: 
e (M) = min [w (M), v (M)]. 

Hence the convergence is uniform on the circumference of K’ and 
we can say that the functions o%(M), harmonic inside K’, are 
uniformly convergent in the closed circle K’ to some harmonic function 
ex(M). Since w(P,) < v(P,), we have e(P,) < v(P,), and in general 
we have o(J) < v(M) at every point of the circumference of K’. 
Therefore, by the mean value theorem for harmonic functions, 
oK(P) < o(P). But o(P) = u(P), so that ox(P) < u(P). At P, the 
function 9x(M) is the limit of the upper functions (MM), and the 
inequality ox(P) < u(P) contradicts the fact that u(P) is the strict 
lower bound of values of the upper functions at P. We have thus 
proved the theorem that u(M) is harmonic inside B. 

The proof is precisely the same in the three-dimensional case. 
Hence, for any bounded function w(N) defined on the boundary J, 
we can construct by the method indicated a function u(M) which is 
harmonic inside B. Instead of forming the strict lower bound u( M) of 
the upper functions, we could have formed the strict lower bound u( M) 
of the lower functions. If w(N) is continuous on the boundary J, it 
can be shown that w,(M) coincides with u( M). In what follows, we 
shall always speak of the strict lower bound of the upper functions. 

As already mentioned, the whole of the construction can be carried 
over without change to the three-dimensional case. The function 
u( M) is termed the generalized solution of the Dirichlet problem with 
boundary values w(N). The meaning of this will be explained in the 
next section. 

Note. Given continuity of the function œw(N) on the boundary J, 
the above generalized solution of Dirichlet’s problem u(M) can be 
formed by a further method, which will now be described. We continue 
the function (NV) on to the entire plane, whilst preserving its con- 
tinuity. Suppose further that B, (n = 1, 2,...) is a sequence of 
domains which, together with their boundaries /,, lie inside B and 
tend to B, so that every point M inside B lies inside all the B, as 
from a certain n. The B, can be constructed, say, from a finite number 
of circles. Suppose we know the solution of Dirichlet’s problem for 
the B, with continuous values on l. 

Let un( M) be the solution of Dirichlet’s problem for B,, the boundary 
values on 1, being given as the continuation of w(N) mentioned above 
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It can be shown that, as n tends to infinity the functions u„(M) tend 
to the generalized solution u(M) constructed above for Dirichlet’s 
problem, the convergence being uniform in every closed domain 
contained in B. We thus find that the limit u„ (M) does not depend 
either on the method of continuation of œ(N) or on the choice of 
domains B,. Only the properties mentioned above for the domains 
are important. The proof of these statements can be found in 
an article by M. V. Keldysh (Uspekhi matematicheskikh nauk, 
t. VIII). 


218. Investigation of boundary values. We have so far made no 
assumptions regarding the boundary of the domain B. We now impose 
a condition, the statement of which will refer to a fixed point Nọ 
of the boundary of B. The set of boundary points of B will be denoted 
by l. 

CONDITION I. There exists a function w(M), continuous in B and 
superharmonic inside B, such that w(N,) = 0 and w(M) > 0 at the 
remaining points of B. We now prove the following theorem: 

THEOREM. If this condition is satisfied and the boundary function 
w(N) is continuous at Ny, then u(M) tends to w(N) as M approaches 
No from inside the domain. 

We write f, for the set of the points of B whose distance from NV, 
does not exceed 7 >> 0. Let ¢ be any given positive number. Since 
œw(N) is continuous at Vo, there exists a positive 7 such that, for all 
points belonging to f,, of the boundary of B, we have 


w (Ny) —e<@(N)<a@(No)+e (N on land in B,). (180) 
We construct a function continuous in B and subharmonic inside B: 
gı (M) = v (Ny) — € — Cw (M), (181) 


where C is a positive constant which we shall now choose. By (180) 
and since w(M) > 0, we have: y,(N) < w(N) at points of l belong- 
ing to £,. We choose C so large that, outside f, we have the same 
inequality at points of J, i.e.: 


w(N,) —e—Cw(N) <a(N) (N on l and outside f,). (182) 


At all points of B whose distance from W, is not less than 7, the 
function w(M) attains a least positive value, which we write as m,. 
This follows at once from the fact that the points in question form 
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a closed set, and the function w(M) is continuous and positive on 
this set [II, 89]. To satisfy inequality (182), it is sufficient to take 
o (No) — e—a 

Ma 
where a is the number appearing in inequality (177). With this choice 
of C, function (181) will be a lower function. Similarly, with sufficiently 
large C, the function 


yı (M) = w (No) + £ + Cw (M) (183) 


C > 


> 


will be an upper function. It follows from w(N,) = 0 that 
Pı (No) = @ (No) — £, 

and, by virtue of the continuity of y,(Jf) in B, a small positive ô 
can be found such that, in $s, 

P:(M) >o(No)—2 (M in B,). 
Let y(M) be any upper function. We have y(M) > 9,(M) for all 
points M of B, so that it follows from the last inequality that: 

y (M) > w (No) — 2e (M in f,,). 
The strict lower bound of y(M) must also satisfy this inequality, i.e. 

u (M) > w (No) — 2e (M inside B and in f,,). (184) 
Similarly, it follows from (183) that 
Yı (No) =% (No) +€, 

i.e., since p,(M) is continuous, there exists a small positive 6, such 
that, in ba: 

Yı (M) < w (Na) + 2e (M in Pa) 
and certainly 

u (M) < w (No) + 2£ (M inside B and in §,,). (185) 

Let ô be the lesser of the numbers 6, and 6,. We have, by (184) and 
(185): 
o (No) — 2e < u (M) < œ (No) + 2e (M inside B and in f,). (186) 
It now follows, since e is arbitrary, that u(M) tends to w(N,) as 


M —> N, from inside the domain, and the theorem is proved. The 
proof is also suitable for the two- and three-dimensional case. If w(NV) 
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is continuous at every point of the boundary and Condition I is 
fulfilled at every point, u(M) is continuous in the closed domain B 
and takes the values œ(N) at boundary points. 

DEFINITION. If, given any choice of function w(N) continuous on l, 
the function u(M) tends to w(N,) as M —> N, the point N, is called 
a regular point of the boundary. Points not pos- 
sessing this property are described as irregular 
points of the boundary. 

It follows from the theorem proved above 
that Condition I is sufficient for M, to be a 
regular point. 

We now indicate for the three-dimensional 
case a simple sufficient condition of a geomet- 
rical nature for a boundary point to be regular. Suppose that N, on 
the boundary has the following property: there exists a sphere which 
contains no points of B except for Ny. Let M, be the centre of this 
sphere and R its radius. We write r for the distance | M,M |, and 
form the function: 


Fic. 18 


a 
R 


w(M) = 


afr 


This function obviously satisfies all the requirements of Condition I, 
being harmonic inside B. 

We now take the plane case, and let the boundary of B consist 

of a finite number of simple closed curves, having the equations 
x = x(t) y = y(t), where x(t) and y(t) are continuous periodic functions 
of the parameter t (Fig. 18). Suppose first that the point N, is on 
the exterior contour /, (Fig. 18). We take it as the origin z = 0 and 
choose the scale so that B lies inside the circle | z | < 1. We form the 
function 
l 
BO) = — Tope" 
When z moves in B, it cannot make a circuit round the origin, and 
F(z) is single-valued in B, regular inside B and continuous in B, 
whilst #(0) = 0. 

On putting z = ọ ef, we obtain for the real part of F(z): 

log @ 
v(e) =~ Togo +e’ 


where log 9 < 0. This harmonic function satisfies all the conditions 
indicated above. 
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In particular, outside f, we have 
=f, eR 

(log £)? -+ p3 ’ 
where p, is the greatest value of p in B and R is the greatest distance 
from the origin to points of B. 

Suppose now that N, is on the interior contour l. We choose a 
point a inside l, and carry out the conformal transformation: 


w (z) > 


l 
z—a 


z = 
The contour l, becomes an exterior contour, and we can form a function 
w(M) by the above method for the point N,. On returning to the 
former variable z, we obtain the required function. Hence, if w(N) 
is continuous at all points of the contour / considered, u( M) is con- 
tinuous up to the contour and is equal to œ(N) on the contour. 
Suppose now that N, is a point of discontinuity of œ(N), where 
w(N) has limits, though these are different (a discontinuity of the 
first kind), when N tends to N, along the contour from either sides. 
Let these limits be w,(No) and @,(N,), and let w,(Ny) < w.(N,). On 
arguing precisely as above, instead of (184) we obtain: 


u(M) > w, (No) — 2€ 


and instead of (185): 
u (MM) < w, (No) + 2e. 


As M approaches N, from inside B, the function u(M) can have 
a variety of different limits. But, in view of the above inequalities 
and the fact that € is arbitrary, we have for any of these limits wo: 


w, (No) < Uy < wy (No). (187) 


If w(N) is a bounded function, i.e. satisfies condition (177), u(M) 
also satisfies the condition, as we have seen. Thus u( M) is a bounded 
harmonic function, taking the boundary values œ(N) at all the points 
of continuity of the function. 

Let us return to the three-dimensional case. A fairly simple closed 
surface can be constructed having irregular points. This fact was 
discovered by Lebesgue, and then, independently of him, by Uryson. 
A more detailed treatment of the subject of boundary values can be 
found in an article by Keldysh (Uspekhi matematicheskikh nauk, 
VIII). 
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Let us mention a further example in the case of a plane. Let B be 
the domain consisting of a circle with centre at the origin, but excluding 
the centre. The set l of boundary points consists of the circumference 
and the centre. Let w(N) = 0 on the circumference and w(N) = 1 at 
the centre. Such an œ( N) is continuous on l. The harmonic function u( M) 
obviously tends to zero as M approaches points of the circumference. 
We show that u(M) cannot tend to unity on approaching the centre. 
If this were so, u( M) would be harmonic inside the entire circle, if we 
take its value at the centre equal to unity [203]. But this contradicts 
the theorem on the mean value of a harmonic function at the centre 
of the circle. The origin is therefore an irregular point of the boundary. 

It may easily be shown that u(M) = 0 in this present case. For, 
u(M) is bounded, so that it has a limit as M approaches the centre 
[203], and if this limit is taken equal to the value of u(M) at the 
centre, u( M) will be harmonic everywhere inside the circle [203] and 
will vanish on the circumference, i.e. u(M) = 0. 

We remark further that a condition for regularity different to I can 
be laid down, in which we are concerned only with aneighbourhood 
of the point Ny; this condition can be shown to be equivalent to I. 

Conpirion II. For some neighbourhood ß, of the point Ny there exists 
a function w,(M), continuous in b, up to the boundary, superharmonic 
inside p, and such that w,(Ny) = 0 and w,(M) > 0 at the remaining 
points of B,. 

It can be shown that, in the three-dimensional case, N, satisfies 
Condition II if it is the vertex of a circular cone, all the points of which, 
sufficiently close to Ny, lie outside B (except for Ny). Hence such 
points are regular. (See I. G. Petrovskii, Lectures on Partial Differen- 
tial Equations (Lektsii ob uravneniyakh s chastnymi proizvodnymi)). 

We shall always assume in future, unless there are special provisos, 
that the contours or surfaces bounding domains are such that all their 
points are regular. This is the case e.g. for Lyapunov surfaces. We 
have constructed the solution of Dirichlet’s problem for these with 
the aid of potential theory and integral equations. 

If the continuous function (NV) is given on the boundary, and all 
the points of the boundary are regular, the harmonic function u( M) 
constructed is continuous up to the boundary and takes the values 
(NV) on the boundary. We know that only one such function can 
exist. If there are irregular points on the boundary, the harmonic 
function u(M) is bounded inside the domain and takes the values 
œw(N) at all regular points of the boundary. It can be shown that only 
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one function can exist with these properties. The proof of thisimport- 
ant assertion can be found in the above-mentioned article by M. V. 
Keldysh (Uspekhi matematicheskikh nauk, t. VIII, 1941). 


219. Laplace’s equation in n-dimensional space. We have so far 
considered Laplace’s equation on a plane and in three-dimensional 
space. 

The results are readily extended to the case of n-dimensional space, 
where the equation has the form: 


n 
Au = D bx =0. 

i=1 
We shall give the fundamental results regarding the solutions of this 
equation. Functions having continuous derivatives up to the second 
order and satisfying this equation are described as harmonic. The 

basic singular solution has the form: 

0 


pi? 


(n > 2), 


where the constant C is chosen equal to 1/(n — 2)w,, where œn is the 
surface area of the unit sphere in n-dimensional space, i.e. the basic 
singular solution has the form 

ook 4x 
(n — 2) wp r"? 


Po (r) = (n > 2). 


The volume of an n-dimensional sphere of radius 7 is given by 
[IT, 99]: 


n 
(27)? n 
n= nm for n even, 
n+l n-1 
22 m2 n 
n= pn" for n odd, 


and these may easily be seen to be expressible in the unified form: 
2a)" To; 

n 
nr (3) 


whence, on differentiating with respect to r and putting r = 1: 


Un = 
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We have, for a function harmonic in a domain D with surface S 
[II, 194]: 


u(M) = | (p ge — uJ as, 
S 


where, as in future, only one sign of integration is written. Here, r 
is the distance of the variable point of integration from the surface S 
to M. The fundamental properties of harmonic functions are valid, 
including a mean value theorem for the harmonic function at the 
centre of a sphere, and the uniqueness of the solution of Dirichlet’s 
problem. 

The formula for the solution of Dirichlet’s problem for a sphere of 
radius & is: 


jim 188) 


S (R? + 9? — 2Ro cos 6)? 


R" (R? — o 


where ọ is the distance from the centre O of the sphere to M, N is the 
variable point on the sphere and @ is the angle between ON and OM. 

The method of upper and lower functions for the solution of Diri- 
chlet’s problem can be carried over without change to n-dimensional 
space; here, the condition still holds that the points of the surface be 
regular, as we proved above. 


220. Green’s function for the Laplace operator. We can define 
Green’s function for a partial differential equation in the same way 
as for an ordinary differential equation. We start with the definition 
of Green’s function for Laplace’s equation with one of the following 
homogeneous boundary conditions: 


uļs=0, (189) 
oe + PW) u], =0 (p(N) > 0), (190) 


in the three-dimensional case. We can form Green’s function both for 
a finite domain D; lying inside S, and for an infinite domain D, outside 
S. We start with the finite domain D;. Green’s function G(P; Q) 
must be a function of a pair of points (P; Q); as a function of P, it 
must have continuous derivatives up to the second order everywhere 
inside D; except at Q, and must satisfy Laplace’s equation and the 
boundary condition on the boundary. Further, as a function of P, 
G(P; Q) must have a singularity at Q corresponding to a finite charge 
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(or mass), concentrated at the point Q. On taking into account the 
factor 4x, appearing in the formula [II, 201]: 


affe dini (OE) r=|M,M|) (191) 


we define Green’s function as follows for conditions (189) or (190): 

DEFINITION. Green’s function of Laplace’s operator, corresponding to 
boundary condition (189) or (190), is defined as the function G(P; Q) 
satisfying the following conditions : (1) it ts harmonic inside D; except 
at Q; (2) it satisfies the boundary condition (189) or (190); (3) it can be 
written as 


G(P; Q)=G(x, y, z; E n, č) =p +g (Ps Q), (192) 


where r = | PQ | and g(P; Q) is harmonic everywhere inside D;. 

The construction of Green’s function amounts to finding its regular 
part g(P; Q). In the case of boundary condition (189) g(P; Q), har- 
monic inside D;, must have the boundary values on 8S: 


sN; Q=- C=). (193) 


In the case of (190), the boundary conditions for g(P; Q) become: 
l 


9 — 
ð ; 
(ESL), + pags Ol = saf z 4 200]. (194) 


Hence, the construction of Green’s function amounts to the solution 
of the first or third boundary problem for Laplace’s equation, and we 
can assume that the existence of Green’s function is established if S is 
a Lyapunov surface. 

For the exterior domain D,, we add to the definition of Green’s 
function the condition that it be regular at infinity, i.e. that G(P; Q), 
given any fixed @ at a finite distance, must tend to zero as P tends 
to infinity. 

Let D; be any bounded domain and J’ the set of its boundary points. 
A generalized solution of Dirichlet’s problem with boundary condition 
(193) exists in D;. Formula (192) here defines the generalized Green 
function for domain D; with boundary condition (189). If N, is a 
regular point of the boundary, G(P; Q) > 0 as P —> N,. The converse 
can be proved: if G(P;@Q)—> 0 as P— N, then N, is a regular point 
of the boundary. 
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In the case of a plane the definition of Green’s function is very 
similar, except that we have to replace (192) by the formula: 


G(P; Q) = log +g (P:; Q). (195) 


It follows from (192) and (195) that Green’s function becomes infinite 
when P and Q coincide, Green’s function being positive for P suffici- 
ently close to Q. The point Q is called the pole of Green’s function. 
In future, we shall consider Green’s function only with boundary con 
dition (189). We show that G(P; Q) is a continuous function of the 
points P and Q if these points do not coincide. On taking (192) into 
account, we can say that a proof of the continuity of G(P; Q) can be 
reduced to a proof of the continuity of g(P; Q). Let us consider the 
difference g(P’; Q’) — g(P”; Q"); on adding and subtracting 9(P’; Q”), 
we obtain 


g(P’; Q@)—g(P"; Q")|< 
<|g (Ps R) — gP; R| + |g (P’s Q”) —g (P"; Q")|- 


The difference g(P’; Q”) — g(P”; Q”) is the difference of the values of 
g(P; Q") at points P’ and P”, and obviously tends to zero as P” > P’. 
The difference g(P’; Q’) — g(P’; Q”) is the value at P’ of the harmonic 
function g(P; Q’) — g(P; Q") with boundary values (1/r’— l/r")/4a 
on S, where 7’ and r” are the distances of the variable point N on S 
from Q’ and Q”. 

If Q” is sufficiently close to Q’, the absolute value of the difference 
(1/r’ — l/r") is as small as desired as N varies on S. But the harmonic 
function g(P; Q’) — g(P; Q”) takes its least and greatest values on the 
boundary S, and we can assert that g(P’;Q’) — 9(P’;Q")—> 0 as 
Q” — Q’. This proves the continuity of g(P; Q), and hence of G(P; Q). 

The function G(P; Q) is positive in the neighbourhood of the point Q 
and vanishes on S, so that it is positive inside the domain D;. The same 
argument is suitable for D, in three-dimensional space. Let us bring 
in a further simple inequality for G(P; Q). The function g(P; Q) has 
negative boundary values (193) on S. Hence g(P; Q) < 0 in the closed 
domain D;, so that 


0<G(P;Q)< yz inside D, (r=|PQ\). — (196) 


The same inequality holds for D,. 
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Let us now carry out the arguments for the plane case. Let d be the 
diameter of the finite domain B on the plane, i.e. the greatest distance 
between any two points of the closed domain B. The harmonic 
function g(P; Q) + (1/22) log (1/d) takes on the boundary l the values 
(1/22) log (r/d), which are negative for any position of the pole Q in- 
side B. We therefore have: 

g(P; Q) + (1/2) log (1/d) < 0, ie. g(P;Q) < — (1/2z) log (1/4) in- 
side B. This gives us: 


1 1 1 l 
G(P; Q) <5 -log— a l OET. 
i.e. we have an inequality of the form: 
0<G(P; Q)< alog + +6 (inside B), (197) 


where a and 6 are constants. Inequalities (196) and (197) give us 
estimates for Green’s function that depend on the distance r between 
points P and Q. 


221. Properties of Green’s function. Let us consider Green’s function 
in D;, writing r, as above, for the distance of the variable points of 
space from the point Q. We define the function: 


g(P; Q) inside S 
v(P) = (198) 
outside 8. 


4ur 


It is harmonic both inside D; and inside D,, and vanishes at infinity. 
It has derivatives of any order in D,, continuous up to S. We can 
regard v(P) in D, as the solution of Neumann’s problem with the 
boundary values: 


(NM) =-pe (5) (199) 


r 


and we can therefore express v(P) in D, as the potential of a simple 
layer with continuous density: 


v(P)= | {4 aS (r’ =| NP). (200) 
S 


r 


The values of this potential on S are equal to (—l1/4xr’), where 
r’=| NQ |, i.e. the same as for g(P;Q). It is clear from this that formula 
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(200) for o(P), defined by (198), holds throughout space, i.e. 


g(P; Q) alee das (P in D), (201) 


so that g(P; Q) has regular normal derivatives on S in D;. The same 
can obviously be said for G(P; Q). 


We remark, in connection with boundary condition (199), that the function 
l/r is defined, given any position of the point Q inside D,, not only on S, but 
also in the space close to S, and has derivatives of all orders. The right-hand 
side of (199) obviously satisfies on S the Lipschitz condition: 

[f(N2) — (Ny) | <ar, (r12=|NiN2]), 


and we can say that u(N) also satisfies the Lipschitz condition [196], so that 
G(P; Q) has continuous first order derivatives as far as S [198]. 


We now prove the symmetry of Green’s function: 
G(P; Q)=G@(Q; P). (202) 
It may be remarked here, by what has been proved above, that 


G(P; Q) has regular normal derivatives on S. Inside D;, it has con- 
tinuous derivatives everywhere except at Q. We now apply the formula 


fi u Av — v Au) dfe t 5) as 


to the functions u = G(P; Q,) and v = G(P; Q,), taking as the domain 
of integration D/, the domain D; with the exclusion of two spheres of 
small radius e with centres Q, and Q,. We are justified in applying the 
formula by what has been said above. The triple integral over this 
domain vanishes, since Green’s function satisfies Laplace’s equation 
outside the poles. The integral over S vanishes by virtue of the bound- 
ary condition (no matter what), so that we arrive at the equation: 


J Sle (P; Q) SCO) _ Gip; Qn) SCO) as + fE jas =o. 
Sa 


where 5, and S, are the surfaces of the above-mentioned spheres. The 
function G(P; Q,) has no singularities at Q,, whilst G(P; Q,) tends to 
infinity of order 1/r at Q,. Observing that the product of Ife and 
the surface area of the sphere 47? tends to zero as € — 0, we see that 
the only terms in the last formula which do not tend to zero as e —> 0 
are those which contain the normal derivative of G(P; Qı) in the 
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neighbourhood of the point where G = +2. There are two of these 
terms, and we obtain by taking their sum: 


1 1 
o— A 
1 - " dg 1 . Ti 
an je (P ? Q) on a 4 -ffe (P ; Q) In dg + n = 0 ; 
2 Sı 


where ņ—> 0 as e— 0, 7, is the distance of the variable point P from 
Q, and r, is the distance of the variable point P from Q,. We have the 
outward normal in Green’s formula, i.e. the normal must be directed 
inwards to the spheres in the last formulae, i.e. opposite to the radius, 
and we have: 


sex JOP; Qas — = SSOP; Qas + n=. 
Sı Sı 


On applying the mean value theorem to the integrals, we can write: 
G (Pa; Q) — G (Pi; Q) +Hn=0, 

where P, is a point on S, and P, on S,. On passing to the limit as 

e— 0, we get: 


G (Q2; Q1) =G (Q1; 9), 


which proves that Green’s function is symmetrical. 
For a sphere, Green’s function has the form [II, 198]: 


1 (1 R 
GP; Q=) (208) 
where ọ is the distance from Q to the centre, 7, the distance from P 
to Q’, symmetrical with Q with respect to the sphere, and KÆ is the 
radius of the sphere. On taking (x, y, z) and (&, 7, ¢) as the coordinates 
of P and Q, we can write: 


r=V(e—&+y—nP?+e—O?; e=/P +P +e; 


JES 0-0-3) 


g? 
On differentiating (203), say with respect to x, and observing that 
RE 
|e _ ë 
ri 


jes 
r 


<l and ZL 


we obtain the inequality: 


perns ER 
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Since 7, > r and #/g > 1 for interior points P of the sphere, we get: 


OG (P; 1 
| ce Q) | <a (204) 


Similar inequalities hold for the other partial derivatives. 

Let u(M) be the solution of Dirichlet’s interior problem for the 
domain D; bounded by the surface S, with boundary values f(N). If 
we know that u(M) has a regular normal derivative, we can apply (91) 
in D,, putting v = g(P; Q). We now obtain [cf. II, 198]: 


w(Q) = — ff tiv) SEE asy. (205) 
S 


Lyapunov proved that this formula gives the solution of Dirichlet’s 
problem with any choice of continuous function }(N) for the boundary 
values. He also provided the first strict proof of the symmetry of 
Green’s function. These results, together with the results on potential 
theory that we mentioned earlier, may be found in Lyapunov’s On 
certain questions regarding Dirichlets problem (O nekotorykh 
voprosakh, svyazannykh s zadachei Dirikhle) (1898), which has 
already been quoted. 


222. Green’s function in the case of a plane. The discussion of 
Green’s function for a plane has certain special features as compared 
with the spatial case. We shall consider Green’s function for the bound- 
ed domain B; with contour l and boundary condition (189) on J. 

As in [221], we define a function v(P) on the plane: 


g(P; Q) inside 1 


v(P)= 1 i , (206) 
— pz OES outside J. 
As in [221], we construct the simple layer potential: 
1 
v, (P) = { u (s) log ds, (207) 
1 


where r’ is the distance from P to the variable point N on l, with 
boundary values of the normal derivative in the domain B, exterior to l 


iN) = E jogs (208) 


2ar’ 
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where r’ is the direction QN and n is the direction of the normal to | 
outwards from the closed contour l. We now form the function, har- 
monic in B,: 


1 
7 


r=|PQ| 
Q inside J 


w(P) = | u(s)log ds + = log + 


l 


| (209) 


having a regular normal derivative on J equal to zero. Inside B,, we 
draw any closed contour l’ enclosing J, and apply Green’s formula 
with u = w(P) and v = 1 to the domain bounded by J and l’. We have: 


Ow (P) dw(P) a 
f = ds --- [32 ds=0, 
i r 


where n is in both cases the outward normal with respect to the 
closed contour. Hence, since dw(P)/dn = 0 on l: 


Ow (P. 
{32 as=0. (210) 
; 


But 


Ow(P) cos (r’, n) cos (r, n) 
on = Je (s) P= ds + nr’ , 


where r’ is the direction PN. On integrating over l’, changing the order 
of integration [18] and recalling that P and N lie inside 1’, we obtain 
by (210): 
2a f w(s)ds+1=0. 
l 


We can now rewrite (209) as 


— ds (r=|QP|; 7°=|NP|). (211) 


r 


w (P) = | u (s) log 
l 


As P moves away to infinity, the ratio r/r’ tends uniformly to 
unity, i.e. given any positive «, there exists a positive M such that 
|1 — rjr’ | < for any position of N on l provided r > M. Hence 
function (211), harmonic in Be, has a regular normal derivative on 
l equal to zero, and tends to zero as P moves away to infinity. We 
can apply to such a function the formula 


NORICE 
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from which it follows that ia = 0 in B,, ie. 
J u(s 


Hence it follows directly, as in [221], that the simple layer potential 
(207) coincides throughout the plane with the function w(P) defined 
by equation (206), and we can say that g(P; Q) has a regular normal 
derivative on J. Further, as in [221], we can assert that g(P; Q) has 
continuous first order derivatives up to lin B;. The proof that G(P; Q) 
is symmetric is precisely the same as in [221]. For a circle of radius R, 
Green’s function has the form: 


1 lo 
ds = — 5z log— in B,. 


G(P; Q) = slog & | (212) 


where the notation is the same as in [221]. This leads to the inequalities: 


pe) ae | SEO) <=. (213) 


A formula analogous to (205) holds for the solution of Dirichlet’s 
problem in Bj. 

Green’s function of Laplace’s operator for a plane singly-connected 
domain with boundary condition (189) is closely connected with the 
function carrying out the conformal transformation of this domain 
into the circle | w | < 1 [III,, 35]. Let B be a singly-connected domain 
with contour 7 and z) = §-+ yi an interior point of the domain. 
Further, let w = f(z) be a function conformally transforming B into 
the unit circle, where f(z.) = 0, i.e. the point z = 2) becomes the 
centre of the circle. 

Since the transformation is one-sheeted, it follows that f(z) has a 
simple zero at z = 2p: 


f (2) = (2 — 2p) [a + a (z — %) + sial (ao # 0). (214) 


We form the function 


3 


G(x, ys & n) = — log |f(2)|. (215) 


It may easily be shown that this is in fact Green’s function for 
the domain B with pole (é, 7). For, log | f(z) | is the real part of 
log f(z), and consequently satisfies Laplace’s equation. By (214), 
the infinite part of the function (215) at the point (£, 7) will be 
(1/22) log (1/| z — z, |), and finally, the contour I of domain B becomes 
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the circumference of the unit circle, i.e. | f(z) | = 1 on l, whilst func- 
tion (215) vanishes on this contour. 

Let H(x, y; £, n) denote the harmonic conjugate to function (215). 
We have: 


G + iH = — ș— log f (2), (216) 


so that we can write f(z) in terms of Green’s function and the conjugate 


to the latter: 
f (2) = o~?" (G+HÀ) 


The function H is determined up to an added constant, so that we 
have an arbitrary constant factor of unit modulus in the right-hand 
side of the last formula; this corresponds to an arbitrary rotation of 
the unit circle | w| < 1 about the origin. 


Suppose that the contour J of the domain B has the following property: the 
angle6(s), formed by the tangent to l and any fixed direction, satisfies, as a func- 
tion of the are length s, the Lipschitz condition: 


18 (8) — 8 (81) | <b] a, — sı |Ê, (217) 


where b and f are positive constants. It can be shown that the derivative 
J’(z) is now continuous up to l, and there exist two positive constants m and M 
such that 

m<|f' (z)|<M. (218) 


These constants clearly depend on the choice of the point z, which becomes 
the origin on the w plane. We fix z, and now construct a more general con- 
formal transformation of B into the circle |w|< 1, on condition that the 
arbitrary interior point z’ of B becomes the origin. For this, we must first carry 
out the conformal transformation w = f(z), then transform the circle |w|< 1 
into itself so that the point f(z’) becomes the origin. This latter transformation 
is a rational fractional transformation, and we finally obtain, on discarding the 
constant factor with unit modulus: 


—InG (z; 2) =R [ios ane | , 


where, as usual, R denotes the real part, and G(z; z’) is Green’s function for 
the domain B with pole at z’. On differentiating with respect to x, where any 
direction can be taken for z, we obtain: 


on OEE: 2 | £ (2) + KAILON |- 
Ox f(z) —f (2) 1 — f (2) f (2’) 
=ef rop-ier] |, 
[fe -fey D-re] 
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or, on replacing the real part by the modulus: 

If (@) {1-1 ee) FI 
IE) —Fe)[[1—-Fare)| 
which gives us, in view of the fact that | f(z) | < 1 and | f(z’)| <1: 


FOIN- Ire 
f(z) -f@)|A—-|f@)]) HORSA 
Let z = p(w) be the inverse of w = f(z). It is defined in the circle | w| < 1. 
It follows from (218) that | p’(w) | < 1/m, and we obtain: 


OG (z; 2’) 
ox 


27 


OG (z; 2’) 


w’ 
|p (w) — p(w’) | = Jeme <= |o—w'|, 


w 


where the integration can be carried out over a straight segment. This last 
inequality gives: | f(z) — f(z) | > m|z—2’|, and we obtain with the aid of 
(218,) and the last inequality: 


| 26 2’) |< 2M M (219) 


z Qam|z—2'| amr’ 


where r is the distance between points z and z’. Therefore, given our assumption 
regarding the contour l, an inequality is obtained for the derivative of Green’s 
function with respect to any direction that depends only on the distance r. 

If the domain B is multiply-connected, and each of the closed contours 
bounding it satisfies the above condition, an inequality of the form (219) can 
again be obtained. The above proof of (219), as also the proof for a multiply- 
connected region, which will be omitted, was communicated to me by Goluzin. 


223. Examples. We now turn to some examples of constructing Green’s 
function, and start with the function for the circle |z| < 1. We have already 
had a function transforming this circle into itself, on condition that some 
point a inside the circle becomes the origin. This function can be written as 
[III,, 31]: 

o? z—a 
z—a’? 


where a is the complex number conjugate to a, and a’ is the point symmetric- 
al to a with respect to the circumference, i.e. a’ = a7!. On writing r, and 
T for the distances of the variable point z’ from a and a’, we at once obtain 
the following expression for Green’s function for the circle: 


o? z—a 


a 2—a 


1 Ti 
2x log Ta 


1 1 i 
G (z; a) = — > log + oy log V+ 7. 


Now let B be the rectangle with corners (0, 0), (0, a), (a, b), (0, b). Putting 
w, = 2a and w, = 2bi, we form Weierstrass’ function a(z; w, œ). We have 
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seen that the function transforming our rectangle into the unit circle, such that 
the point z = & + m becomes the origin, has the form [ITT,, 188]: 


_ iy FZ —E— mM) o (e+ E+) | 
[@) =e" estreti ni 


We therefore have the following expression for Green’s function for a rectangle: 


a | oe 8 ni) oe $8 + ni) 
CEL a) = =o 8 | ee plete ni | 


The theory of functions of a complex variable can also be used to construct 
Green’s function for a multiply-connected region; we confine ourselves here, 
as above, to boundary condition (189) on Z. Let B be for instance the doubly- 
connected domain bounded by the external contour J, and the internal contour 
l, and let Q(z; a) be Green’s function for this domain. We form the function 
H(z; a) the harmonic conjugate to G(z; a), and the function of a complex 
variable p(z) = Q(z; a) + H(z; a)i. At the point z = a, which is the pole of 
Green’s function, 9(z) has a logarithmic singularity, i.e. it can be written in the 
neighbourhood of this point as the sum of —(1/2z) log (z — a) and a term regular 
at this point. But p(z) will moreover acquire a purely imaginary added term 
yi on a circuit round a closed contour round l, whilst f(z) = e727?@ will acquire 
the factor e2"”!, of unit modulus. Furthermore, this last function will have 
a simple zero at z = a, whilst its modulus is unity on contours } and J, inasmuch 
as Green’s function G(z; a) vanishes on these contours. The formation of Green’s 
function therefore amounts to the formation of an analytic function f(z) which 
has a single-valued modulus inside the multiply-connected domain B and which 
is equal to unity on the contours, whilst z = a is its unique simple zero. 

Let us take as an example the case of a ring, bounded by two concentric 
circles. We take the centre of the circles as the origin and the radii as A~"? 
and h!/2, where 0 < h < 1. This can always be done with the aid of a suitably 
chosen similitude transformation. We replace z by a new variable v in accordance 
with z =e!” and consider along with h the pure imaginary t = ci (c > 0), 
defined by h = e**. Our ring corresponds on the v plane to the strip formed by 
the straight lines y = + c¢/2 parallel to the real axis and two straight lines paral- 
lel to the imaginary axis whose distance apart is equal to two. 

Regarded as a function of v, f(z) must be analytic throughout the strip. Passage 
from v to (v + 2) is equivalent to a circuit round the origin in the ring, in which 
F(z) must acquire a factor of unit modulus. On the boundaries y = + 2/e 
of the strip the condition | f(z) | = 1 must be fulfilled, and if z = a is the pole 
of Green’s function in the z plane, f(z), as a function of v, must have simple 
zeros at the points B given by a= e*#!, These points must exhaust all the 
zeros of f(z) inside the strip. We can take a as a real positive number. This can 
always be achieved by a simple rotation of the ring about the origin. It may 
be shown that the function 


logs ð, ( 
Í (2) = glogh 
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satisfies all the conditions laid down above. In this formula, 6,(v) and 6,(v) 
are functions which we defined in [III,, 176], and for clarity we have used f 
to denote the pure imaginary solution of the equation a = e74!, To prove all 
the properties of f(z), we have to use tables (109) and (110) of [III,, 177], and 
also the fact that, with real k, the functions 6;,(v) have imaginary conjugate 
values for imaginary conjugate values of v. Having f(z), we find Green’s function 
from the formula 


G (z; a) = — =~ log | f (2)]- 


We remark that Green’s function for the circle |z| < 1 with the boundary 
condition 
ou +hu=0 


has a fairly complicated form, viz: 


1 = 2rry cos (p=) +E 
r3 — 2rr, cos (6 — 6,) + 7? 


1 1 
G (z; a) = yt gles | 


rr,e(P—%1) i 


+2 R[erclo-vy-e f 
0 


g” —1 i 
1—2’ «|, 


where (r, p) and (7r,,9,) denote the polar coordinates of the points z and a, 
and œ denotes the real part. With h = oo, the last term has to be thrown dis- 
carded and we arrive, as is readily seen, at the expression given above for Green’s 
function with boundary condition (189). 


224, Green’s function and the non-homogeneous equation. We take 
the non-homogeneous equation 


Au (P) = — p (P) (220) 


in the domain D; bounded by the surface S. We assume that ọ(P) is 
continuous in D; as far as S and has continuous first order derivatives 
inside D;. We seek the solution of (220) which is continuous as far as 
S and satisfies the boundary condition 


uly =0. (221) 


There can only be one such solution. This follows at once from the fact 
that the difference of two solutions of (220) with condition (221) must 
satisfy Laplace’s equation and condition (221), i.e. must be identi- 
cally zero. We show that the required solution has the form: 


u(P)= f {f G(P; Q)p (Q) dt (222) 
D; 
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or alternatively: 


u(x, y, 2) = (fi Gæ, y, z; & 0, e(& 90) dédn ds. (223) 
D; 
We can write, in view of (192): 


u (P) = ff fe ar fff oP:; Qod. (224) 
D; Di 


The first term has continuous derivatives up to the second order in- 
side D,, and its Laplace operator is equal to [—¢(P)] [II, 201]. We 
show that the second term can be differentiated with respect to 
coordinates (x, y, z) of the point P as many times as desired under 
the integral. It will follow from this that it is harmonic inside D;, 
since g( P; Q) is a harmonic function of P. A remark must first be made. 
Let the boundary values f(N; a) of a harmonic function depend on a 
parameter a. The harmonic function u(P; a) itself now depends on 
a. If we have f(N;a)—> f(N; a) uniformly on S as a— a, then 
u(P; a) —> u(P; a,) uniformly in the closed domain D; [201]. 

The function g(P; Q) is a harmonic function of the point 
Q (ë, n, ¢) [220] with the boundary values (—1/4zr), where 


r = (x — £)? + (y— n}? + (z — 02. We assume that P lies inside D;. 
The function 


g(x + Ag, y, 2; £, 2 g (x, Y, 2; $, n, Ê) (225) 


is a harmonic function of the point (4, 7, ¢) with boundary values 


1 1 
An Aa Væ + 4x — €)? + (y — n)? + (2 — 0)? 


I 
Vie — 4 + (y— ny + (2-0) | 


As Ax —> 0, these boundary values tend uniformly on S to 
1 3 (1 
-igh (226) 


and it follows immediately from this that (225) tends uniformly in the 
closed domain D; to a harmonic function of the point (&, n, ¢) with 
boundary values (226). Similarly arguments can be applied for the 
other derivatives of any order. Hence the function g(P; Q) has con- 
tinuous derivatives of all orders with respect to the coordinates of the 
point P, when P lies inside D;. Hence it follows at once that the second 
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term of (224) can be differentiated any number of times with respect 
to (x, y, z) under the integral sign. 

It remains to prove that the function u(M), defined by (222), 
satisfies boundary condition (221). This follows in essence from the fact 
that G(P; Q), as a function of P, satisfies this condition. The in- 
adequacy of such an argument lies in the fact that Q can be as close as 
desired to S during the integration, whereas, on the other hand, it is 
P that must tend to S for condition (221) to hold. The behaviour of 
G(P; Q) is not clear in this case. 

Let us give a strict proof of the fact that function (222) satisfies 
condition (221). Let D; be the part of D; lying outside the sphere 
with centre N, and radius d}, and D/ the part of D; inside this sphere. 
If e is a given positive number, in view of inequality (196), we can take 
d, so small that the integral appearing in (222) and taken over Dj has 
an absolute value less than ¢/2 for any position of P inside our sphere. 
When integrating over Dj, the point Q belongs to D/, whilst the point 
P is assumed to lie inasmall neighbourhood of N,, say inside the sphere 
with centre N, and radius d,/2. The distance | PQ | is now greater 
than d,/2, and it follows from [220] that G(P; Q) is a continuous 
function of the pair of points (P; Q). 

Therefore, we can pass to the limit in the integral over Dj with 
respect to P as P— N, and this limit is zero, since G(P; Q) satisfies 
condition (221). Hence the integral over Dj has an absolute value less 
than ¢/2 if P is sufficiently close to Ny, i.e. the whole of the integral 
appearing in (222) has an absolute value less than e if P is sufficiently 
close to Ny. Hence it follows, since « is arbitrary, that this integral 
satisfies condition (221). Our assertion that (222) gives the solution 
of (220) satisfying condition (221) is therefore fully proved. 

Note 1. When proving the existence of continuous second order 
derivatives for the volume potential and Poisson’s formula, it is 
sufficient to assume that the density satisfies a Lipschitz condition 
in D; instead of the existence of continuous first order derivatives 
(see e.g. N. M. Günther, La Théorie du potentiel). Hence our statement 
that formula (222) gives the solution of problem (220), (221), holds if 
p(P) satisfies the Lipschitz condition: 


|p (Ps) — p (P1) | < bri, (T12 = | PiP] )- (227) 


If ọ(P) is merely continuous in the closed domain D;, we can no longer 
say that the first term of the right-hand side of (224) has continuous 
derivatives up to the second order and satisfies equation (220). But 
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the proof remains in force that the second term of the formula is a 
harmonic function inside D; and that u( M), defined by (222), satisfies 
condition (221). 

Since the volume potential with continuous density is a generalized 
solution of equation (220) [160], we can say that (222) gives a general- 
ized solution of (220) satisfying condition (221) when g(P) is con- 
tinuous in the closed domain D;. 

Let us show that such a solution is unique. We suppose that there 
exist two continuous generalized solutions u,( M) and u,( M) of (220), 
satisfying condition (221). We have: 


SSS u, Aodt = — SSS go dt; 
Ss u, Àc dT = — ne go dt, 


where o is any function with continuous derivatives up to the second 
order in D;, which vanish at all points sufficiently close to S. On 
subtracting term by term, we get: 


SSS (%—u)Acdr =0, 
D; 


whence it follows that (u, — w,) is a harmonic function inside D; [160]. 
Since (u, — %4) is continuous as far as S and vanishes on S, it follows 
that u, is identically equal to wù in Dj. 

Therefore, given any continuous function (P), (222) gives the unique 
generalized solution of (220) satisfying condition (221). This solution 
has continuous first order derivatives in D; [I], 200]. 

Note 2. Suppose we are given a function u(P), continuous in the 
closed domain D,, satisfying condition (221) and having continuous 
derivatives up to the second order inside D;, and such that Laplace’s 
operator Au(P) is continuous as far as S. On substituting this function 
in the left-hand side of (220), we obtain a function y(P), continuous 
in the closed domain D,. The function u(P) is obviously both a gene- 
ralized solution and an ordinary solution of equation (220), satisfying 
condition (221), so that w(P) must be expressible by (222) in terms 
of p(P). 

Everything that has been said can be applied to the two- 
dimensional case, when equation (220) takes the form 


Au (x, y) = — ọ (x, y). (228) 
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Its solution in the domain B with contour l, satisfying the boundary 
condition 

ul, =0, (229) 
is given by 


u (x, y) = SJ G(x, y; & n) p (E, n) dë dn. (230) 


225. Eigenvalues and eigenfunctions. The fundamental property 
proved above for Green’s function in respect of the non-homogeneous 
equation (220) lies at the basis of the application of Green’s function 
to the solution of the boundary problem for the equation 


Av + w = 0 (inside D,), (231) 
with the boundary condition 
v|s =0; (232) 


this has relevance for the solution of boundary value problems for the 
wave equation and the heat conduction equation, which will be 
discussed in detail below. 

On taking Av over to the right, we can show as in [173] that the 
problem (231), (232) is equivalent to the integral equation 


oP) =AS (SGP; Q)v(@) de (233) 


with a symmetrical kernel. The kernel becomes infinite when P and Q 
coincide, but the whole of the theory of [18] is applicable to it because, 
by (192), the polarity of the kernel is of order 1/r: 

G(P; Q) = EEO, (234) 


r 


where K(P; Q) is a continuous function. 
Let us write (233) in the form: 


v(P) = f[fo@rar+al [fg Ps QoQ) az 
D; Di 


(r=|PQ|). (235) 


If v(P) is a continuous solution of this equation, the first term on the 
right, being the potential of mass distributed over D; with continuous 
density, has continuous first derivatives inside D;, whilst the second 
term on the right has continuous derivatives of any order inside D;, 
as we have seen above; thus v(P) has continuous first order derivatives 
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inside D;. But in this case, as we know from [II, 201], the first term 
on the right-hand side has continuous derivatives up to the second order 
inside the domain. Hence, by what has been said above, v(P) also has 
continuous second order derivatives. On applying Poisson’s formula, 
we obtain by (235): Av =—Av inside D;. Boundary condition (232) is 
obtained, as we saw in [224]. Conversely, we saw in [224] that (233) 
follows at once from (231) and (232). We have therefore proved the 
equivalence of equation (231) with boundary condition (232) to the 
integral equation (233). We have (234) for this integral equation, 
whence the inequality: 


FU (E(P; Q)drt <C, (236) 
D; 


where C is a constant follows at once. 
Let 2x and v;(P) be the eigenvalues and eigenfunctions of (233), or, 
what amounts to the same thing, of problem (231), (232): 


Av, + Ar = 0 (inside D) ; (237,) 
vls = 0. (237,) 


We can assume that the v,(P) form an orthonormal system in D;: 


0 for lm 
P = 
JJJ vı (P) ùm (P) dt | a ee (238) 


Let w(P) and its derivatives up to the second order be continuous in 
D; as far as S, and let the function satisfy condition (232). We can 
write it in the form [224]: 


w(P)=— f {| G(P; Q) 4a (Q)dz, (239) 
D; 


and, on applying the fundamental expansion theorem of [22], we can 
say that w(P) can be expanded as a Fourier series in the eigenfunctions 


= S oor (P), (240) 
k=1 


this series being regularly convergent in the closed domain D;. The 
coefficients are defined in the usual way: 


am se œ (P) v, (P (241) 


We therefore have: 
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THEOREM. Every function w(P) which is continuous and has continuous 
derivatives up to the second order in the closed domain D; and satisfies 
condition (232) can be expanded in a Fourier series in the eigenfunctions 
v,(P) which is regularly convergent in the closed domain D,. 

We shall prove later that the number of eigenvalues A, is infinite. 
This fact has been used when writing series (240). It follows from the 
uniform convergence of series (240) that, if w(P) satisfies the con- 
ditions indicated in the theorem, the closure equation holds: 


((f o2(P)dr= Sek. (242) 
~ D; k=l 
We prove below that this equation also holds for any function con- 
tinuous in the closed domain D;. It may readily be shown that, if 
the Fourier series 
> a (P) (243) 
k=l 
of a function w,(P) continuous in the closed domain D, is uniformly 
convergent in D,, its sum is equal to w,(P). On writing ,(P) for the 
sum of series (243), the function w,(P) — ,(P) will be continuous in 
D, and orthogonal to all the eigenfunctions v;(P). It is thus orthogonal 
to the kernel, i.e. 


SSS E(Ps Q) [os (Q) — a, (Q)] de =0 (P in D). 


Hence it is clear that the generalized solution of the equation 
Au (P) = w (P) — œ, (P) 


with condition (232) is u(P) = 0, so that w,(P) coincides with œ,(P). 

It follows directly from the last arguments that the kernel G(P, Q) 
iscomplete [cf. 175], and hence that there is an infinite set of eigenvalues 
A, [25]. We now show that the closure equation (242) holds for any 
continuous function œ(P) in D;. Such a function is necessarily bounded, 
i.e. there exists a positive M such that | w(P) | < M. Let « be a given 
positive number. We choose a closed domain Dj; lying inside D; such 
that the volume (D; — D}) is less that ¢/(32M?). We draw inside 
(D: — Dj) a closed surface 8’, that contains D; inside itself, and define 
the function (P) such that it is equal to w(P) in the closed domain D; 
and vanishes on 8’ and outside S’. This function can be extended 
throughout space in such a way as to be continuous and satisfy 
| p(P) | < M [157]. Let pn(P) be the mean functions for o(P). They 
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have derivatives of all orders for sufficiently large n, that vanish on 
the surface S and satisfy | gn(P)| < M. The functions ¢,(P) tend 
uniformly in D to w(P), and we can fix so large an n that 


J Jl (P) — pn (P)}? dr <i 


From what has T said, we have the closure equation for func- 
tions 9,(P), i.e. there exists an N such that 


[[ fle) -snide g for m>N, 
Di 

where Sm(pn) is the segment of the Fourier series of ,(P). Since 
(a + b)? < 2(a? + b), we can write: 

SS S [0 (P) — Sm (Pn)]? dt = 

D; , 
= f SS {lo (P) — pn (P)] + [Pn (P) — Sm (Gn))}2 dt < 
D; 


<2 Ss f [o (P) — en (P) Pat + 2 Js $ [Pn (P) — Sm (Pn) 2 dT < 


< 2f ff [o (P) — p (Par +E 
Ò 
We have further: i 


2 SSS [e (P) — pa (Ptdr = 2 S S S [o (P) — pa Pita + 


Dı- D; 
+2 fff [v (P) — 9, (P)] dr < 
D 
<2 f ff [o (P) — pa (Pdr + 5 


Di- Dj 
We use for the last integral the inequality: 


| (P) — Pn (P) |? < 4M?, 
and obtain: 


2 SSS [o (P) — pn (P)]? dt < 8M?- volume (D; — Dj)< 
Di-Di 


7° 


after which the previous inequalities give: 


[J [le @) — smon] dci tite for m> N 
Di 
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and all the more [3]: 
SSS [o(P) -—8n(@)Pdt<e for m>N, 
Di 


whence it follows, since « is arbitrary, that the closure equation holds 
for @(P). 

We remark further that it follows immediately from (236) that the 
series 


i E 
2 it 


is convergent [3]. It may readily be shown that the closure equation 
also holds for unbounded functions of the type indicated in [3], and 
in particular, for Green’s function G(P; Q). 


226, The normal derivative of an eigenfunction. It is important 
for what follows to investigate the behaviour of the derivatives of the 
v,{P) on approaching 8. 

THEOREM. The functions v;(P) have a regular normal derivative on 8. 

We form the potential of a three-dimensional mass distribution: 


u(P)= ge ff fee dt (r=|{PQ|). 
Di 
It is defined throughout space, is continuous, has continuous first 
order derivatives, vanishes at infinity, is a harmonic function inside D,, 
has continuous derivatives up to the second order inside D; and 
satisfies the equation inside D;: 


Au = — A,v,. (244) 


We can form the potential of a simple layer: 


v(P) = | [+2 as, 
S 


satisfying the boundary condition on S: 


(A ).= ie ? 


where it must be borne in mind that u(P) has first order derivatives 
which are continuous throughout space. We form the function: 


w(P)=u(P)—v(P). 
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It is harmonic inside D,, vanishes at infinity and has a zero regular 
normal derivative from outside on S. Green’s formula [200] is applic- 
able to the function w(P) in D , from which it follows that w(P) = 0 
in D, and hence on J. Inside D;, the function w(P) satisfies, by (244): 


Aw = Au — Av = — Àp 
whence it follows that w(P) coincides with v,{(P) in D; ie. 
vo, (P) = u(P) — vo (P) (P of Dì, 


where u(P) and v(P) are defined above. An immediate consequence 
of this is that the eigenfunctions v,(P) have a regular normal derivative 
on 8. On taking this into account, we can apply Green’s formula to the 
(non-harmonic) function v,{P): 


SPITE) + Gy + Gy Te = 
= [Joao ),as =| ff ordear. 


Using the equation Av, = —A,v, and condition (237,), as also the 
normalization of the v,(P), i.e. 


fff (Pdr =1, 
D; 


we obtain the formula 
a= SUE + Cael + ey] (245) 
4 


from which it follows that all the A, are positive. This last result can be 
obtained more simply. It follows at once from a theorem that says 
that equation (231) with A > 0 and condition (232) has only a zero 
solution. We shall prove this theorem in [234]. 


In the work mentioned in [208], Smolitskii investigated the derivatives of 
various orders of the eigenfunctions on the assumption of a sufficiently smooth 
surface. 

He showed that, if S is of class Sis, u,(P) belongs to the class 
Lip (l — 2, C, 4,{'+)/2), where £ is any number such that 0 < f < 1, and the 
choice of $ determines the choice of 0}. 

In the case of a plane, the proof that an eigenfunction has a regular normal 
derivative can be performed by modifying the above proof, just as we modified 
in [222] the proof that Green’s function has a regular normal derivative. 


227] EXTREMAL PROPERTIES OF THE EIGENVALUES AND EIGENFUNCTIONS 677 


227. Extremal properties of the eigenvalues and eigenfunctions. The 
extremal properties of the eigenvalues 2, and eigenfunctions v,(P) 
can be discovered precisely as in [186]: as we have seen, they are the 
eigenvalues and eigenfunctions of the integral equation (233) with a 
symmetric kernel possessing weak polarity, by (234). We assume that 
the 4, (which are positive) are arranged in non-decreasing order, 
ie. Ay <A, < 2, < ... We know that A, is the least value of 


SSS SSS E(B; Q) @(P) @ (Q) dtp dry (246) 
Di D; 


in the class of continuous functions œ(P) satisfying the condition: 
SEITI SOE: 9) @ (@) deg? dtp = ice 
D; Di 


and this least value is attained for w(P) = v (P). The subscripts of 
the dr indicate the point which is the variable of integration. The 
order of integration in (246) with respect to the points P and Q is of 
no importance [cf. 17]. 

To obtain the following eigenvalues and eigenfunctions, we have to 
add the orthogonality condition: 


ier P) dt =0 (k= 1, 2,..., n—1). 


On introducing the class A of functions expressible in terms of a kernel: 


=JS{SG(P; Q)o(Q)drg, 
D; 

where œ(Q) is any function continuous in D;, we can formulate the 
above problem as the problem of the minimum of the integral 

sJ o(P)dt subject to the condition ff fv (P)dr=1 

D; 

in the above-mentioned class A of functions v(P). 

This class of functions is the class of generalized solutions of Poisson’s 


equation 
Av (P) = — o (P), 


equal to zero on S for any functions w(P) continuous in D; and we can 
speak, finally, of the minimum of the integral 


— f f fodvdz (247) 
D; 
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in class A, where Av is the generalized Laplace operator. The ortho- 
gonality conditions given above reduce, as in [186], to orthogonality 
conditions for o(P): 


SSS vl P) v, (P) dt =0 (k=1,2,...,m—1). (248) 


The functions v(P) of class A have continuous first order derivatives 
inside D;, and we can show by repeating word for word the arguments 
of [226] that v(P) has a regular normal derivative on J. 

We now define a class of functions A, forming part of class A. 
Class A, is the set of functions v(P) that possess the following pro- 
perties: functions v(P) are continuous in the closed domain D, and 
vanish on S, and they have continuous derivatives up to the second 
order inside D;, their Laplace operator Av being continuous as far as 
S. All the eigenfunctions v,(P) belong to class A,. If o(P) belongs to 
class A,, we can apply Green’s formula to integral (247), and in view 
of the fact that v(P) = 0 on S, we can write instead of (247): 


SS (02 + 02 + 02) dr. (249,) 
Dı 


We can therefore say that A, is the least value of this integral in 
class A, subject to the condition 


ff fedr=1, (249,) 
Di 


and this least value is attained with v(P) = v,(P). To obtain the 
following eigenvalues and eigenfunctions, we have to add the above- 
mentioned orthogonality conditions (248) to the eigenfunctions 
already obtained. It can be shown that Green’s formula: 


[{ Jott gt eb de=— J {Sododr 


where Av is the generalized Laplace operator, holds for any function v 
of class A. 

The above-mentioned extremal properties of the eigenvalues and 
eigenfunctions thus hold for the whole of class A. We shall prove in 
Vol. V that these extremal properties also hold in a much wider 
class of functions. 
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228, Helmholtz’s equation and the radiation principle. Let us take 


the wave equation: 
Ou 


oe =v Aw (250) 


and seek its solution as a steady sinusoidal state of given frequency: 
u= elt y, (251) 

We obtain Helmholtz’s equation for v: 
Av + kv =0 (k= @:a), (252) 


which looks more complicated than Laplace’s equation. Let us start by 
seeing the conditions that must be satisfied by the solution of this 
equation at infinity. This condition has already been mentioned in 
[III,, 154], where it was termed the radiation principle. We shall give a 
strictly mathematical statement of this condition in the present section. 
Suppose we have a steady state outside some surface S. We draw a 
sphere S, with centre at a point M lying outside S, and with suffici- 
ently large radius, so that 3 lies inside 9,, and apply Kirchhoff’s 
formula [IT, 202]: 


wats om deff] +f] SS a 


to the solution (251). i this formula, the integration is performed 
over S and S,. We have for solution (251): 


wae Dy; [Z ou) EDE [$] iwert, 


and we obtain when integrating over 9, an integral of the form 
—ikr ə . 
in = r (= + ikv) dS + E e~it dg, (253) 
Se Se 


where we have to put r = pọ under the integral sign. It is natural to 
require that the last expression tends to zero as pọ —> œ (the absence 
of a source of vibration at infinity). An elementary surface area of the 
sphere contains the factor 9, and the above condition is fulfilled if we 
subject v to two requirements: 


rv is bounded and (= + ikv) > 0 


as r — œ; these conditions have to be satisfied for any choice of the 
origin of the radius vectors 7 and uniformly with respect to the direction 


680 BOUNDARY VALUE PROBLEMS [228 


of these radius vectors. We shall make use of the following notation 
below. We write O(r*) for a magnitude x such that the ratio x: 7° 
remains bounded as r— œ, and o(r*) for an 2 such that x: r*° > 0 
as r —> co, the convergence being uniform with respect to the direction 
of the radius vector 7, independently of the choice of its initial point. 
The foregoing conditions can be written as: 


v=O(r); (254) 
et ikv = 0 (r7). (255) 


These conditions in fact represent the mathematical statement of 
the radiation principle in the three-dimensional case. The conditions 
take a similar form in the two-dimensional case: 


1 
sasok a: (256) 
ka + ikv = olm). (257) 


In the three-dimensional case 
oTi 


v (P) = (258) 


r 


is the basic singular solution satisfying the radiation principle, where 
r is the distance measured from some fixed point O to the variable 
point P. On differentiating solution (258) with respect to r, we see 
that it satisfies a stronger condition than (255), namely we can put 
O(r~-*) on the right instead of o(r-1). We assume here that the distances 
are measured in (255) from the same point O. We now verify (254) 
and (255), on the assumption that the distances are measured from 
another point O,, where we use the notation O, P = ọ. The fact that 
ov is bounded is an immediate consequence of the fact that 9: r— 1. 
We get (255) by simple differentiation of solution (258) with respect 
to ọ via r. We have here: 


or eos 
do osy, 


where y is the angle between the directions of r and ọ; using the 
formula for the square of the side OO, of triangle OO,P, we have: 


cosy = 1+ O(r-*). (259) 


In the plane case, the basic solution satisfying the radiation principle 
is H® (kr), where H(z) is the second Hankel function. We can prove 
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this simply by using the asymptotic expression for a Hankel function 
and the equation 


-T HP (2) = — HP (2). (260) 


Condition (257) will now be satisfied in the strengthened form, i.e. 
with O(r-’) on the right instead of o(r-2). We multiply this solution 
H® (kr) by a constant factor such that the singularity at 7 = 0 reduces 
to log 1/r. We thus obtain the solution: 


v = = HP (kr). (261) 


It can be shown, as above, that the radiation principle will also be 
satisfied by the solutions: 


H® (kr) cos my; H® (kr) sin mp (m = 1, 2,3,...). (262) 


229. Uniqueness theorem. A uniqueness theorem can be proved 
provided the radiation principle holds: if a function v satisfies outside 
a closed contour l both equations (252), the radiation principle at infinity 
and a homogeneous boundary condition on the contour l, say vı = 0 or 
dv] dn |, = 0, it is identically zero. 

We apply the formula 


[fe Au, — u, Aw) dS = ff(u — Uy =) ds (263) 
B, L 


to the domain B, bounded from inside by contour l and from outside 
by a circle 3, with centre at a fixed point and sufficiently large radius, 
and we put u, = v and uù, = 6, where 0 is the complex conjugate of v. 
Suppose v is continuous as far as l and has a regular normal derivative. 
The double integral vanishes by (252), and the integral over / vanishes 
by virtue of the boundary condition. The integral over S, remains, 
and the directions of n and r coincide on this contour. Condition (257) 
enables us to substitute 


a = — ikv + or); Z tol’), 


and hence we arrive at the equation: 


1 1 
2ik f |v|2ds + f o-olr?)ds + { B-o[r-2] ds =0. 
Sr S, 


S- 
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Since yro and |/7v are bounded as r — œœ, the last two terms tend 
to zero, and we have, on introducing the polar angle p on the circum- 
ference S;,: 


2n 
S| rodeo. (264) 
0 


We now apply Green’s formula to the solution v and to the first of 
solutions (262). The double integral vanishes as before and there remain 
the integrals over J and S,, so that the size of the integral over S, 
does not depend on r. Both our solutions satisfy the radiation principle; 
solutions (262) satisfy condition (257) in the strengthened form, as 
also does H® (kr). On using (257), as above, we find that the integral 
over 8, tends to zero, and since its size does not depend on r, it is 
simply equal to zero, i.e. 


(2) 
HQ (kr) [ 2 cos mp dp — RED fy cos mp dy = 0. 
Sy 


Ss 
If we put 
Im(r) = J veosmpdp, 
S; 
this gives 
, dH) (x 
HQ (kr) fm (r) = FEEN (0), 


whence fn(7) = Cm H® (kr), where cm is a constant. 
Similarly, we obtain for 


Im (7) = f vsin my dp 
Sr 


the expression g,,(r) = dm H® (kr), where dm is also a constant. The 
closure equation [3] and formula (264) show that, with fixed m and 
as r—> co: 


Cm Vr H® (kr) and d,, Vr H® (kr)—>0. 


But it follows from the asymptotic expression for HÊ(kr) that 
V7HEkr) remains greater in modulus than some positive number for 
large r, whence it follows that Cm = dm = 0, i.e. fm(T) = gm(r) = 0; 
and now it follows, by virtue of the closure equation, that v vanishes 
on the circumferences 9,. 

If l is a circle, we find by taking circles concentric with l as S, 
that v vanishes identically outside l, which is what we required to 
prove. With a general contour, the above arguments show that v 
vanishes in the neighbourhood of a point at infinity. We shall prove 
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later [230] that v(x, y) must be an analytic function, as for Laplace’s 
equation, and it will follow from the principle of analytic continuation 
that the vanishing of v at a point at infinity implies that v = 0 every- 
where outside 7. A uniqueness theorem can be proved for the three- 
dimensional case in essentially the same way. 


230. The principle of limiting amplitude and the principle of limiting 
absorption. It can be shown as in the previous section that the radiation 
condition produces a unique solution for the equation 


Av + kw = — F (P) (k > 0), (264,) 


defined throughout space. We shall assume that F'(P) is continuously differenti- 
able, is a function of a point of three-dimensional Euclidean space, is defined 
throughout the space and vanishes outside some finite domain D. Our solution 
is now given by 


—ikr 
o(Py=z-{[f- F (Q)aFg (r =|PQ|). (264,) 
D 


r 


We can also arrive at this by considering the non-stationary problem of the 
forced oscillations due to the action of a periodic force. In fact, it follows at 
once from Kirchhoff’s formula [II, 202] that 


v (P) aa Him u (P, t) et, 


where u(P, t) is a solution of the wave equation 
Au — Uy = — F (P) ett, 


satisfying the zero initial condition. We therefore say of the solution v(P) 
that it is “the limiting amplitude of the (transient) periodic vibration building 
up for large ¢ under the action of a periodic force.” This principle for originating 
solutions of equation (264,) is called the limiting amplitude principle. 

Another principle for producing solutions of equation (264,), called the limit- 
ing absorption principle (see V. S. Ignatovskii, Ann. d. Phys. 18, 1905), consists 
of the following process: a complex parameter —ie (e > 0) (the “‘absorption’”’) 
is introduced into the equation: 


Avg + (k? — ie) v, = — F (P) 


and we take the solution v,(P) that tends to zero at infinity (there is only one 


such solution): ir (a,—tb,) 
l eT Mag 106 
ve (P) = gz | | | = F @ ara, 
D 


where a, — ib, = Vk? — ie (a, > 0,6, > 0), where b,— 0 as e-— +0. As 
e — +0 the function v,(P) has a limit, which coincides with the v(P) given by 
(264,). 

The three principles, given here and in [228], for producing solutions in the 
elementary case under discussion, all lead to the same solution (264,), as we 
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have seen. They can naturally be expected to apply to more general bound- 
ary value problems for elliptic equations in infinite domains. The principles 
have different fields of application, however. Thus the radiation principle is 
suitable for the cases when equation (264,) is considered throughout space or 
in a domain # containing the point at infinity as an interior point [229]. If 
E is, say, the strip 0 < z < 1, equation (264,) has no one solution that vanishes 
for z = 0 and z= 1 and satisfies the radiation condition in the form (254) 
and (255) (F(Q) Æ 0). If these conditions are slightly modified, however, the 
problem does have a unique solution (see A. G. Sveshinkova, DAN SSSR, 
1950, 73, no. 5, The radiation principle [Printsip izlucheniya]). 

If the other two principles are applied without any modifications to this 
example, we can conclude that the “radiation conditions’? must depend on 
the form of the domain Æ at infinity. Certain considerations of a physical nature 
indicate that the limiting absorption principle is not always applicable in the 
above form if E narrows down rapidly enough at infinity. 

In general, the question of the applicability of the principles stated here 
has not been sufficiently investigated. Rellich’s work may be mentioned in this 
connection (Jahresber. der Deutsch Math. Verein., Bd. 53, 57), where the form 
of the “radiation conditions” is considered for equation (264,) in unbounded 
domains of various types; we may also quote A. Ya. Povzner’s The expansion 
of functions in eigenfunctions of the operator —Au + cu (O razlozhenii funktsii 
po sobstvennym funktsiyam operatora —Au + cu) (Mat. sbornik, t. 32 (74): 
1, 1953, 107— 156), which provides a basis for the limiting absorption principle 
for the equation 

Au +q (P) u + ku = — F (P) 
in unbounded three-dimensional space, and O. A. Ladyzhenskaya’s note [The 
limiting amplitude principle (O printsipe predel’noi amplitudy)] to be published 
shortly in Uspekhi Matematicheskikh Nauk. This note is concerned with the 
limiting amplitude principle for the above equation. 

It is clear from the works of Povzner and Ladyzhenskaya that the limiting 
absorption principle has a wider field of application than the limiting amplitude 
principle, at any rate in the form in which it is stated above. 

In fact, the limit of solutions vanishing at infinity of the equation 

Av, + g (P) ve + (k? — ie) v, = — F (P), 

exists as € — -}0 provided k? is not an eigenvalue of the operator Av + ¢(P)v; 
the limit of solutions of the corresponding transient problem, lim u(P, t) e`, 
t= 4-0 
may not exist if the operator has at any rate one eigenvalue. It ould be noted 
that c is called an eigenvalue of the operator Av -+ q(P)v if the equation 
Av + q(P)v-+cv = 0 hasa non-zero solution, the square of the modulus of which 
is integrable over the entire space. 


231. Boundary value problems for Helmholtz’s equation. The solution 
(258) of equation (252) has polarity 1/r at r = 0, and this makes it 
possible for us to construct a potential theory for equation (252) 
analogous to the Newtonian potential theory for Laplace’s equation. 
If r is the distance from a variable point N of surface S to a point P, 


231) BOUNDARY VALUE PROBLEMS FOR HELMHOLT2Z'S EQUATION 685 


we obtain in the three-dimensional case the following analogues to 
the potentials of a simple and double layer: 


o(P) = f fa) at as 
` (265) 


—ikr 
w(P)= | fani (as, 
S 
where n is the outward normal to S at the variable point N. On 
isolating the polar term 1/r from the kernel, we get the usual potentials, 
in which a passage to the limit as P approaches the surface is carried 
out in accordance with the formulae of [193] and [195]. The kernel 
that remains no longer has a singularity at r = 0, and we can pass to 
the limit under the integral sign. Formulae are thus obtained which 
are entirely analogous to the formulae of [193] and [195]: 


(EL) = 2m (No) +f feni o Jas 
sS 
(L22) = — zru i) + f| naea n 
Ono Je 0 E H RIA = 
and p 
os = ants janas, 
S 


(267) 


we (No) = — mu (No) + [Sam 2 (2 Jas, 
S 


the kernel of the integral in (266) being the value of the derivative 
with respect to the normal direction nọ at the point Ny, whilst in (267) 
the derivative is with respect to the direction of the normal n at the 
point N when P coincides with N,. 

In the plane case we have the simple and double layer potentials: 


»(P) = J u (N) Z- H® (kr) ds, 
i 


(268) 
w (P) = J u (N) -| = AP (kr) |as, 


and formulae similar to (266) and (267) hold for them, the factor 22 
on the right being replaced by x. These last potentials satisfy equation 
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(252), and by virtue of the special choice of kernel, each element of the 
integrals and the integrals themselves satisfy the radiation principle. 
We introduce the kernel 
f] —ikre —ikre the 1 
K (No N; h= 2E |= Sse } cos g, 


To 2ar? 


where g is the angle between the direction n and N,N. The transposed 
kernel will be 


—ikro — ikta (4 
K(N, Ny; k) =È (2 )= EED cosy, 


~~ Ono To 2rro 


where y is the angle between the normal no at Nọ and N,N. The 
Dirichlet and Neumann problems can be stated in the same way as 
for Laplace’s equation. 

The interior Dirichlet problem consists in seeking inside J the solution 
of (252) which satisfies on S the boundary condition: 


uls =f (No). 


The exterior problem can þe similarly stated; here, the radiation 
principle must be satisfied at infinity. In the case of the Neumann 
problem, we have the boundary condition: 


oe l = 4 Wo). 


It follows from the uniqueness theorem [229] that the exterior 
problems can only have one solution. The uniqueness is not true for 
all k in the case of the interior problems. 

The number k? is called an eigenvalue of the interior Dirichlet problem 
if there exists inside J a solution of (252) satisfying on l the homo- 
geneous boundary condition u |s = 0. The eigenvalues of the interior 
Neumann problem are similarly defined. 

If we seek the solution of the exterior Dirichlet problem as the 
potential of a double layer, and that of the interior Neumann problem 
as the potential of a simple layer, we arrive at the adjoint integral 
equations: 


u(No) + |f oN) KP, N; k) aS = — =f (No), (269) 
S 


u (No) + f fu (N) E(N, P; k) aS = — gf (No), (270) 
s 


where N, isa variable point of S. Suppose that k? is not an eigenvalue 
of the interior Neumann problem. We show that the homogeneous 
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equation (269) now has only a zero solution. We use reductio ad ab- 
surdum: let it have a non-zero solution. The homogeneous equation 
(270) now also must have a non-zero solution u¿(N). On forming the 
potential of a simple layer with density u,(N), we obtain the solution 
of equation (252) with the homogeneous boundary condition du/dn|,;=0. 
But this solution must vanish inside | because k? is not an eigen- 
value of the interior Neumann problem. Since it is continuous, the 
simple layer potential must vanish on J also; and now, by the unique- 
ness theorem, it must likewise vanish outside l. By a formula analogous 
to (54), 4o() must here be identically zero. This contradiction shows 
that, if k? is not an eigenvalue of the interior Neumann problem, homo- 
geneous equation (269) has only a zero solution, so that the non-homo- 
geneous equation is soluble for any f(N,), ie. the exterior Dirichlet 
problem has a solution in the form of a double layer potential for any 
F(N o). Similarly, if k? is not an eigenvalue of the interior Dirichlet 
problem, the exterior Neumann problem has a solution in the form of a 
simple layer potential. 

In a recently published book, Boundary Value Problems of the Theory of 
Vibrations and Integral Equations (Granichnye zadachi teorii kole- 
banii i integral’nye uravneniya), Kupradze has investigated in detail 
the steady state in electrodynamics and theory of elasticity, and in 
particular the problem of diffraction, which we shall discuss in the 
next section. This book also deals with the cases when k is an eigen- 
value of the interior Dirichlet or Neumann problem, and shows how 
solutions of the exterior problems are obtained in such cases. 

Let us now prove that every solution v(P) of equation (252) with 
continuous derivatives up to the second order inside some domain D 
is an analytic function of the coordinates. All we need do is show that 
v(P) is analytic inside some sphere S, with centre at any interior point 
P, of D. 

We try to write v(P) inside D as the potential of a double layer 
(265). An integral equation is obtained for the density u(N) of the 
layer: 


PN = Beh Wo) — 95 | [a ao (* eas, en) 


ON 


where f(N) are the values of v(P) on the sphere S,. The radius of this 
sphere can be taken so small that the equation 


~ ae [fac ) 2 (Shas (272) 
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has only a zero solution. Let us prove this. Let A, be the first eigen- 
value of the equation Au + 4u=0 with the boundary condition 
u |s, = 0 when S, is a sphere with unit radius. It may readily be seen, 
by performing a similitude transformation, that the first eigenvalue 
for a sphere of radius R is equal to (A, : R), and the number R can be 
taken so small that (A, : R) is greater than k*. The interior Dirichlet 
problem for the equation Au + k* u = 0 with a homogeneous boundary 
condition now has only a zero solution. Integral equation (272) is the 
equation for the density of the double layer potential which gives the 
solution of the homogeneous interior Dirichlet problem just mentioned. 
Since this problem has only a zero solution, we find by arguing ex- 
actly as in [207] that equation (272) has only a zero solution for a 
sphere of radius R. With this choice, we can assert that (271) has a 
solution, and we have: 


vP) = [few (= Jas (P inside So; r=|PN|) 
So 
or [II, 197] 
eTit 
_ Leeri le 


where R is the radius of S, and 9 =| P, P |. The integrand is an 
analytic function of the coordinates (x, y, 2) of the point P inside S,, 
and it follows from (273) that v(P) is also analytic in (a, y, 2) [cf. 159]. 
A similar proof holds for the plane case, where use is made of the sin- 
gular solution indicated below. 

We can form Green’s function for equation (252) in precisely the 
same way as for Laplace’s equation. In the three-dimensional case 
the basic singular solution of this equation can be written as (cos kr)/r. 
Green’s function, corresponding to the condition 


v ls =0 ’ (274) 
must be sought in the form: 


cos kr 
4ar 


G (P,Q; k?) = +g (P, Q; k?) (r =|PQ]|), (275) 
where g,(P;Q; k?) satisfies (252) inside D, and the boundary con- 


dition on 8: 
cos kr 
nr 


1(P, Q; k?) js = — (276) 


s 
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If k? is not an eigenvalue of (252) with boundary condition (274), 
such a function can be formed. 

In the plane case the solutions of (252) depending only on the 
distance r = | PQ | have the form Z,(kr), where Z,(z) is any solution 
of the Bessel equation corresponding to the zero subscript: 


n 1 t 
Zo (2) + = Zo (2) + Zo (2) = 0. (277) 
We take as a solution of this equation Neumann’s function [II], 214]: 


No (2) ==, (2) (log 5+ c) = 


= cy (zy (ttr Eosi 1). (278) 


The basic singular solution having polarity (1/27) log (1/r) will be 


— +N, (kr). (279) 


It follows from (278) that function (279) will contain, in addition to 
the polar term mentioned, terms of the form r?” logr (n= 1,2, ...) 
that include log r. These terms tend to zero as r— 0. It may easily be 
seen by direct differentiation that their first order derivatives with 
respect to the coordinates also tend to zero, and function (279) will 
have continuous first order derivatives at Q. Suppose that k is not an 
eigenvalue of (252) with a boundary condition of the form (274). 
Green’s function G,(P; Q; k?) is easily formed for equation (252) with 
these values of k. 
We shall seek this Green’s function in the form: 


G, (P, Q; B)=—ZNolkr) +9 (P, Q; k). (280) 


Since the first term on the right-hand side satisfies the equation 
and has the required polarity, the problem amounts to finding the 
term g,(P; Q; k?) such that it has no polarity, satisfies (252), and on 
the contour 7 satisfies the following non-homogeneous boundary 
condition: 


1 
91 lı = -F No (kr). 


Recalling that k is not an eigenvalue, a unique function g, is obtained 
that satisfies these conditions. 

Returning to the three-dimensional case, a formula connected with 
equation (252) must be mentioned. Let v,(7) be any singular solution 
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of this equation with polarity 1/r, and let v(P) be any function having 
continuous derivatives up to the second order in domain D; and as far 
as 8. By arguing precisely as in [II, 193], we get the equation: 


oe) = deff Ea 


where P is inside D and 7 is the distance from P to the point of integra- 
tion. If v satisfies equation (252), the triple integral is zero. Let us 
apply this formula to the case when S is a sphere of radius R and P 
is its centre, and let us choose v,(7) such that v,(2) = 0: 


v (r) = cos kr — cot ER sin kr ; 
0 r r 


We obtain as a result: 
sin kR 1 
ER v(P) = -px [J vas, 
S 


and the right-hand side represents the mean value of v over the sphere 
S. This formula generalizes the mean value property of harmonic 
functions. 


232. Diffraction of electromagnetic waves. A more difficult problem is 
presented by the diffraction of sinusoidal electromagnetic waves incident on 
a body with dielectric constant € and conductivity o. Let us take the plane 
problem. Let Z be the contour of the body, so that we have space outside J. 
Let B; and B, denote the parts of the plane lying inside and outside J. The 
problem amounts mathematically to finding the function E(x, y) satisfying the 
equations: 

AE+kiE=0 (in B); AE+kK2E=0 (in Bì, 
where 
we? — wot 1,  w? 


2 
kii= 2 


(281) 


w is the frequency of the incident wave and c is the velocity of light in vacuo. 
The function E represents in B; the complement along the Z axis of the electric 
intensity vector produced as a result of the incident excitation e!tA(x, y); 
in B,, E is the sum of the incident wave A and the wave obtained as a result of 
diffraction at the contour J, so that the difference (E — A) must satisfy the 
radiation principle. The given function A must satisfy throughout the plane 


the equation: 
AA + kA =0. (282) 


The boundary conditions are given by the continuity of E and 3E/ðn on 
passing through the contour. 
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We apply Green’s formula (263) to the domain B,, the functions E(Q) and 
G(P; Q0)= 5 E? (ker) (r =| PQ]), (283) 


on the assumption that P lies inside B;. Here, we isolate the point P by a small 
circle y, and denote the remaining part of : by B: 


i E AG — G AE) dS = E OF es oem) e+e Y agr) ds. 


a first of equations (281) and the analogous equation for function (283) 
give: 
E AG — GAE = (k? — ki)G (P ; Q) E (Q). 
Recalling that G(P; Q) has polarity log 1/r at r = 0, and indefinitely contract- 
ing the circle y, we arrive at [cf. II, 186]: 


2nE (P pagene P; Q)E(Q)ds Heata (284,) 


Let S, be a circle with centre at the origin and sufficiently large radius ọ and 
B’, the part of B, lying inside S,. On applying Green’s formula to Bi, and assum- 
ing that P lies in B;, we get: 


ae ee a 


If we now take P to be situated in B,, and apply the formula to B;, we get: 


0=( foe) ee @ Bq as+ [Bar — oor) (284,) 


Finally, if P lies in B, and we apply the formula to B}, we get: 
27E (P) = f(z pe -a = a E) as + | (an 20. -0 3) as. (284,) 
i 


The directions of the outward normals to I are opposed in (284,) and (284,). 
The same is true for (284,) and (284,). On adding (284,) and (284,), and also (284,) 
and (284,), term by term and remembering that E and 3E/ðn are continuous 
on passing through the contour J, we obtain the same formula for the cases 
when P lies in B; or in B,: 


27E (P) = (im) foe; Q) EQ as+[ (ee -0E Jas, (285) 
B; Se 


and it remains for us to pass to the limit as ọ tends to infinity. On applying 
Green’s formula to the circular domain bounded by S,, and to the functions 
A and G, and taking P to be an interior point of S,, we obtain: 

0G 0A } ds 


27A (P)=[(4 oe Oe 


Se 
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so that the line integral appearing in (285) is equal to the expression: 
dG (P, 
272A (P) + ffir @ =A aeea 
Se (286) 


-0 (P; Q) E [E Q — 4 (Q)]} as. 


We shall use the fact that the difference (E — A) satisfies the radiation principle 
to show, at the end of the next section, that our last integral must tend to 
zero, and (285) gives us: 
k? — k? 
E (P) =" [[a (P; QE QAS + AP). (287) 
B; 


If P is taken to lie in B;, the equation written is an ordinary integral equation. 
By finding E(P) from it, where P belongs to B;, and substituting the solution 
obtained in the right-hand side of (287), we obtain an explicit expression for 
E(P) for the case when P belongs to B,. We have obtained (287) on the assump- 
tion that a solution of the problem exists. Strictly speaking, we need to make an 
investigation of (287) and show that it has a solution if P belongs to B;, and 
that this solution is also a solution of our diffraction problem. This is in fact 
done in the works quoted at the end of the next section. A further point to be 
mentioned is that the integration is carried out in (287) over the whole of the 
domain B and not over the contour I. 


233. The magnetic intensity vector. Except for one modification, we have 
the same equations and conditions for the magnetic intensity vector H(z, y). 
Instead of 0H/0n being continuous on passing through J, (1/k) 0H/0n must be 
continuous, where k = k; in B; and k = k, in B,. In addition, the difference 
(H — B), where B(x, y) is a given function satisfying equation (282), must 
be subject to the radiation principle. We have equation (284) as before. On 
taking into account the required continuity of (1/k) 0H/dn, we multiply (284,) 
by 1/k3, (284,) by 1/k2 and add. We do the same for (284,) and (284,). On then 
passing to the limit, as above, we obtain: 


H(P) ki— 
a “ay [fos Q) H (Q) as + 


ace a) #@ CGP 5 OD) ag 4 BW) 


ki 


(P in Bì) 
H(P) ki 
ma aa [Jor Q) H (Q) dS + 
1/1 a Q) B (P) 
(ae r)a ® ds + m] 


(P in B,) 
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In view of the polarity of the functions G(P; Q) when P and Q coincide, the 
line integral written behaves like the potential of a double layer when P 
approaches the contour, and we cbtain for the case when P lies on the contour: 


1 1 1 
sata) = 


where the right-hand side is the same as in the previous equations. We can 
rewrite the three previous equations as the single formula: 


2 
HP) =e “flow: Q) H(Q) ds + 


tala) FOG s+ A, e8) 


where k? = k3 (if P is inside B;); k? = k? (if P is inside B,) and 


1 1/1 1 ; 5 
w= (ar +a) (if P is on 7). 

If P lies in the closed domain B,, (288) is a weighted integral equation [49], 
and the usual Fredholm theory is applicable to it. It can be shown that it has 
a unique solution and that this solution is in fact the answer to our diffraction 
problem. It should be noted that, if we can solve the above-mentioned integral 
equation, i.e. if we know H(Q) in the closed domain B;, (288) gives us H(P) 
in B,. 

We now show that the integral in (286) tends to zero as 9 + œ. We have 
from the asymptotic expressions for HE2) and H(z): 


0G (P; Q) 
Or 


We have to take P as fixed in future and Q as being in C,. We have: 


aG(P;Q) 0G dr _ aG 
de or de or 


=—ia(P;q +0679) Garg 


cos y, 


where we have expression (259) for cos y. 
Further, we obviously have 


O (r*) = 0 (e°), 
so that P 
ORs L —ik,G(P; Q) 4-0 (972). 

The integral in (286) can be rewritten as 
J= Pes ame tole ?)]— a [— ik, (E — A) + olr?) ]} as, 


or 


J =f [E — 4) -0le7?) +G- ole?) as = § [007 +0(r7h] ds, 
Se Se 
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whence it follows immediately that J — 0. An investigation of the diffraction 
problem can be found in the following works: 

1. V. D. Kupradze. Boundary Value Problems of the Theory of Vibrations and 
Integral Equations (Granichnye zadachi teorii kolebanniti i integral’nye urav- 
neniya). 

2. Sternberg: Anwendung der Integralgleichungen in der elektromagnetischen 
Lichttheorie (Compositio Matematica, vol. 3, f. 2, 1936). 

3. Freudental: Ueber Beugungsprobleme der elektromagnetischen Licht- 
theorie (Compositio Matematica, vol. 6, f. 2, 1938). 


234, The uniqueness of the solution of Dirichlet’s problem for 
elliptic equations. We shall prove an auxiliary proposition on matrices 
before turning to the subject indicated in the heading. 

Lemma. Let A and B be two real square symmetric matrices, all 
the characteristic roots of A being positive. If all the characteristic 
roots of B are not positive, the trace of the product AB will be a non- 
positive number: Sp(AB) < 0. If all the characteristic roots of B are 
non-negative, Sp(AB) > 0. 

Let U be the matrix of the orthogonal transformation reducing B 
to the diagonal form, i.e. U BU ~1 = [ iù}, Ho, ---, Un], where p; are the 
characteristic roots of matrix B. We know that 


Sp (AB) = Sp(UABU~) = Sp (U AU- 1U BU ~) 


[III,, 27] and that the real symmetric matrix A’ = UAU -~ has the 
same characteristic roots as A. All these are positive by hypothesis, 
so that the quadratic form 


er 
> {A Yir Ei Fe 
i k=l 
is positive definite. On putting s = 1 and the remaining &; equal to 
zero, it is seen that {A’},, > 0 (s = 1, 2, ..., n). On the other hand, 


Sp (4B) = Sp (4' (uy Ma -> -> Bal) = X {4} tte 


s=1 


whence it follows directly that, if all the us < 0, then Sp(AB) < 0, 
whilst if all the uç > 0, then Sp(AB) > 0, and the lemma is proved. 

A further fact must be mentioned, which we shall require below. 
Let u(P) = U (£, £o -.-;%n) be a real continuous function defined 
inside a domain D of space (2, 2, ...,%,) and having continuous 
derivatives up to the second order inside D. Suppose that u(P) has 
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a maximum at some interior point P, of D. In this case the real sym- 
metric form 
n 

D Ux,x, (Po) é: Er 

i,k=1 
cannot take positive values [cf. IIL, 35], i.e. all the characteristic roots 
of the real symmetric matrix Uxx (Po) are non-positive. Similarly, 
they are non-negative at a minimum point. 

We take the linear elliptic equation: 


n n 
L (u) = > Git Uxx + > 5: Ux, + cu =f, (289) 
i; k=1 i=1 
where air, bi, c and f are taken to be continuous functions in some finite 
domain D. We assume that the quadratic form 


> Gin Èi Fx 


i k=t 


is positive definite in D. We remark that the sum 


n n 
D arts = > 


i, k=1 k=1 


n 
Dar | (290) 
i=1 


is the trace of the product of the real symmetric matrices || a;, || and 
|| uxx, ||, the function u(P) being assumed to have continuous 
derivatives up to the second order inside D. The uniqueness of the 
solution of Dirichlet’s problem for equation (289) is based on the fol- 
lowing theorem. 
THEOREM. If c< 0 inside D, every solution of the homogeneous 
equation 
L(u) = 0 (291) 


lacks either a positive maximum or negative minimum inside D. 

We use reductio ad absurdum. Let u(P) have a maximum u(P,) > 0 
at a point P, inside D. All the first order derivatives must vanish at 
this point, and equation (291) gives 


Qik Uxx = — CU (at the point P,). (292) 


It follows from the condition for a maximum that all the character- 
istic roots of the matrix || uxx, || are non-positive, and by the lemma 
proved above, the left-hand side of (292) is < 0, whilst the right-hand 
side is positive, since u(P,) > 0 by hypothesis, and c(P,) < 0. This 
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contradiction proves the theorem. The impossibility of a negative 
minimum may be proved in a similar way, or this case can be reduced 
to the previous one by replacing u by (—u). 

It can similarly be shown that, if f(P) > 0 inside D, the solution of 
the non-homogeneous equation cannot (289), have a positive maximum 
inside D; and if f(P) < 0, it cannot have a negative minimum. 

It follows immediately from the above theorem that, if c < 0 inside 
D, the solution of the Dirichlet problem for equation (289) is unique. 
For, let u,(P) and u,(P) be two solutions of equation (289) inside D, 
which are continuous in the closed domain D and satisfy on the 
boundary S of D the same boundary condition 

u |s = p (P). (293 ) 
The difference v(P) = u,(P) — u {P) must now satisfy the homo- 
geneous equation L(v) = 0 and vanish on S. It follows from this, by 
our theorem, that v(P) = 0 in D ie. u,(P) = u,(P) in D. For, if this 
were not the case, v( P) would have to have positive maxima or negative 
minima (or both) inside D, and this is impossible by virtue of the 
theorem. The uniqueness of the solution of the Dirichlet problem can 
be proved with the assumption that c < 0 inside D. In this case we 
replace the above-mentioned function v(P) by a new function w(P), 


where 
v = (a — e #) w, (294) 


and the numbers a and f, which are defined below, are such that the 
difference a — e~** is positive in D. On substituting (294) in the 
equation L(v) = 0, we obtain an equation for w of the form 


n n 
D Ginx + Xba H w=, (295) 
i,k=1 i=l 
where the b;, like the b;, are continuous in Dand 
ae ent ho = ; (296) 
a—e 7 


and, by (294), w = 0 on 8. 

Since a; > 0 in D, we can choose f so as to have b,8 — a, P < 0 
in D; then we choose a so large that a — e > 0 in D. We now have 
c’ < 0 inside D in equation (295), and we can apply our theorem to 
the function w(P), which vanishes on S; this gives us w(P) = 0 in D. 
But it now follows from (294) that v(P) = 0 in D. 

The assumption that c < 0, is essential for the uniqueness of the 
solution of the Dirichlet problem. It is easy to quote an example 
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when, with c > 0, the homogeneous equation L(v) = 0 has a solution 
which vanishes on the boundary S but is not identically zero. Let us 
take as our example the equation 


Vax + Vexa + 2k = 0 (297) 


and consider it in the square 0<4,<a2, 0 < x, < a. If k is an 
integer, (297) has the solution 


v = sin kz, sin kz, 


which vanishes on the boundary of the above square. We recall that 
the equation 
Av + dv = 0 (298) 


has in general an infinite set of positive eigenvalues A = 4; å = å, 
..., Such that, with 2 = åp, the equation has solutions which are not 
identically zero and which vanish on the boundary S of the given 
domain. 

Note. The above results can be used to obtain certain inequal- 
ities for the solution of the Dirichlet problem. We shall indicate the 
simplest of them. 

Let u(P) be a solution of the problem 


L(u) =f inside D; uly =O. (299) 


We take c < 0 in D. Let u denote the least value of | c | and M the 
greatest value of | f | in D. 

We introduce a function v by putting v = u + k, where k is a 
constant. We have: L(v) = L(u) + ck = f + ck, so that v(P) is a 
solution of the problem 


L(v) =f-+ ck inside D; vis=k. (300) 


Suppose first that k = M/p. Then f + ck < 0 in D, and the solutions 
of the equation L(v) = f + ck cannot have negative minima inside D. 
But oP) is equal on S to the positive constant M/u, whence it follows 
that v(P) cannot be negative, i.e. v = u + M/u>0oru> —M]u. 
Similarly, by putting k = — M|u, we get u < M|u. Finally, we can say 
that the solution of problem (299) (if it exists) must satisfy in D the 
inequality: 

juj < Ž. 

u 


We now take the problem 
L(u)=0 inside D; uls =p (301) 
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and write N for the greatest value of | g | on S. On again putting 
v= u + k, we arrive at the problem 


L (v) = ck inside D; vls=o+k. (302) 


We put k = N. Since we are assuming c < 0 inside D, the function v 
cannot have negative minima inside D. We obviously have p + N > 0 
for the boundary values of v(P). Hence it follows, as above, that 
v=u+N>0,ie.u > —N. Similarly, by setting k = —N, we get 
u < N, i.e. for problem (301): |u| < N in D. 


235. The equation Av — Av = 0. We consider the equation 
Av — w= 0, (303) 


where À is a given positive number, and pose the interior Dirichlet 
problem with the boundary condition 


vls=f(N). (304) 


The solutions of (303) can have neither positive maxima nor negative 
minima inside D; [233], and hence it follows that the solution of this 
Dirichlet problem is unique. 

If the function f(N) satisfies the inequality —a < f(N) < b, where 
a and b are positive numbers, the same inequality must be satisfied 
in D; by the solution of the Dirichlet problem. 

Let us first take the non-homogeneous equation 


Av — dv = — 9 (P) (inside D;) (305) 
with the homogeneous boundary condition 
v|s =0. (306) 


We assume that g(P) is continuous in the closed domain D; and has 
continuous derivatives inside D;. Problem (305), (306) is equivalent 
to the integral equation [cf. 224]: 


v(P) = —Af ff GP; Qedr fS f G(P;Q)e(Q)de, (307) 
Di D; 


where G(P; Q) is Green’s function for Laplace’s equation with boundary 
condition (306). Since (—A) isa negative number, whilst all the eigen- 
values of the kernel G(P; Q) are positive, equation (307) has a unique 
solution whatever the function ¢ and this solution is the solution of 
problem (305), (306). 
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We now turn to the solution of the Dirichlet problem (303) and 
(304). Let w(P) be the solution of the Dirichlet problem for Laplace’s 
equation with boundary condition (304). The function 

u(P)=v(P)—w(P) (308) 
must satisfy the equation 
Au — du = hw 
and the boundary condition 
u | = 0 . 
We have just proved the existence of the solution of this problem. 
Knowing u(P), we can find the solution v(P) of the Dirichlet problem 


in accordance with (308). 
The basic singular solution of (303) is 


e` ar 


v (P) = , (309) 


r 


where r is the distance of a point P from some fixed point Q. A potential 
theory, similar to that of [230], can be constructed on the basis of 
this solution. We shall not dwell on this, and pass on to determining 
Green’s function. 

Green’s function G,(P, Q; å) of equation (303) with boundary con- 
dition (306) is a function of the point P, continuous inside D; and as 
far as S, except at the point Q, having continuous derivatives up to 
the second order everywhere inside D; except at Q, satisfying equation 
(303) inside D; and boundary condition (306) on S, and of the form: 

e- Yar 
+9 (P, Q; 4), (310) 


4ur 


Gy (P,Q; 4) = 


where g,(P;Q; 4) has continuous derivatives up to the second order 
everywhere inside D;. The function g (P,Q; å) is the solution of 
Dirichlet’s problem for equation (303) with the boundary condition: 


91 (P,Q; a) (311) 


s áar |s 


It can be shown, precisely as in [220], that g,(P, Q; 4) is a continuous 
function of the pair of points P and Q, and that the inequality holds 
inside D;: 
e7 Var 
0<G,(P,Q;4) < 


Anr 


(inside D;; r =| PQ|). (312) 
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Furthermore, the symmetry of G,(P, Q; 4) can be proved in the same 
way as in [221]. 
The solution of equation (305) with condition (306) can be expressed 
by 
= f f { G, (P,Q; 4) p (Q)dr. (313) 
Di 


This is proved as in [224]. The integral 
fff (P.Q; 4) pQdr 
D; 


satisfies inside D; the homogeneous equation (303) [224]. The integral 
with the singular part can be written as 


[o= fa Sf i)o 
D 


i 


Poisson’s formula is applicable to the first term, whilst the polarity 
is isolated in the second term and double differentiation is possible 
under the integral sign. Hence it follows at once that application of 
the operator (A — å) to (313) gives [—ọ(P)]. Boundary condition 
(306) for function (313) may be verified as in [224]. 


A different approach to the concept of Green’s function namely the one 
used in [172], is possible. We take the non-homogeneous equation (305) and 
assume that p(P) vanishes everywhere except on a sphere D, with centre Q 
and small radius €, where 


SS So (Pyar =. (314) 
De 


Turning to integral equation (307), we can write its solution in the form [8]: 


= f f f R (P, Q; 4 p (Q) dre, (315) 
Di 


where R(P, Q; å) is the resolvent of equation (307). On taking into account 
the definition of p(Q’), we can anticipate that the left-hand side of (315) tends 
to G (P, Q; å), and the right to R(P, Q; A) as € tends to zero, so that 


G, (P, Q; 2) = R(P, Q; A), 


i.e. Green’s function G (P,Q; 4) is the resolvent of integral equation (307). 
This leads naturally to the relationship: 


G, (P, Q; 4) = G(P, Q) —AS SS G(P, Q)G (Q, Q; 4) dro, (316) 
D; 
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which can easily be proved on the basis of the fact that the difference 
H(P, Q) = G,(P, Q; 4) — G(P, Q) satisfies the equation AH(P, Q) = AG,(P, Q; a) 
and the boundary condition (306) and retains its continuity at the point Q. 
But we have had an expression for the resolvent as a series in eigenfunctions 
of the kernel [30], which gives us in the present case: 


re a 4 2, vk(P) ek (Q) 
iis O ar 


where 4; and v;(P) are the eigenvalues and eigenfunctions of the kernel G(P, Q), 
ie. of equation (231) with condition (232). Comparison with (316) gives us 


Je P; Q')G, (Q, Q; 2) dto = 2 R., (317) 


We have no strict basis for what has been said above. A proof 
will now be given of (317), which we shall require below. 
We first of all recall that the series 


eae | 
>r 


k=1 


(318) 


where A, are the eigenvalues of the kernel G(P; Q), is convergent. 
We find the Fourier coefficients of the function G,(Q’, Q; 4) with 
respect to the eigenfunctions of the kernel G(P, Q): 


ea (Q’, Q; A) vr (Q) dt. 
On substituting v,(Q’) = — A v,(Q’)/A,, we obtain 
Ay hy = — SiS Gy (Q’, Q; 2) Avy (Q’) dtg. 


It follows from the last two formulae that 


(Ay + A) ame es (Q, Q; A) [Ao (Q) — Av, (Q’)] dro. (319) 


On taking into account the symmetry of G,(Q’,Q; 4) and the fact 
that (313) gives the solution of equation (305) that satisfies condition 
(306), we can say that the right-hand side of (319) is equal to v,(Q). 
In the present case the role of p(Q) of (313) is played by 


— [Av (Q) — Av, (Q’)] = (A + Ay) 0% (Q’). 


This function has continuous derivatives inside D;, and if we take 
it as the right-hand side of equation (305), the solution of this equ tion 
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that satisfies condition (306) (such a solution is unique) will be 
v(P) = v(P). Formula (319) gives: 


__ VQ) 
ee (320) 


The right-hand side of (317) is therefore the Fourier series of the 
left-hand side, this latter being a function expressible in terms of a 
kernel. The series on the right-hand side of (317) is regularly con- 
vergent with respect to P for any fixed Q. This follows from the 
inequalities: 


IE SSSR oao; Suce 


precisely as in [22]. The first of these formulae expresses the closure 
equation for the function G(P, Q) [225]. We remark further that the 
left-hand side of (317) is a function of points P and Q continuous in 
the closed domain D;. The proof of this follows the same lines as 
the proof in [II, 200] that the volume potential and its first order 
derivatives are continuous. We remark that the term with greatest 
polarity in the integrand of the left-hand side of (817) is equal to 


eo 


rr’ ’ 


where r and 7’ are the distances of Q’ from P and Q. 
The validity of (317) follows from what has been said above. When 
P and Q coincide, we obtain the formula: 


2 dee 7; gD, sM G (P; Q’) G,(Q', P; â) dto, (321) 


the series being uniformly convergent in the closed domain D,, since 
the right-hand side is a continuous function of P by what has been 
said above [23]. Integration of (321) over D; gives: 


a 1 me 
a ty a A) dr, (322) 
where 
= [ff G(P; Q) G (Q, P; å) dro. (323) 
D; 


We shall use (322) when investigating the numbers A,. 
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236. An asymptotic expression for the eigenvalues. As a pre- 
liminary, we must discuss certain properties of the function »(P, A). 
In view of the inequalities for G and G,, we have: 


e~ Var 
ly al< fff mde (=| PQI). (324) 
D; 


On integrating over the whole of space and introducing spherical 
coordinates with centre P, we obtain: 


co n 2a 
1 ae 
ly (P, a)| < saa | f fe- sin 0 ar dô dy = 
600 


1 
gp 6® 


We now show that the product Vå p(P, 2) tends uniformly to 1/47 as 
À —> + in any closed domain D’ contained inside D,: 


Vay (P, a ) + uniformly in D’. (326) 


On taking into account the boundary values of g(P, Q) and g,(P, Q; 4) 
on S, we obtain the inequalities: 


1 e- Var i f 
>g (P; Q) > — -Ir > 0 >g (P,Q; 2) > — Anr’ (P in D’), 


where r’ is the distance from the boundary of D’ to S. We have: 


Vip (P, a) = alte P:@|[ 5 —+alP, Q; a| dro. 


We remove the brackets and split the integral into four terms: 


ae -yir 
[Vaf ffo e: Q) g: (P, Q; 4) dra| < VA, volume of D;, 
D; 


whence it is clear that the integral on the left tends uniformly to 
zero when A —> +œ if P belongs to D’. We have further: 


| AIRS gı (P. Q; A) drg] <a oa es dro 
Di 


and the integral on the right does not exceed a certain constant for 
any position of P in D;, whence it follows that the integral on the 
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left tends uniformly to zero. We can consider in precisely the same 
way the integral: 


eee (P; Q) dro. 


It remains to consider the integral: 


yal ff a dro (327) 
D 


and to show that it tends uniformly to 1/4% if P belongs to D’. Let 
D, and D, be spheres with centre P and radii equal to 7’ and the 
diameter d of the domain D;. We have: 


VAP ame ara < VA S Fae tro < VAS SS So. 


We express the integrals over D, and D, in spherical coordinates with 
centre P and introduce the new variable ọ = Ar. Hence we arrive 
at the inequality: 


us ya : 
Eie e™ dọ < ane A, g TNE 


The extreme terms tend to 1/47 as A— +, and they do not depend 
on the position of the point P in D’. It follows at once from this that 
integral (327) tends uniformly to 1/42 in D’, and our assertion (326) 
is therefore proved. On taking (325) into account, we can take D’ 
so close to D; that the integral of /Ay(P, 2) over (D; — D’) is less 
than «/2, where € is a given positive number. On the other hand, 
by (326), we have for sufficiently large A: 


{ivi ) dt — a < -F> 


where v’ is the volume of D’, whence 


Ma — se) <z 


where v is the volume of D;. Hence it follows that 


lim [ff Viy P, hdr = Zz. 


Atop, 


gz) te, 
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and, by (322): 


The employment of this formula for deducing an asymptotic expression 
for 4, is based on the following theorem: 


THEOREM. If the series 


= 3-45 (cp> 0; A_> 0), (329) 
k=1 *¥ 
where 0 <4, < AQ <...,4,, > ©, és convergent for A> 0 and 
lim 4s (4) = H, (330) 
j++ 
hen 
k= (331) 


fee oo i ARR. 


the summation in the last sum being over the k for which 4, < A. 
We apply this theorem to series (328). In this case c, = 1/A, and 
H = v/4x, and we get: 


lim —L Layee 
ita Va ugh Ag 2n? 
or what amounts to the same thing: 
>> = ga V+ e (4) VA, (332) 


ASA 


where ¢(A) > 0 as A-> + co. If we take A= ån, we obtain: 


n 1 — —- 
z= sat Van + En Van (€,—> 0). (333) 


k=1 


We use the notation: 


and write ọ (A) for the left-hand side of (332). This latter is a non- 
decreasing function of A: 


p(A)=0 for A<A, and y(A)=o,, for Ay <A<Any,. (334) 
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We deduce an asymptotic expression for An with large n. We have: 
n 1 
n = D Aei 91 (dy — a) + 0, (Aa — Ag) + ERS, + 
kal 


+ On-1 (Ant Dg În) + On Ane (335) 


The non-decreasing function 


p (A) = sy VA + e (4) YA (336) 


is integrable over any finite interval, and hence the second term on 
the right is also an integrable function. We have by (332) and (334): 


An 


f p (2) dA = oy (Ay — Ay) + 03 (Ag — Ag) tee F Ona (An — Any) = 
0 
an 


+ fea) yada. (337) 
0 


It may easily be shown that 
an 
<r; | e Vido as noo. (338) 
7 0 


Let ô be a given positive number. We fix p so large that | e(A) | < ô 
for 4 > 2p. We have: 


An 
fe (4) Adal < 
0 


whence it follows that 


7; Fjo (2) Vda | < 


< fie (a) |Vda + 26 (an? = Ap A (n> p), 


dp ig 
< 56+ [ge lOa- a | 
" 6 


34,2 
With sufficiently large n the absolute value of the square bracket is 
< 4/3, i.e. 


An 


sy fe (a) Yada 


n g 


< 6 for large n, 


whence (338) follows. We thus obtain, by (337): 


a, (Ag — Ay) + Oy (Ag — Ag) +- + -+ On- (An — Any) = Bn? ey AM 2+ En An, 
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where eh—> 0 as n—> œ. On substituting this in (335) and using 
(333), we get: 


n = ay Ait + en Ail, (339) 
where en —> 0. Hence 
2 2 
672n \3 6. n\ 3 
no(a ay t 
and finally, 
: 2 
a ( Sain 7 + el nè (e > 0). (340) 


In the case of a plane domain the result has the form: 
4 ttt 
A, = =e + en, (341) 


where S is the area of the domain. 
Thus it all comes down to proving the theorem on series (329). 


Carleman used the method described above in his article “Ueber die asympto- 
tische Verteilung der Eigenwerte partieller Differentialgleichungen”’ ( Berichte 
der Sächsisch. Akad. der Wiss. zu Leipzig. Math. Phys. Klass, Bd. LX XXVIII, 
1936) to obtain asymptotic expressions for the eigenvalues of equations of a 
general type. 

His results are as follows. Suppose we have the expression: 


3 Fu 3 du 
L(u)= Qn Fn an, T D r Og T” (agp = apg)» 
ren Oxy Og A Lp 
where ap 4, and a are given real continuous functions in the closed domain 
D of space (x, X», £3). Further, let the quadratic form 


3 
X ae pq 
Ps=t 
of variables é% be positive definite if the point (x, £z, x3) lies in the closed domain 
D. We consider the boundary value problem: 
L(u) + Au=0 


with condition (302). It has an infinite set of eigenvalues, which may in fact 
be complex. There is only a finite number of eigenvalues in any bounded part 
of the plane, and if these are arranged in order of non-decreasing modulus, the 


formula holds: 
ee eee f f f dv 
ave ae Ga JS) VA’ 


where A is the determinant consisting of the elements ap}. We remark that, since 
the quadratic form is positive, A > 0 and the right-hand side of the last formula 
is real. 
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In Courant and Hilbert’s Methoden der Mathematischen Physik, Vol. 1, 
the asymptotic expressions obtained above for the eigenvalues 2, 
with large n for the equation A u + 2 u = 0 are established with 
the aid of the extremal properties of the eigenvalues. We explained 
this method in [188] for the case of a single independent variable. 
It becomes more difficult to apply in the case of the equation 
Au + łu = 0. 


237. Proof of the auxiliary theorem. Before turning to the proof 
of the theorem of the previous section, we must establish some 
auxiliary formulae and prove a number of lemmas. 

We introduce the following notation: 


p= Şar; (342) 
PINE, 
On = (An) = F er. (343) 
k=1 


The summation in (342) is carried out over the k for which a, < å. 
The function g(A) is a non-decreasing, non-negative function of A: 


y(A)=0 for <å; G(A)=on for Ag<A<Ams,. (344) 
Since A, + À < 2A for A, < À, we can write: 


<2 S7% 


ASÀ 
and we obtain on taking (330) into account: 
=0 (V), (345) 
i.e. the ratio ¢(å) : V3 remains bounded as å —> œ. We have further: 


n n-l l 1 o, 

g Ck n 
St = S oalr ay) Anta’ 
k=1 K 


k=1 


where 
Ak ss 


1 1 
ag th Meath J EFI?’ 


k 


and we can write, on taking (334) into account: 


E: h plz) 
k 
2 ey Eee J +A dx w+ ata 
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But o, = (ån), and it follows from (345) that on : (A, + 4) > 0 as 
n —> co, so that the last formula gives: 


s()= Say = PO) dae. (346) 
0 


It follows at once from (345) that the integrand is of order 1/2 
as x —> œ. For the sake of brevity we introduce the following notation. 
If y(A) =a 2? + e(2) 2°, where «(A)» 0 as å—> œ, we shall write: 
w(A) ~ a d° [ef. IIL, 106]. Let us prove two lemmas: 

LEMMA I. If f(A) is defined for all sufficiently large positive 4, has 
a continuous derivative, 4 f’(A) does not decrease as i increases and 
f(a) ~ a4 (q > 0), then f(A) ~ aq at}. 

We shall first prove this lemma for a = 1 and q = 1. We have 
f(A) ~ A and we want to prove that /’(A) ~ 1, i.e. that f’(A) > 1 as 
À —> œ. 

Suppose that the reverse is true. If /’(A) does not tend to unity, 
there exists a sequence of A, such that Àn —> œ and f’(A,) > h, where 
the number h differs from unity. Suppose that say h > 1. Let y be 
a positive number. Since À /’(A) is a non-decreasing function, we can 
write: 


dy + yh j T 
À 


n 


Anf (A. yeaa F An) 
n n 
== J y= oe + 7). 


The right-hand side tends to the number A/y log (1 + y), which is 
greater than unity if we take y sufficiently close to zero. But it follows 
at once from f(A) ~ 4 that we must have: 


Ont red A a, 


This contradiction in fact proves the lemma for a = q = 1. We turn 
to the general case. Putting u = 2f, we replace f(A) by the new 
function: f(u) = (1/a) f(u). We have: 


1 


fiu) ~ u(u—> œ); efi (uw) = ar (ua) = Z (A). 
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Therefore u fi(u) is a non-decreasing function, and we can apply to 
f(u) the lemma for a = q = 1, whence it follows that 


f . È LSG Ea 
Awl, ie ç” f’ (ua) ~1, 


so that {’(4) ~ aq 47", which proves the lemma. This present proof 
remains in force even with h = œ, 
We consider the integral 
æ „Pta 


nelga u + pea d 


(p= 1, 2,...). (347) 


We carry out the change of variables: u = x/(1 — x) and transform 
the integral to the form [III 72]: 


K, -fai (1 ee ade = i G +3) r(e +z), (348) 
0 


T (2p + 2) 
Lumma II. Let 
l1—a p+ l+a p+ł 
K, = = du ; K dp; 
Pi1 , Pp, 2 ? 
J (u + 1+? eg (HH LPF 
= eta 
= | aa w+ pe 4 


where 0 <a < 1. Here, 

Kp ı<ôpKp; Kp > —ôp)Kp; Kps <p Kp (349) 
where ôp, 6p and 6,”, which depend on the choice of a, tend to zero as 
p>. 

We have had Stirling’s formula [ITI,, 75]: 
T (2) = 2a 77? e= [1 + e(2)] (e(z) +0 as z—> + œ). 
We obtain by applying it to the right-hand side of (348): 


3 y+! 1\p 
Pre P+ 
K, = |2a27#2-” ( 7) +3) (1 + €p) 
P+) =? 


where ep—> 0 as p—> œœ. The fraction written, multiplied by \p, 
tends to unity as p— œ, and we can write: 


K, = Ap? (1 +e) (e,-»0), (350) 
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where A = 2x 2-3/2, The function u : (u + 1)? has a maximum equal 
to 1/4 at u = 1, whence it follows that 


l—-a 1 wo i 
> u? u? 
Cae e <! [a 
ò ò 
where 0 < k < 1/4, and k depends on the choice of a. We thus obtain: 
Kp 1 < 4k, (351) 
where A, = 2/2, and similarly: 
K, 3< 4k. (352) 


We have k? = (1/4 — 45)?, where 6>0 and depends on the choice of a. 
It follows from what has been said that kP - 2°? p12 — (1 — 6)? pt2? — 0 
as p— co, and on taking (350), (351) and (352) into account, we get 
inequalities (349) for Kp, and Kp 3. We have further: 


Kp 2 = Kp — Kp. — Kp, > Ky — (p + òp) K 


whence inequality (349) follows for Kp, and the lemma is proved. 
We turn to the proof of the theorem stated in [236]. By the hy- 
pothesis of the theorem: 


oo 


1 
Jerre a~ Hi?, (353) 


We consider the function /?s(4) and show that its derivative is 
positive and does not decrease when å increases: 


es, Aap (x) =e ug (Au) 
ales] =| re de -ajeta u y 


It follows at once from the last expression and the fact that g(x) 
is non-decreasing that the derivative on the left-hand side is positive 
and non-decreasing. We can therefore apply Lemma I to the function 
22 s(å) and obtain, on taking (353) into account: 
d 1 
T [sA] ~ > H a, 
whence 


= = g (x) OEA 
2 eer pe t >HI (354) 
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We obtain further: 


, 1 3]o u (4 
— 2B 8! (1) ~ 5 Hah, -J [Be (4)] =2- of wer du 


and can again apply Lemma I to the function — 2° s’(å): 


whence, on performing the differentiation and using (354), we obtain 


a g(t) ga 1 8 at 
=a ear ogg. (355) 


On proceeding further in this way, we arrive at the formula 


_ 1yms™m{(})— ae g (x) d o E3. Cm- I) a a 
CoM ata NI Nace gee gar 


We now consider the asymptotic behaviour of the integral 


Po gP 
J, (A) = ah is dx (p>) (357) 


for large 2. We have: 


A P 
ENR oar), = $ (") ou 
(wate wat lp) (w+ aerate ° 
where 
8 p(p—1)...(p—s4]1). 0) 
(J= s! , (=; 
so that 


-ZO o pm 


On taking (356) into account, we get: 


-p-} B s(8) 1-3... (2p + 28 + 1) 
ved eS od) (3) (p +s +41)! 2P+S 
(358) 
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The first of these formulae can be written as 


1 
1 p+s+s) 
wy wares. Says? ( 2 
Tpyw HAP A peer eon) 
We now prove the formula: 
1 
Plpts+s 
l p 2 2 a 
> (—1)°(5) ( | 2x, (360) 
jn = Pp) T(p+s+ 2) x 
This is done by considering the ee 
, (361) 


L= | p (x + pwr d 


which, with the aid of the substitution « = Au, reduces to the form 


1 

% p+i 
1 f u ? 1 

= du = K,. 

Po p+ gg tae p+” 


(362) 


We have: 


eaer 


and integral (361) can be rewritten as 


oo 1 
Ly 2(— UG) # [paper 


oo 


p 1 
= l Nsfs uz : 
E =(—)) blerp” ee) 


On using the substitution u = v : (1 — x), we obtain 


paji =r z) Ir(p+s+2) 


r ui ` i Pts—3 d _?(s)r(e +e +5) 
lee 7 


and we substitute this in (363): 


eS (p+ xt 
L= Š- v(i) Le 


244P +3 s=0 
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On comparing this with (362) we get (360), and (359) takes the form: 


1 


J, (a) ~ FAP 4K, (364) 


or 
2H ,-p-Ł} 

Jy (A) = 1 PEK (1 +M), (365) 
where 7, depends on p and å, and ņ,— 0 for fixed p as Ao. 
The integral J,(A) can be written as the sum of four terms: 

oe i (1—a)å (1+a)å æ 

— x pir 
Jp m=] (w + 4)? te eae Í + ate 
0 1 (l-a)A  (1+a)a 
=Jpot+TpitIp2tIps: (366) 
where 0 <a < 1. It follows from (345) that 
o<) < AV, 

where A is a constant, and consequently 


x 


DITA de= 41’ K,,, 


(a + Ayre 
whence, by Lemma II: 
2H ,—p-i 
Jp at *K pp» 


where np depends on p and a and 7) — 0 as p— œ with fixed a. 
We obtain in the same way: 


ey oe 
Jp = -z 4 i +K pnp» 


where np is analogous to np. We have for Jp: 


? d o B ai 1 <B 
TeS (+4 2p4l Fae (1+ AP? | pate! 


where B and B, are constants (they do not depend on p and å). 
It follows from this that 


Jp 


2H „-p-: 
o= PK N 
and we have: 


r C -P-} 
0 —— A i 
<N S PK; 
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where C is constant. It follows from the previous formulae that 
2H ,- Pp gE r , 

Jp =- 4 AKL +m — na — Np — np- (367) 


On taking into account the definition of J, 2 and the fact that ¢(z) 
does not decrease when x increases, we obtain: 


ELETA Pt 
Jp < L (A — ad)¥2 1 (x 4 4)? t3 da = 
1 
p(A+ad) (l+a)\2,—p—} 
= fy (15 è Kpa» (368) 
whence 
1 1 
gp +a) ` P+ Jpe(l—a p+ Jp (l1—0¥ 
(pais >? a] RASNE E 
We obtain on taking (367) into account: 
gy (A+ ad) 2H P nf l—ayie , 
Eram 2 ae +m — i — 1% — 0») (TEE) - (369) 
Similarly to (368), we have 
y (A — aad) ae af ts g(A—ad) (1 Ye 1 
= E E g apal 
Toa > gF ah i @ pare 8 = Aa (pa) FP Ke 
Aa 
whence 


g (A — ad) <t Toye G=)" 
Ta Kp l—aj ’ 


and we obtain, on taking Lemma II and (367) into account: 


A — al 2H ? 1 _ 
Fagin Set mh = p — np) (3 te)" (1 — 6%)~4. (370) 


We now show that the ratio p(A) : 41” tends to 2H/n as A—> co: 


z @ (A) 2H 
lim ae oe (371) 


m 


7 general, the number A is a possible limiting value of 
g(a) : JA as A—> œ if, given any positive € and M, A’ can be found 
such that | A — 9(A’) Ae < eand 4’ > M. Similarly, A = +œ is 
a possible limit of g(A): Vå if, given any positive M and N, 4’ can 
be found such that (2°) : 2’ > N and 4’ > M. Here, we understand 
by a possible limiting value an A such that there exists an indefinitely 
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increasing sequence în of values of 2 such that (dn): Vå, —> 4. 
We have to show that only one possible limiting value exists and 
that it is equal to 2H/z. 

We return to inequalities (369) and (370) and observe that their 
left-hand sides do not depend on p, which appears in the right-hand 
sides. We first fix p and a in some way and let å tend to infinity 
so that the left-hand sides of (369) and (370) tend to one of the 
possible limiting values A. We now obtain, in view of the fact that 
Np and np are independent of A: 


2H rnfl—a)y'e 
A> (nm (434 2 
= 2H j l -+ a Vie 
A< z (1 Np np) (=) : 


The left-hand sides (i.e. A) depend neither on p nor on a, and on the 
assumption that a sufficiently large p is fixed and that a is sufficiently 
close to zero, we find that the only possible value of A is 2H/z, i.e. 
(371) holds. We have thus proved assertion (331) of the theorem 
of [236]. The above proof is due to Hardy and Littlewood. These 
authors established a rather more general proposition, of which the 
present theorem is a particular case. 


238. Linear equations of a more general type. Let us take an 
equation of the form: 


3 
L(u) = Poa Uxa T b (Zis Los L3) U = — Í (1, Xp, £3) . (372) 

i=l 
In future, we shall simply write (x) or (£) for the coordinates (x1, 2, 3) 

or (é,, &, &) of a point of space. 

Suppose we seek the solution of (372) satisfying the homogeneous 

boundary condition: 
uly =0. (373) 


The given functions b(x) and f(x) are assumed to be continuous in the 
closed domain D; and to have continuous first order derivatives 
inside Dj. 

We use the same method as in [235], and seek the solution of our 
problem in the form: 


u (x) = | ( (G(x; £) u (E) dre, (374) 
Di 
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where G(x; £) is Green’s function of the Laplace operator with boundary 
condition (373). The latter condition, imposed on the u(x) given by 
(374), is fulfilled with any choice of continuous function u(é), and 
we have to choose this last function so that equation (372) is fulfilled 
inside D;. Assuming that u(é) has continuous derivatives, we obtain 
the integral equation for u(&): 


x) = f(a) + S f | E (æ; £) u (€) dte (375) 
Di 


with the kernel 
K (x; €) = b (x) G (x; £). (376) 


We take the corresponding homogeneous equation: 


u (x) = { f (K (a; £) u (£) dry. (377) 
Di 


We have to ask ourselves whether it has non-zero solutions. Suppose 
that d(x) < 0 in D,, and let u(x) be a solution of (377). When 
U(E) = uol), (374) gives the solution of L(u) = 0 that satisfies con- 
dition (373). But such a solution is identically zero [234], i.e. 


$f § @ (5 E) mo (8) dre = 0. (378) 
Di 

It follows at once from (377) with u(x) = u(x) that u.(é) must have 
continuous derivatives inside D; [224], and that if we apply Laplace’s 
operator to both sides of (378) we obtain u(x) ==0, i.e. equation (377) 
with b(z) < 0 only has a zero solution, so that equation (375) is 
soluble with any function f(x). Since f(x) has continuous first order 
derivatives inside D; by hypothesis, we can say that u(x) also has 
these derivatives, whence it follows that (374) gives the solution of 
our original problem. It can be shown that homogeneous equation 
(377) has only a zero solution no matter what the sign of b(x) in the 
case when the domain D; is sufficiently small. Everything that has 
been said also holds for the plane case. If we employ the above method 
for the equation 


Sts + Sale) tx, + b(e)u = — f (2), (379) 


i=l i=l 


we arrive at an integral equation with the kernel: 


K (x; £) = Sa, (x) Gy, (x; E) + b (x) G (x; £). (380) 
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If the inequality 
C 
| Gx, (2; E) | <=> (381) 


holds for the derivatives of Green’s function (see D. M. Eidus, Dokl. 
Akad. Nauk SSSR, t. 106, no. 2, 1956), the usual theorems hold for 
the integral equation in question. But it still remains to show that 
the solution u(x) of equation (375) has continuous derivatives 
inside Di. 


239. Linear elliptic equations of the second order. We next consider eliptic 
equations of the second order, of the form: 


3 9 Ou 
L (u) = 2, On (ax a) =0 (Qik = aki) (382) 


where ajy are thrice continuously differentiable functions of (x) in the closed 
domain D; of three-dimensional space bounded by a surface S. 
By virtue of the ellipticity condition, the quadratic form 


3 


D Ukk 
ik=1 


in the variables 7, is positive definite at all points of D;. Hence the determinant 
A, formed from the elements a;,, is also positive. Let Bj, denote the cofactors 
Aip of elements ajg divided by 4. It may easily be seen that the quadratic 
form 


3 
Binning (383) 
ini 


is also positive definite. To prove this, we only need to introduce into (383) 
the new variables ņ; in accordance with 


Ni = Any + ma + ++. + Ginn, 


where the determinant 4 of this transformation is positive. The matrix C of 
the coefficients of the transformed form in variables n is C = ABA (III, 32], 
where A is the matrix of elements aj and B the matrix of elements Bp. 
But BA is the unit matrix, so that quadratic form (383) becomes in the variables 
Ns: 
D Fini Ns 

i,k=1 
whence it follows that this form is positive definite in D;. Let us define the func- 
tion of a pair of points (x) and (€): 


oe; E) = X Big (a) (a; — &) (Ee — &)- (384) 
i,k=1 
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By what has been said, a(x; £) > 0, and the sign of equality only holds when 
the points (x) and (£) coincide. Moreover, we have 


1 
ar <o? <br, (385) 


where a and 6 are positive constants, and r= Ve — é)? + (£2 — é)? + (£3 — &)?. 
Tho numbers a and b are the least and greatest of the eigenvalues of the 
matrix B in D;. Let 
1 
re D= Totes Oye 


We construct the function: 


T(z, &) =y (x; £+ Sff ylz ttt: £) dr, (387) 
D; 


(386) 


the function f(t; £) = f(t, tz ts; u 6, č) being defined from the condition that 
T(x; 6), regarded as a function of (x), is a solution of equation (382). It can 
be shown that f(x; £) is here found from a Fredholm integral equation of the 
second kind and that this function is a continuous function of points (x) and 
(€) provided these do not coincide, whilst it has polarity not exceeding 1/r 
when they do coincide. 

The second term on the right-hand side of (387) is also a continuous function 
if (x) and (¢) are distinct, and has polarity not exceeding log(1/r) when the points 
coincide. Hence y(x; é) is the principal polar part of the solution T(x; é). 
A detailed construction of this singular solution of equation (I) may be found 
in E. E. Levi’s article Linear elliptic partial differential equations (O lineinykh 
ellipticheskikh uravneniyakh v chastnykh proizvodnykh) (Uspekhi matemati- 
cheskikh nauk, t. VIII, 1941). If we multiply T(x; &) by a function of (é) and 
add the solution of equation (382) without a singularity, we again obtain a 
singular solution of this equation. Let us now write Green’s formula [147] 
for equation (382): 


$$ S [Lw — oD (u)]dr= f f [uP w) — oP (u)] ds, (388) 
Di S 


where 


TMo 


P (u) = 


Qik Uxg COS (N, xi) 


and n is the direction of the outward normal at a point of S. It is assumed here 
that u and v possess the relevant continuous derivatives. We apply (388) 
to the solution u(x) of equation (382) and to the singular solution I(x; &). 
Here we must isolate the point é by a sphere C, with centre £ and small radius 
£e. This gives us, after passing to the limit as s -> 0: 


E O u (9 =z | [Wao Pw — uP [T (e 8] } ase (389) 
S 
where 


E ($) = B(E, En &) =m f f PI £)] ds,. (390) 
C, 
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The function E(&) is positive and has continuous derivatives up to the second 
order. The new singular solution is introduced: 


T (x; $) 


(391) 


and the following formulae will be proved [ef. 193]: 


4x if (Ẹ) is inside S 
f f P[K (a; 4] dS, =~ 0 if (£) is outside S (392) 
S: 2x if (€) is on S 


where the operation P is taken with respect to the point (x) in the integrand. 

We shall assume that the coefficients a,, of equation (382) are continued 
so as to retain the continuity of the derivatives up to the third order through- 
out space, ie. (382) is Laplace’s equation outside some sphere D,, i.e. 
L(u) = Au outside D,. If (x) lies outside D,, then o(x; &) = r? for any position 
of (€) and E(x) = 1. In addition, f(x; §) appearing in (387) vanishes if (x) is 
outside D,, and is determined for any positions of points (x) and (&) from the 
integral equation: 


L [yp (a; &)] — 47 E (a) f (æ; €) + Sy f L[v (ao) f(s 8 dy =0. 


The functions T(x; £) and K(x; £) are thereby defined throughout space, and 
K(x; £) may be shown to be a symmetric function. It is analogous to the solution 
l/r of Laplace’s equation, whilst the operator P(u) becomes in the case of La- 
place’s equation the derivative 0u/0n with respect to the normal. 

We can form with the aid of K(x; £) the following analogues of the potential 
of three-dimensional masses and the potentials of a single and double layer: 


u (x) = f f f u (E)K (a; §) dr (393) 
D 

v (x)= f f w(§) KE (æ; £) dr (394) 
S 

w(x) = f f u (6) P [K (z; £)] dr, (395) 
S 


the differentiation in the operator P being carried out with respect to the point 
(£) in the last formula. 

The surface is assumed to be sufficiently smooth, and the density a(€) to 
be continuous. 

If, in (393), 4(&) has continuous derivatives inside D, the following analogue 
of Poisson’s formula is obtained: 


L (u) = — 4a (x) (inside D), (396) 


and w(x) satisfies equation (382) outside D. The potentials (394) and (395) 
satisfy (382) inside and outside S. When the point (x) approaches the point 
(£0) on S from inside or outside the surface, the potential (395) has the boundary 
values: 


w (E9) = w (E0) + 2u (E) | (397) 


we (E9) = w (EM) — 27u (E) 
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where w(£0)) is the value of integral (395) at the point (4) on S [ef. 192]. 
Similarly, we have [cf. 194]: 


Pi [e E)] = ff wl) P [E ©; £] as + 2m (0), 
S 


Palo E] = S S (EPE E0; £] a8 — 2an (£9), ia 
S 

and the differentiation in the operator P of K(x; ¢) is carried out with respect 

to the point (x), after which we have to put « = £), Boundary value prob- 

lems for equation (382) can be reduced with the aid of these formulae to inte- 

gral equations. For instance, the interior Dirichlet problem for equation (382) 

with the boundary condition: 


u |s = f ($) 


is sought in the form (395), and we obtain the following integral equation for 
the density u(¢) by virtue of the first of (397): 


Qn (9) — f f u (8) P [E (€%; £] aS = F (6), (399) 
S 


where the differentiation in the operator P is carried out with respect to the 
point £. It may be shown that the corresponding homogeneous equation has only 
the zero solution, so that equation (399) is soluble with any continuous func- 
tion f(é). Similarly, the method of [220] can be used to construct Green’s func- 
tion G(x; £) for equation (382); and we can use the function to solve the boundary 
value problem for the equation 


L(u) = > a; ae + bu = — f (x) with the condition u|s =0. (400) 
i=] I 


The general linear elliptic equation 


3 eu 3 Ou 
dik za aj ,— + bu = —f (x 401) 
2, ik Ox; Ox, tè i x; + f( ) ( 
can be written in the form: 
3 3 daki ðu 
L(u b £ bu = (x). (402) 
cw) + 3 alar j (a) 


The extension, discussed in the present section, of potential theory to general 
linear elliptic equations is due to Sternberg (Math. Zeitschr. Bd. 21, 1924). 
An article by Feller gives a general treatment of the theory for elliptic equations 
with any number of independent variables; this is bound up with the introduc- 
tion of a special metric, constructed on the basis of the coefficients aj, into the 
space (The solutions of linear partial differential equations of the second order 
of the elliptic type (O resheniyakh lineinykh differentsial’nykh uravnenii 
v chastnykh proizvodnykh votorogo poryadka ellipticheskogo tipe) (Uspekhi 
matematicheskikh nauk, t. VIII, 1941)). 

In Piischel’s article, Die erste Randwertaufgabe der allgemeinen selbst- 
adjungierten elliptischen Differentialgleichungen zweiter Ordnung im Raum 
fiir beliebige Gebiete (Math. Zeitschr, Bd. 32, H. 4, 1932), a generalized solu- 
tion of the Dirichlet problem for equations of the form (382) is constructed 
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and investigated. The method is based on an approximation to the domain 
D with the aid of a sequence of domains D,, lying inside D, and an extension 
of the continuous boundary values inside D. We described this method for 
Laplace’s equation in [217]. Piischel’s article includes a detailed study of the 
conditions for regularity of points on the boundary. 


240. Green’s tensor. Let L(u) be a linear operation on the vector 
u(U1, Us, Ug), Which is a function of (x, y, z), and let the operation 
lead to another vector. We consider the equation 


L(u) = —f, (403) 


where f is a given vector depending on (x, y, 2). On taking the com- 
ponents of both sides, we get a system of three equations for the 
components (Ur, Uz, Uz) of the vector u. Suppose we also have a 
homogeneous boundary condition on the surface S of the domain D, 
say 
ul|s = 0. (404) 
Green’s tensor for Z(u) with boundary condition (404) is defined as 
the matrix 


Gin Gi» Cis 
G (P; Q)=G (x, Y, z; & 1, 0) = Gar, Gog, Gos || , 
G31, Gaa, G33 
such that equation (403) with boundary condition (404) is equivalent 
to the equation 
u(P)=f Í fG (P; Q)£(Q) do, (405) 


where the integrand is the result of applying matrix G(P; Q) as an 
operator to the vector f, i.e. the integrand is the vector with com- 
ponents: 
Gafı + Gif + Gisfs (îi = 1, 2, 3). 
Each column of the tensor gives the components of some vector gp 
(k = 1, 2, 3), which, when the point Q is excluded, has continuous 
derivatives, satisfies the homogeneous equation (403) and boundary 
condition (404). The nature of the polarity at the point Q usually 
follows easily from the physical meaning of the problem. We can use 
Green’s tensor to reduce the problem of the eigenvalues and eigen- 
vectors of the equation 
L (u) + Au = 0 

with boundary condition (404) to a system of integral equations, 
as above. 
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Let us write down the fundamental equation of the theory of elasticity for 
the displacement vector [94]: 


Ou 


m ; 
> grad div u). 


By using the formula [II; 112]: 
curl curl u = grad div u — âu, 


we can write the equation for the statical case in the form 


A*u = a grad div u— 6 rot rot u=0, (406) 
where 
ga Ten Gee 
m— 2 


or, on introducing the usual Lamé constants 4 and u: a = À + 2p; b = u. 
A unit force acting at the point Q(¢, 7, ¢) in infinite space parallel to the 
Z axis produces a displacement with components:f 


u= a @He=9) 


r3 


a waned 


r3 ; 


> 


afle- 2t 1] 
ae r. 
where 
—__ +e 5 O 
ae 87u (A + 2u) for r= Vie — $} + (y— n + @ — tr. 


Similar expressions are obtained for the displacements in the case of forces 
parallel to the X and Y axes. Green’s tensor has the form in the present case: 


1 1 
where 
1 @-§ (w — §) y-n @-— get) 
r r3 ? r3 i r3 
p =| #ozme-8) 1_ (yz? (y — n) (z — b) 
gm r3 nor e? r? 
@—-O@—-) — @—-y—n 1 e- 
r3 , r3 7 or r3 i 
and 
ab pe- (@— $) (y-n) @—é(z—%) |i 
r re” r3 i r3 | 
(y— n) (@—& 1 (y-n? =n) (z — $) 
P, = y Dee i =+ yon _ u 


= = = = —ġ) | 
(z — ¢) (x — $) (z — $) ly n eet g) | 


r3 : r3 r3 


{See Love, Mathematical Theory of Elasticity. 
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Here, instead of boundary condition (404), we have u vanishing at a point 
at infinity. The equation 
A*u = —f 


has in this case the solution (406). Tensor (407) is usually termed, in the theory 
of elasticity, the Somigliano displacement tensor. It can be written as 


1 A+ 3u rxr 
O= apg le Bt ete], 


where # is the unit matrix and r Xr is the tensor: 


(x — $), (@—&)(y—m), (x — &) (2-8) 
r x r= || (y — n) (£ — $), (y — n}, (y — n) (z — $) 
(z —¿) (æ — ë), (z— ¢) (y — n), (z — 6)? 


Weyl} has given various analogues of Green’s formula for equation (406), 
and also formed Green’s tensor for a bounded domain and used it to investigate 
the eigenvalues of the equation 


A*u + 2u =0. 


241. The plane statical problem of the theory of elasticity. Certain boundary 
value problems can be solved in the case ofa plane with the aid of Cauchy’s 
integral. This applies, for instance, to Dirichlet’s problem for the harmonic and 
biharmonic equations, or to the problem of the conformal mapping of a singly 
connected domain on to a circle or of a multiply-connected domain on to a do- 
main of a definite type (V. I. Krylov, Mat. sbornik, t. 4 (46): 1; 1938). By using 
Cauchy’s integral, these problems reduce to integral equations. We shall de- 
scribe the application of this method to the solution of the plane statical problem 
of the theory of elasticity [N. I. Muskhelishvili, Some problems of the theory 
of elasticity (Nekotorye zadachi teorii uprugosti)]. If our boundary condition 
consists in specifying the displacements on the contour of a domain B, the 
solution of the statical problem amounts to finding two functions g(z) and y(z), 
regular in B and satisfying on the contour the boundary condition: 


— kp @) +29 (z) +9) =f @) (z on 1), (408) 
where k is a real constant and f(z’) is given on the contour J. On multiplying 


both sides of (408) by 1/227 (z’ — z), where z lies outside J, and integrating 
over l, we obtain: 


k poe) agr, 1 [PPE a 
J ar e k +a] gag we ee 
l 


where 


F (2) = A f Le) dz’ (z outside J) 
i 


a: Circolo Math. di Palermo, 1915. 
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is a known function outside 1. On letting z approach the contour 1, we get: 


pas dz’ = F, (t), (409) 


k -— k (pe) 4, lz 

oO- ar (Sew i o ar [E 
L L 

where the integrals are to be understood in the sense of the principal value. 

In order to obtain equations containing ordinary integrals, we write: 


k g (z) dz? a, i 1 g (2’) dz __ 
l l 


On multiplying the second of these equations by ~ and adding both equa- 
tions term by term to equation (409), we get: 


ge O+a> |) PR) log Bt yh ar | e) Zaha = Fw 


Finally, on integrating by parts in the integral containing p’(z’), we get: 
kp (t) + alr) ajoe 5 =] - ar |? (2’) d = as F,(t). (410) 
270 ; z —t Oni 
If we put z’ — t = re’, the last equation can be written as 
EPO +—| [et oe) — kp E] a0 = Fe (0. (411) 
L 


On separating real and imaginary parts, we get a system of two integral 
equations for the real and imaginary parts of p(z’) on l. On solving these equa- 
tions we get p(z’) on l, and hence, by Cauchy’s formula, p(z) inside J. To find 
the function y(z2), we multiply both sides of (408) by 1/227 (z’ — z), where z 
is inside J, and integrate over l: 


_ k foa, 1 (FP), 1 I) ay 
ve) = EE = al pag S Eaa fE w. 
l l L 


This method of reducing the boundary value problem (408) to an integral 
equation is due to N. I. Muskhelishvili (Dokl. Akad. Nauk SSSR, t, III, 
no. 1, 1934). We have assumed that the problem has a solution when forming 
equation (410). By using this equation, an existence theorem can be established 
for this plane statical problem of the theory of elasticity, not only in the case 
of a singlyconnected domain such as we have assumed above, but also in the 
case of a multiply-connected regionf 

A reduction of the plane statical problem of the theory of elasticity to an 
integral equation has been given by V.A. Fok (Comptes Rendus, t. 182, 1926, 
p. 264). 


+ D. I. Sherman, Dokl. Akad. Nauk SSSR, t. IV, no. 3, 1935. 
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In equation (411), ® is the angle formed by the radius vector from a fixed 
point ¢ of contour } to a variable point z’ of the contour. It may easily be seen 
by using this fact that homogeneous equation (411) has a non-zero solution 
y(z’) = const. The same can be said of equation (410). We can always assume 
that z = 0 lies inside J. It follows from the form of boundary condition (408) 
that we can transfer the constant term from g(z) to (z), and can take (0) = 0. 
Hence it follows that 


f PEI av =o; 
J 2 
l 
on adding this equation to (410), we get a new equation which no longer has 
an eigenfunction. 

Another method can be used for solving boundary value problem (408)f. 
We shall seek g(z) and y(z) in the form: 


ad w (z’ 7 ait 
g (z) = ni [2 dz (z inside l) 
I 
Se foz), 1 (2 we’) ,, 1 ee =< 
vo =g | peta sar | z —z deit Qri . Pose 
L L : l 


where œ(z’) is the required function on /. On substituting in (408) and using the 
properties of Cauchy type integrals, we obtain the integral equation for w(z’): 


k z—t 1l z7 —t 
1 


In the article by Sherman quoted, the case of a multiply-connected domain is 
considered, and an analysis carried out of the resulting integral equation. 


§ 3. Equations of the parabolic and hyperbolic type 


242. The dependence of the solutions of the heat conduction 
equation on the initial and boundary conditions and the function f. 
We have already established a uniqueness theorem for the heat 
conduction equation. The proof was based on a theorem which stated 
that the greatest and least values of the solution of the homogeneous 
heat conduction equation are attained either for t = 0 or on the boundary 
of the domain. 

This latter theorem was proved for the one-dimensional case 
[II, 209]. The proof is essentially the same for space of any dimensions. 


ł Ibid., t. XXVII, no. 9, 1940. 
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We now consider the non-homogeneous heat conduction equation 
in the domain B on the (x, y) plane: 


Uy = Uyy F Uyy + F (T, Y, t) (1) 
with the initial and boundary conditions: 
ulizo =p (z, y) (in domain B); uj, = y(x, y, t), (2) 


where | is the contour of B. The function f is assumed continuous in 
the closed domain B for t > 0. Similarly, we assume that gis continuous 
in B and y on l for t > 0. We imagine a cylinder D in space (gx, y, t), 
the base of which is the domain B on the (x, y) plane and the genera- 
tors of which are parallel to the ¢ axis. Let D, be the part of this 
cylinder bounded from below by the plane t = 0 and from above by 
the plane t = T (T > 0). Let S’ denote the lower base t = 0 and 
the lateral surface of D,. By using arguments precisely similar to 
those employed in [II, 209] when proving the above-mentioned 
theorem, it is easily shown that: 

THEOREM 1. If u satisfies equation (1) inside D and ts continuous 
as far as 8’, and if f > 0 in D,, the least value of u in D, is attained 
on S’, i.e. either with t = 0 or on the lateral surface of D,, i.e. on the 
boundary of domain B. If f < 0 in D,, the greatest value of u is attained 
on 8’. 

The proof of this theorem, which is very similar to the proof of 
[II, 209], will be indicated briefly. We shall only take the case f < 0, 
and shall use reductio ad absurdum. Let the greatest value of u 
be attained at some point (2’, y’, t’) not on S’, and be equal to M. 
We introduce the new function: 


v = u — k (t — T), (3) 


where k is a positive number which will be fixed shortly. 
We have in D;: 
u<xv<u-+ kT, 


and we can fix k so close to zero that the greatest value of v on S’ 
is, like that of u, less than the value of u at the point (x, y’, t’). 
With this choice of k, the function v will attain its greatest value 
either inside D, or inside on the upper boundary t = T. Both these 
cases will be shown to lead to a contradiction. 

Let v attain its greatest value at some interior point C(x, y, t) of D,. 
At this point v has a maximum, so that 


v =0; % <0; v, <0 at the point C, 
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whence it follows that v; — Vxx— Vy, > 0, or, by (3), Ut — Uxx— Uyy— k > 0 
at the point C, which contradicts the fact that the equation 
Ut — Uxx — Uyy — f = 0 and f< 0 must be satisfied at C. Now 
suppose that v attains its greatest value at the point C, lying 
inside the base t = T. At this point we must have v, > 0 and we 
find by considering the variation of v along the upper boundary: 
xx < 0 and v,, < 0 at C. This leads us to the same contradiction 
as above, and the theorem is proved. By using this theorem, the 
following can easily be proved: 

THEOREM 2. If y, y, and f satisfy the conditions |p| <a on the 
lower base of D,, | y| < a on the lateral surface of D, and |f| <a/T 
in D,, then |u| < 2a in D, 

We consider the function 

a(T —t 
v= u -+ A ’ (4) 
which satisfies the equation 


v= Pe + yy + (f—Fr] 


and the following conditions: 
T —t 
vio=p ta; v=p tE 
On taking into account the conditions of the on and the fact 
that 0 < ¢ < T on the lateral surface of D,, we can assert that 


f-4 <0 in D,; |p~-+a| < 2a on the base t=0; 


p+ tE 


< 2a on the lateral surface of D,. 


It now follows from Theorem 1 that the greatest value of v is attained 
on 8’, so that v < 2a in D,. On observing that the second term on 
the right-hand side of (4) is non-negative, we can say that u < 2a. 
Similarly, by introducing the function 


we can prove that u > —2a, whence it follows that |u| < 2a. 
Theorem 2 gives an inequality (bound) for solutions of equation (1) 
via inequalities for the function f and the functions appearing in 
the initial and boundary conditions. 

The proof of this theorem is essentially the same in three-dimensional 
space. 
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243. Potentials for the heat conduction equation in the one- 
dimensional case. We next show that a theory can be constructed 
for the heat conduction equation, analogous to the potential theory 
for Laplace’s equation; hence we can reduce boundary value problems 
for the heat conduction equation to integral equations. 

We take the one-dimensional heat conduction equation 


Uy = OU, (5) 


and a boundary value problem for the interval 0 < x <1 with the 
boundary conditions: 


U|xo = 91 (t); Wl yay = Me (t) (6) 
and the initial conditions: 
u lizo = f (x) (0<a<l). (7) 


We continue the function f(x), given in the interval [0, 2], throughout 
the x axis, in such a way that it is continuous and vanishes outside 
some finite interval, and we form the solution of equation (5) [II, 204]: 


(gx)? 


+o 
l [Ae mde (t>0), (8) 


2a Vrt 


Ug (x, t) = 


which satisfies the condition: 
uo lizo = f (2) (—œ<xr< + œ). (9) 


On replacing u(x, t) by the new function w(x, t) = u(x, t) — u(x, t), 
we obtain equation (5) for w with the homogeneous initial condition: 


wlio = 0 (0<2“<l) 


and with certain conditions at x = 0 and x = l, the right-hand sides 
of which are equal to the differences «,(¢) — w(0, t) and w(t) — w(l, t). 
In future, therefore, we shall seek the solution of equation (5) with 
boundary conditions (6) and the homogeneous initial condition: 


u |0 = 0 (0<a<l). (10) 
The fundamental singular solution, corresponding to a source 
located at the point x = & at the instant t = + is [I], 204]: 
(=x? 


—_ 1 -gat 11 
j 2a Vx (t — T) E í itt) 
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On differentiating with respect to § and adding the constant factor 
2a*, we obtain the singular solution corresponding to a dipole: 


(—x)? 


u= (æ — ije ED, (12) 


1 
2a Vri (t — r)*2 
On multiplying the last solution by some function p(t) and integra- 
ting with respect to t from t = 0 to t = t, we get the solution: 


t (=x)? 


oe g (1) ~ Fat (2) 
mee a. align e de; ae) 


corresponding to a dipole at the point x = acting from the instant 
t = 0, with intensity p(t). The fact that function (18) with «#4 & 
satisfies equation (5) follows immediately by simple differentiation; 
differentiation with respect to the upper limit gives zero, since the 
integrand tends to zero for x # E as t—>t, We show that function 
(13) satisfies the following boundary relationships if ~ tends to ¢ 
from the left or right: 


w(F+0,t)=p(t); u(E— 0, t)= — p (t). (14) 


Assuming v Æ &, we introduce instead of r the new variable of 
integration: 

peat 

2a yt—r 


If x > &, then a —> +o as t —t, and if x < E, a —œ as t—t. 
We obtain in the new variable: 


+o 
1 — 2 
ue n= J ol- aada ë e>8, (8) 
x—§ 
2ayt 


and we obtain in the limit as x — & -+ 0: 


u(E+0, )= Fa] 0da = p(t) We 
0 


Te E <2: 
ah da = ọ (t). 


The proof of the second of equations (14) is similar. Moreover, 
solution (13) obviously satisfies the homogeneous initial condition: 


u lio = 0. (16) 
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We shall not dwell on a more detailed proof of the passage to the 
limit in formula (15). The proof is easy if we assume the con- 
tinuity of g(t). 

Suppose we have a statement of the above problem with boundary 
conditions (6) and initial condition (10). Let us seek the solution as 
the sum of two dipoles — one located at the point v = 0, and the 
other at x = l. Let g(t) be the unknown intensity of the first, and 
y(t) of the second: 


t x2 

g (1) -aii 

u(x, t) = f —_*\" re dr 
(æ, t) F Qa Vx (t — t)’l2 T 

t {I—x)2 


y (1) ~ Jarti) 
+f a E l) e dr (17) 


By (14), boundary conditions (6) can be written as 

12 ) 

v(t) -mat a. 

Dm 2a yat ah ~ de= ath 
(18) 


12 
ue __ P(t) T aat) gy — 
y (t) + if da Va— ah e dt = @, (t). 


These equations represent a system of Volterra integral equations 
for y(t) and y(t), and the kernel of the equations depends only on 
the difference (t — q), so that the Laplace transformation, described 
in [46], can be applied to our system. If, for instance, the derivative 
du/dx is given instead of u itself at one of the ends, we have to locate 
a simple source instead of a dipole at this end, the action of the 
source being given by (11). Suppose, for instance, that the boundary 
conditions have the form: 


Ou 
u |o = w; (t); ee 


= œ, (t), (19) 


x= 
and the initial conditions have the form (16) as above. 
In order to simplify later formulae, we multiply (11) by 2a? and 
therefore seek the solution in the form: 
t 


_f 9) -ai 
u (x, t) la aah xe dt +- 


=x) 
p(t) n Ta) gy. 
its [2s a dt. (20) 


t—T 
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The first of conditions (19) gives: 


On differentiating (20) with respect to x and letting x tend to l, we 
obtain, by (14) and the second of conditions (19): 


B a 


t 
~ 4a2(f—2) 5 e 4a(t— T) 
t) + jz ar on ee o rr yr; P (7) dt = o (t), 


so that we again have a system of integral equations for g(t) and 
y(t) with kernels depending on the difference (t — 1). 


244. Heat sources in the multi-dimensional case. The concept of potential 
can also be applied to multi-dimensional problems of heat conduction. We shall 
confine ourselves to indicating the results, which are similar to the above. 
The proof of the properties of potentials presents much greater difficulties in 
the multi-dimensional than in the one-dimensional case. We shall consider the 
plane case, i.e. the equation 


Uy = A? (Uyy + Uyy). (21) 


Let B be a domain on the (x, y) plane with contour J. The basic singular solu- 
tion corresponding to a source at the point (é, 7) acting at the instant r has 
the form: 

r2 


= ygyt P= 2) ay] 


The analogue of the potential of a simple layer is given by 


t r2 
u (x, y, t) = aa (059) o TD) do, (22) 
0 i 


t—r 


where ø is the length of arc of the contour l measured from some fixed point, 
and a(g, t) is a function of the variable point o of the contour and the para- 
meter t; r denotes the distance from the point (x, y) to the variable point o 
of l. The heat potential of a double layer is given by 


t r2 
_ i b (0,1) 0 | — iaa) 
vyt) = far f e do, (23) 
0 t 
where 7 is the direction of the outward normal at the variable point of integra- 
tion, or 


r2 
b (a, T) T ae 
v (£, yY, t j= far tat eF? r cos (r, n) do, (23,) 


244] HEAT SOURCES IN THE MULTI-DIMENSIONAL CASE 133 


where the direction r is reckoned from the point o to the point (x, y). If we bring 
in the angle dọ subtended by an element of length do at the point (x, y), 
the above formula can be written as 


r2 
PEER foj ag 2 t)? e 4D de. (232) 


The boundary values of the double layer potential at the point o,(£a Yo) 
of the contour are given by 


b (0,1) -amA 
Vi (Los Yo, t) = — b (Oo t) fo | axes ¢— TÈ e ‘rD To COS (ro 2) do 


Ve (Xp, Yos t) =b (Go; t) Pwes (24) 


where r, is the distance from the variable point of integration to the point 
(Zo, Yo). The simple layer potential (22) is continuous on passing through 
the contour J, whilst its derivative with respect to the normal n at the point 
g, of the contour has boundary values at this point given by 


rọ 
Ou (Lo Yo t) J a(t,o) ` Jet- 
(pret wtth No = a (Op t) -fë Taar (t — e To COS (4, no) do 
OU (Lo Yo» ) ee Ls 
(ot = a (0y t) —... (25) 


These formulae can be used to reduce the solution of boundary value problems to 
integral equations. For instance, suppose we want the function v(x, y, t), satisfy- 
ing equation (21) inside B, and having on the contour J given boundary values: 


v l = o (8,t), (26) 


where s is the coordinate of a point of the contour, defined by the arc length 
s measured from a given point. The initial data are taken to be zero. On seeking 
the solution as the double layer potential (23), we obtain, with the aid of the 
first of equations (24), an integral equation for the function b(ø, t): 


t r2 
-b81 + far Tahe 4-9) » cos (r, n) da = o (3,4), (27) 
0 l 


where r is the distance between the points s and g of contour l, and the direction 
of r is reckoned from ø to s. The integration with respect to øg is carried out over 
the fixed interval (0, L), where L is the length of contour l, whilst the upper 
limit is variable when integrating with respect to t. In other words, this last 
integral equation is a Fredholm equation with respect to the variable o and a 
Volterra equation with respect to the variable t. In spite of the mixed nature 
of equation (27), the usual method of successive approximations, such as we 
described for Volterra equations, is convergent for (27). The method is also 
applicable for a domain bounded by several contours. It is also easily generalized 
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for the three-dimensional case and can be used for exterior problems. The 
reduction of the initial condition to zero is accomplished as in the one-dimensional 
case, with the aid of a solution of the problem for the entire plane or the whole 
of space. The formula was given by us in [II,204] for the three-dimensional case. 
In the two-dimensional case the formula is 


r? 


+o 
uwy D = aap | fe iem ae an. 


An investigation of heat potentials and their application to boundary value 
problems may be found in the following: (1) E. Levi, Annali di Matematica, 
1908; (2) Gevrey, J. de Mathem. Pure et Appl., t. 9, 1913; (3) Muntz, Math. 
Zeitschr. Bd. 38, H. 3, 1934; (4) Muntz, Integral Equations (Integral’nye 
uravneniya), Leningrad, 1934; (5) A. N. Tikhonov, Byull. Moskovskogo Uni- 
versiteta, 1938. 


245. Green’s function for the heat conduction equation. A Green’s function 
can be formed for the heat conduction equation in precisely the same way as 
for Laplace’s equation. For convenience in writing later formulae, we shall 
write ul% — &,¢ — T) for the basic singular solution (11). The Green’s function 
for the segment 0 < x < l with the homogeneous boundary conditions: 


Uym = U |x =O (28) 
is defined as: 
Gla, t; £1) = [een ae tat 


0 t<t, (29) 


where u(x, t; č, t) satisfies the heat conduction equation with respect to (x, t) 
for 0< x < l and t > 1, the homogeneous initial condition for t = t: 


u(x, T; , T) =0 (30) 
and the boundary conditions 
u(x, t; E, T) = U (x, t) for x =0 and x =l and t >t. (30,) 


In the above formulae ¢ and t are fixed, whilst 0 < < l. It follows at 
once from our definition that u(x, t; £, t) and Green’s function depend only on 
the difference a = t — t; thus we can write u(x, é, a) instead of u(x, t; £, T), 
and G(x, £, a) instead of G(x, t; &, t). Conditions (30) and (30,) give the boundary 
values of u(x, é, a) on the contour of the half-strip formed by the straight 
lines x = 0 and x = l (t > 1), and by the segment 0 < a < l of the straight 
line £ = r. These boundary values are continuous at the corners of the half- 
strip. This follows at once from the fact that solution (11) tends to zero as t 
tends to (t + 0) with fixed x not equal to €. On observing that the boundary 
values indicated are non-negative, we can say that u(x,t, a) > 0, so that, by 
(29): G(x, £, a) < uy. Green’s function has a singularity at t = t 4-0 and 
x = &, characterized by the singularity of u, We have u, > 0 and, by (30), 
u(x, £, a) — Oas a — +0, and hence it follows directly that the second inequality 
holds for Green’s function, i.e. G(x, £, a) > 0. It can be shown that this Green’s 
function is symmetrical with respect to x and &. 
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We can use Green’s function to form the solution of the non-homogeneous 
heat conduction equation satisfying a homogeneous initial condition and homo- 
geneous boundary conditions. In other words, if 2(z,¢) is continuous and has 
continuous first order derivatives in the interval (0,1) when t > 0, the function 


t L 
w(x, t) = f drf G(x, & a) x(&, t) dé (31) 
o o 
satisfies the equation: 
owed, w 
ras =a On? -+ n(x, t) 


and the zero initial and boundary conditions. 

Everything that has been said can be carried over to the multi-dimensional 
case. A proof of the above assertions can be found in the work quoted, by 
Tikhonov. 


246. Application of Laplace transforms. As already mentioned, Laplace 
transforms can be used when solving the system of integral equations (18). 
The transformation can be applied directly to differential equation (5) itself. 
We shall employ here the one-sided transformation 


f(s) = fe F(t) dt = L, (F). (32) 
0 


Suppose we have boundary conditions (6) and the homogeneous initial condi- 
tion (10). We replace u(x,t) by its Laplace transform as the required func- 
tion: 


(a, 8) sfat u (x, t) dt. (33) 
0 


We use integration by parts, on the assumption that the product e™* u(x, t) 
vanishes for t = œ. We obtain, on using homogeneous initial condition (16): 


gady, -a 1 f du ow 
g(x, s) = — ; Jue, #) de =a ae dt. 
0 0 


We can change the scale of t or x so as to assume that a = 1 in equation (5). 
On applying the Laplace transformation to both sides of the equation and 
assuming that we can differentiate with respect to x under the integral sign in 
(33), we obtain an equation for (x, s) which contains the derivative with respect 
to x only: 
2 
a = sọ. (34) 
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On applying the Laplace transformation to equations (6) also, we obtain the 
boundary conditions for g: 


Plxmo = a (5); Plxny = 42 ($), (35) 
where 
4 (8) ups y(t) dt (k= 1,2). (36) 
0 


The solution of (34) with boundary conditions (35) is readily found in the 
explicit form: 


p(x, 8) = a (8) Pı (X, 8) + Ae (8) Pa (x, $), (37) 
where 
sin (l— x) Y= s sin x Y= s ; 
G = <= > ’ SS LS 38 
Pı (@, 8) a P(x, 8) ail. (38) 


On applying to function (37) the inverse transformation to (32), we obtain 
the required function u(x, t). As a matter of fact, this function is simply expres- 
sible in terms of the functions w,(¢) and @,(¢) appearing in the boundary condi- 
tions, and in terms of the Jacobi function @,(v) [III,, 176]; in forming this last 
function, we take h = e~™. Let us write 6,(v, t) for this Jacobi function: 


+ z 
GA (w, t) = 5 enine- n n? t (39) 


n=— 0 
The following formula will lie at the basis of our future working: 


Lals (v, t)] = — sean =y(v,s) 0<v<l), (40) 


where, for brevity, we have written y(v, s) for the fraction indicated. Formula 
(38) can be rewritten as 


2. 
Pı (x, 8) Sra : [ Pyle, ; 2] x (0 <t <s 21) 
2 Ov = 3 
fore ee (41) 
= Gy (v, Ps = 
Pz (x, 8) 2 | ae PA -x (-l<a2<il). 


21 
We obviously have, in addition: 


oo 


Es) a st Bt) dt = F ka F (+) dt, 


i.e. the passage from f(s) to f(/’s) in transformation (32) is equivalent to a passage 
from F(t) to 1/2 F(/l?). On taking this fact into account, together with (40) 
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and (41), and carrying out the differentiation with respect to v under the integral 


sign, we obtain 
t 
i | aas (e. 7) | 
y= 


L;! { Pı (x, s)} 212 av x 
21 
x t 
1 (37> a 
i ao (0 <a <2) 
: 3s (v, x) 
Lī! { p: (x, 8)} = — wl p EN = 
=a 
. a0,(+3*. 7) 
be Z (-~l<a<l). 
l Ox 


On now applying the transformation Lī! to function (37) and using (36) 
and the convolution theorem, we finally obtain: 


x£ t 
Piik (a> +) 
u(x, t) = — —— a, (t) E + 
; ETna 
+ T (t)* m gee (42) 
(<x <l) 


where we have introduced the notation: 
t 
F, (t)* Fa (t) = Í F, (1) F (t — 1) dr. 
0 


We can easily express Green’s function, described in the previous section, in 
terms of the function 6,(v, t). We remark first of all that (40) holds only for 
the interval 0 < v < 1. If —1 < v < 0, then 0 < v 4- 1 < 1 and we can write, 
on taking the periodicity of the function 8,(v, t) into account: 


cos [2(v + 1) — 1] V= s 


L, (95 (v, )] = La (6, (e + 1, 8)] EENET 


(O<v+1< 1) 


i.e. 
cos (20 + 1) V= s 


V—ssin/—s 


We now take the non-homogeneous equation 


L, [8s (v, t)] (—l<v<0). (43) 


ðu eu 
apt are a(x, t) (44) 
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with homogeneous initial and boundary conditions. On introducing the func- 
tion 


olx, s) = L,[ x(a, t)] = fet a(x, t) dt (45) 
0 


and applying the Laplace transformation to equation (44), we obtain 


0? g(x, 8 

Pras — sy(x, 8) = — o(x, $) (46) 

and the boundary conditions: 
(0, 8) = p(l, s) = 0. (47) 


Green’s function for the operator on the left-hand side of (46) is easily seen 
to be, with these boundary conditions: 


sin (I— &)/—s + sing V= s 


VY—ssinlV—s HSS 
y (x, & 8) = (48) 
sin (l — x) V= s + sin€éV—s (a > &) 
VY—ssinlV—s i 


and the solution of equation (46) satisfying boundary conditions (47) can be 
expressed in terms of this Green’s function as 


Ll 
pla, s) = f p(x, £; 8) o(&; 8) dé. (49) 
0 


1, we write function (48) in the 


In order to perform the transformation Ly}, 


form: 
E cos (x — E+] ~—s + cos (x + £ — I) Y= 8 


eae  ysenipoe 
y(@, 6; 8) = vas nes (50) 
cos (x — E — l) =e yp ena — s8 (a > £). 


2V—ssinly— s 2VY— ssinly—s 
On using the fact that, if 0 <v < <l, then —1/2 < (x — ¢)/2l < 0 and 


0 < (x + &)/21 <1, whilst if 0< E< x< l, then 0 < (x — £)/21< 1/2 and 
0 < (x + £)/21 <1, together with (40) and (43), we obtain: 


Lite, & )] = Ge 8) = 5, [4 (=F, =) 0 (==. z)]. op 


It follows from the convolution theorem that 
t 


Lz"[y(a, &; 8) 0(§; s)] = 2 x(&, t) G(a, €;t— 1) dr, 


so that, by (49): 
I t 
u(x,t) = f d& f x(&, t) Q(x, &t— t) dr. (52) 
0 0 
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On comparing this formula with (31), we see that the function G(x, £; t — Tt), 
given in terms of 6,(v, t) by (51), is the Green’s function of the heat conduction 
equation which we discussed in the previous section. 

We must mention the proof of (40), on which all the above working is based. 
We have had the expression: 


omen 2 t et ee iS 


2z sin nz (= cos & cos 2a } 
ee , 
n 


which holds in the interval — x < æ < z [II, 145]. On setting in this 
x = 2nv — n and z = y— s: m, we get: 
cos (2v — 1) y — $ 1 & cos 2nnv 
_ sete WTS 1 y § eos, 
V—ssinf—s s n=1 spren 
and the above inequality for x gives 0 < v < 1. On the other hand, we have 
the Fourier expansion of (v, t) [III,, 176]: 


Pw, t) =1 4+2 X e—n*a* t cos 2nav. 
n=l 


The above series is uniformly convergent with respect to ¢ in any finite interval 
0<e<t< T lying to the right of zero. Assuming that the real part of s is 
positive and integrating by parts, we get: 


T 
—se—. e—sT iJ 
| e~st B,(v, t) di = LETeo +2 5 


n=1 


cos 2nzv 


rs [e-(stnta)e — e—(s+n 7) T] 


8 
In view of the presence of n? in the denominator, this series is uniformly con- 


vergent with respect to € and T, and passage to the limit as e — 0 and T — œ 
gives us 


which yields (40). 

A detailed account of the application of Laplace transforms to problems of 
heat conduction can be found in articles by Doetsch (Mathem. Zeitschr. Bd. 
22, 25, 26, 28) and in his book Theorie und Anwendung der Laplace-Trans- 


formation. 


247. Application of finite differences. We take the non-homo- 
geneous heat conduction equation: 
Uy, = a? Uyy + AE, E) (53) 
with the initial condition: 


u lio = (x) 0<g<l) (54) 
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and the homogeneous boundary conditions: 
u =o = 0; u |x= =0, (55) 


we shall assume in future formulae that a = 1 and J = 1, this being 
always possible by changing the scales of ¢ and x. We take the interval 
[0, T] of variation of t and divide it into n equal parts by the points 
ty = kh (k = 0, 1, ..., n), where h = T : n. We put t = tky in equa- 
tion (53) and replace the derivative with respect to t by the ratio 
of the increment of the function to the increment h of the independent 
variable. We obtain as a result of this replacement a system of 
ordinary differential equations for the functions u(x), which are 
approximate values for u(x, t,4,), since the derivative with respect 
to t has been replaced by the above-mentioned ratio. The system of 
differential equations for the u(x) obviously has the form: 


Ses 8) Me) He) (a, tgs) (B= 0,1, ..4, m— 1). (56) 
Taking (54) into account, we put u(x) = f(x), whilst we subject 
all the remaining functions w,4,(x) to the boundary conditions (55): 


urpi (0) = Ung, (1) = 0 (k= 0,1,..., n— 1). (57) 


The process of evaluation amounts to the following. On putting 
k = 0 in equation (56) and substituting u(x) = f(x), we get a second 
order equation for w(x), which has to be integrated with boundary 
conditions (57). Having thus found u(x), and after putting k = 1 in 
equation (56), we get an equation for u(x), which has to be integrated 
with boundary conditions (57), and so on. It becomes a question of 
investigating in future an equation of the form 


— my = — a(x) (58) 


y (0) =y(1)=0, (59) 


where we have written m? = 1/h. We introduce Green’s function for 
the operator on the left-hand side of (58), with boundary conditions 
(59). It may easily be seen to have the form [172]: 


a (e™ eal eT) [em E-D e em E-1)] - 2m (e™ os e=) ( 


n= [er (x-0) one e7 (x-1)] (ems DP eTmė) : 2m (e™ Kon e7") ( 


G (x, £) = 
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and the solution of (58), satisfying boundary conditions (59), is 
given by 


1 
y (x) = f G(x, £) x (£) dé. (61) 
0 


Let us prove a lemma: Solutions of (58), satisfying boundary con- 
ditions (59), satisfy the inequality 


ly (a) |<, max |x (a) |. (62) 


We first take the case when x(x) > 0 in the interval [0, 1]. We show 
that now y(x) > 0. For, if this were not the case, y(x) would have 
to have a negative minimum inside the interval, and we should have 
y” > 0 and my < 0 at the corresponding point, which contradicts 
(58) with x(x) > 0. The inequality y(x) > 0 also follows from (61). 

Thus all the values of y(x) are non-negative, and the function takes 
its greatest positive value at a point inside the interval [0, 1]. We must 
have y"(x) < 0 at this point, and it follows at once from (58) that 
—m?y(x) > —xn(x), whence inequality (62) follows. If x(x) takes 
negative values, by using (61) and the fact that Green’s function (60) 
does not take negative values, we obtain the inequality 


1 
ly (a)| < f G(x, & [a (ë) |dé. (63) 
0 


The right-hand side of this inequality is the solution of the equa- 
tion 
d?z 


a ee —|x(x)|, 


satisfying boundary conditions (59). As we have just proved, the 
inequality holds for this solution: 
z (x) oS. max |x (x) |. 
mM O<x€1 
By (63), (62) holds all the more. 

Let us introduce the error y(x), due to replacing w(x, I,4,) by 
Ux4 (x), and the error 7,4,(z) due to replacing the derivative by the 
ratio of the increment of the function to the increment of the 
independent variable: 


Vrta (X) =U (T, tr41) — Urti (2); 


Ou (x, t) u (x,t — u (x, ty) 
Nk+ı (x) = OL tate, á ( ar k ’ 


(64) 
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where, obviously, y,(z) = 0. On putting t = tk} in equation (53) 
and adding the equation obtained to (56), we obtain 


dyka 41 == 
e (2) _ Yk si Yk (©) H nka, (2) 


or 
2 

Prea L m ypy, (2) = — M? ye (2) + Mep: (2). (65) 
If u(x, t) is assumed to have a derivative with respect to t, continuous 
as far as t= 0, application of the finite increments formula to 
expression (64) for nyl) shows us that | ,4,(z)| < t, where t 
does not depend on k and 2, and tends to zero along with h. Let 6, 
denote the maximum of | y(x) | for 0 < x < 1. Application of our 
lemma to equation (65) gives us: 6,4, < 6, + ht. On summing this 
inequality from k = 0 to k = n — 1, and using the fact that 6, = 0, 
we get 6, < nht = T qt. This inequality will hold all the more if the 
summation is taken from k = 0 to some k =m < n — l, i.e. 


| u(x, tm) — Um (a) |< Tr (m=1,2, ..., n— 1). (66) 


‘The error y,,(x) is thus seen to tend to zero along with h. We have 
assumed in the proof of this that the solution u(x, t) of the problem 
exists and that this function has a derivative with respect to t which 
is continuous up to t = 0. 

The application of the method of finite differences as described above 
is due to Rothe (see Zweidimensionale parabolische Randwertauf- 
gaben als Grenzfall eindimensionaler Randwertaufgaben, Math. 
Annal. Bd. 102, Heft 4/5, 1929). This work considers the more general 
equation 

2 
Pi a(g, t) 4 ale, t, u), 
and the method described is used for proving the existence of the 
solution. 
If we have the non-homogeneous boundary conditions: 


u beso =o, (t); u |x=: = w, (t), 
we replace u by the new required function v given by 
v = u — (1 — x) or, (t) — xo (t), 


and reduce the boundary conditions to the homogeneous type. This 
replacement of the required function changes the function x(x, t), 
but this is of no real significance. 
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248. Fourier’s method. Fourier’s method has often been employed 
above for solving boundary value problems. We shall provide a basis 
for this method by making use of the theory of integral equations. 
In the case of three independent variables, we take the homogeneous 
equation 


Uy = Uyy + Uyy (67) 

in the domain B with contour l, with the conditions: 
ulo=/(P) (P of B); (68) 
u|,=0. (69) 


Fourier’s method gives the solution of this problem formally as 


u(P; t) = X aye, (P), (70) 
k=1 
where A,, ¥;(P) are the eigenvalues and eigenfunctions of the equation 
Av + iv = 0 


with the boundary condition 
v|,=0 (71) 


and a, are the Fourier coefficients of the function f(P) 


= f f f(P)%(P)ds. (72) 
B 


Suppose that f(P) is itself continuous, has continuous derivatives up 
to the second order in the closed domain B and vanishes on l. Now [22]: 


P) = Saye (L) (78) 
k=1 


and this series is regularly convergent in B, i.e. the series 


Ms 


S| a0, ( P) | (74) 
k 


{ 3 


is uniformly convergent in B. 
Since 0 < e™™ < 1 for t > 0, we can say that series (70) is also 
regularly convergent if P belongs to B and t > 0. Hence its sum 


u(P, t) is a continuous function of P and ¢ if P belongs to B and 
t > 0. It follows from this that 


limu (P; t) = u(P; 0) = > aw, (P) )=f(P 


t++0 k=1 
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i.e. the function u(P, t) defined by (70) satisfies the initial condition 
(68). Further, each of the functions v,(P) satisfies the boundary 
condition (69), so that u(P, t) also satisfies this condition for t > 0. 
It remains to show that u(P,t) has a continuous derivative with 
respect to ¢ and continuous derivatives Uxx, Uyy, and satisfies equation 
(67) inside B and with t > 0. 

We differentiate series (70) term by term with respect to t: 


= Y adeh v, (P), (15) 
k=l 


and let a be an arbitrarily chosen positive number. On taking into 
account the uniform convergence of series (74) and the fact that 
0 < 4,e“*" < 1 for all sufficiently large k, we can assert that series 


(75) is regularly convergent if P belongs to B and t >a. It can 
similarly be shown that the series 


oo 


at Azet vP), 


obtained by term by term differentiation of series (75) with respect 
to t, is also regularly convergent under the above conditions. Hence 
it follows that u(P,t) has continuous derivatives of the first and 
second orders with respect to ¢ for t > 0 and P belonging to B, and 
we have for these derivatives: 


uP; t) = — È alet oP); (76,) 
u,(P; t) = aa ar get oP). (76,) 


A similar argument can be employed for the derivatives of any order 
with respect to t. 
But we have: 


P) = 2, f | G(P; Q) vQ) dS, 
B 


where G(P; Q) is Green’s function for Laplace’s operator, subject to 
boundary condition (71), and expression (76,) can be rewritten as 


ul t) = — SS f aret GIP; Q) vQ) d8. 
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On taking into account the uniform convergence of series (76,) in B 
for t > 0, we can interchange the summation and integration, and 
obtain: 


uP; t) = es Q) u(Q; t) d (77) 


and similarly: 


UES ei | Lehre) mie tae (78) 


The function ug(Q; t) is continuous in B for t> 0, and it follows 
from (77) that u,(P;¢) has continuous first order derivatives with 
respect to the coordinates (x, y) of the point P inside B for t > 0. 
After this, (78) shows that u(P;¢) has continuous derivatives up to 
the second order inside B for t > 0 and satisfies the equation: 


Au(P; t) = u,P;t), 


which is what we wanted to show. 


249, Non-homogeneous equations. We now consider the non 
homogeneous equation: 
Uy = Uyy H Uyy + A(X, Y, t) (79) 


with homogeneous initial and boundary conditions: 


lim u = 0; (80) 
t>+0 
u|,=0. (81) 


We introduce the Fourier coefficients of the function 2: 


= f f a(P; t) v,(P) dS (82) 
B 


and seek the solution of the problem as 


=< x(t) val P (83) 
On substituting in equation (79) and taking into account the fact 
that Av, = —A,v,, we obtain the differential equation for coefficients 
ext): 


c(t) = — Ag ex(t) + y(t) , 
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whence, on taking (80) into account, i.e. c,(0) = 0, we obtain 
f 
cat) = f et’) b,(t’) dt’, 
0 


and we substitute this in (83): 


oo 


t 
u(P;t) = X vP) fe’ b(t) dt’. (84) 
k=0 ò 
This solution is justified with the following assumptions regarding 
the function 2a(P, t): it has continuous first order derivatives with 
respect to the coordinates of the point P for every t > 0 inside B, 
and the series 


co o 


PAZO vP); PAT (t) Ak OP); PAZ t) Ak vaP (85) 
are regularly convergent if P belongs to the closed domain B and t 
to any finite interval [0, T]. On taking into account the regular 
convergence of the first of series (85) and the fact that 0 < et- <1 
for 0 < t’ < t, we can assert that the series on the right-hand side 
of (84) is uniformly convergent with the conditions indicated for 
P and t. Its sum u(P, t) is a continuous function of P and t, given 
these conditions for P and t. It follows at once from the form of the 
right-hand side of (84) that u(P, t) satisfies conditions (80) and. (81). 

It remains to verify that the function u(P, t) defined by (84) has 
the corresponding continuous derivatives inside B for t > 0, and 
satisfies equation (79). On differentiating the series appearing in (84) 
term by term with respect to t, we obtain 


œ 


t 
= bill b,(t) val P) — = dy vgl P) J eH’) p (t) dt’. 

On taking into account the regular convergence of the second of 
series (85), we can say that the series forming the subtrahend in the 
above difference is uniformly convergent under the above conditions 
for P and t. The sum of the series forming the first term of the difference 
is equal to a(P, t), since this series is regularly convergent by hy- 
pothesis [22]. We therefore have: 


t 
u(P; t) = aP; t) — X oP) Ay J ott") at’, (86) 


k=1 


uP, t) being continuous with the indicated conditions for P and t. 
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On replacing P by @ in this formula, multiplying both sides by 
G(P, Q) and integrating over B, we obtain, on taking into account 
the integral equation for vą(P): 


JS OP; Q) uQ; t) dS = 
= $ f GIP; Q) 2(Q; t) as — 2 v,(P) A et’ b(t’) dt’ , 
the sum of the last series being equal to u(P, t). Thus 
u(P; t) = — is GP; Q) u,(Q; t) dS + SS G(P; Q) (Q;t) dS. (87) 


Since z(Q, t) has continuous derivatives inside B, we can say that 
the last integral has continuous derivatives inside B up to the second 
order with respect to the coordinates of the point P, and Laplace’s 
operator of this integral is equal to [—x(Q; t)]. 

We now make use of the regular convergence of the third of series 
(85) and show that u(P,t) has continuous derivatives up to the 
second order inside B and satisfies equation (79). 

We use the notation: 


œ t 
WQ; t) = — uP; t) + P; t) = Z oP) Ay f D be) ae’ 


On taking into account the regular convergence of the third of series 
(85), we can differentiate the uniformly convergent series written 
above term by term with respect to t, which gives us: 


ao o t 
w,(P; t) = ak by (t) vP) — = v,(P) Az i) erat’) bt) dt’ , 


these last series being uniformly convergent. On replacing P by Q 
in the last expression, multiplying both sides by G(P; Q), integrating 
and taking into account the integral equation for v,(P), we get: 


J S OIP; Q) wQ; t) dS = 
w% 36 t 
= > bt) vP) — 2 vP) An f e% -—t) ba(t’) dt’ f 
k= 0 


k=l 


and hence we have, on taking (86) into account: 


u(P5t) = f f AP; @) wiQ; t) ds , 
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whence it follows that u,(P, Q) has continuous first order derivatives 
inside B. After this, (87) shows that u(P, t) has continuous derivatives 
up to the second order inside B and satisfies the equation 


Au(P; t) = uP; t) — a(P; t), 


and hence (84) is fully proved. 

If we are talking of only the generalized solution of equation (79), 
the formula can be justified with fewer assumptions regarding the 
function x. We recall the definition of the generalized solution of (79). 
Let D be the cylinder which we referred to in [242], and D, the part 
of it bounded from above by the plane ¢ = T. The function u(P, t) 
is called a generalized solution of the equation if the following formula 
holds for any function o(P, t), having continuous derivatives up to 
the second order inside D, and vanishing at all points sufficiently 
close to the boundary of D,: 


fff MO, + Oy, + 0) dx dy dt = — f f f xo da dy dt. (88) 
D, D, 


We now assume that the first of series (85) is regularly convergent 
if P belongs to B and ¢ lies in the finite interval [0, T]. The sum of 
the series is now equal to a(P, t), and, as we saw above, series (84) 
is uniformly convergent. 

Let 2,(P,t) denote the segment of the first of series (85): 


n 
at, (P; t) = > by (t) % (P), 
k=1 
and un(P, t) the segment of series (84): 
n t 
un (P;t) = So (P) f ee’? b, (t) dt’, 
k=1 0 


The function u,(P,t) satisfies equation (79) with z replaced by 2,(P, t). 
We can therefore write: 


à ò f ty (Oxx + Oyy + 9) de dy dt = — f f f 2, oda dy dt. 
`D, Ò, 


On passing to the limit as n —> œ and using the fact that 2,(P, t) > 
—> a(P,t) and u,(P,t)—>u(P,t) uniformly in D,, we obtain (88), 
i.e. the function u(P, t) defined by (84) is the generalized solution 
of equation (79). It is immediately evident, in addition, that this 
sum satisfies conditions (80) and (81). 
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If we make use of the fact that a generalized solution of the homo- 
geneous heat conduction equation is an actual solution of this equation 
[160], together with the uniqueness theorem for the solution of a 
boundary value problem of the heat conduction equation, it can be 
shown, precisely as for Poisson’s equation, that the generalized 
solution of non-homogeneous equation (79) with given initial and 
boundary conditions is unique [224]. 


250. Properties of the solutions of the heat conduction equation. 
We take the equation 


Uy — Uyy = 0. (89) 


Let u(x, t) be a solution of this equation, having continuous derivatives 
ux and uw at and in the neighbourhood of some point M. It follows 
from (89) that the derivative uxx is now con- 
tinuous. 

We surround the point M with a sufficiently 
small rectangle ABCD, with sides parallel to 
the axes (Fig. 19), such that the above solu- 
tion u(x,t) exists in this rectangle. We take 
the origin at the point A, and let 7 be the 
length of AB. We write o,(¢), @,(t) for the 
values of our solution on the sides AD and Fic. 19 
BC, and f(x) for its value on the side AB. We 
first take the case when f(x) = 0. We can write the solution u(x, t) 
in accordance with (17) as 


y 


D 


t 


x? 

an g(t) T 4aX(f—7) 

u(x, t) =| ae a xe dt + 
d 

t œ- 


p(T) ~ 4a*(t—7) 
a Í unet lye dr, (90) 


0 


where the continuous functions g(r) and y(t) are found from integral 
equations (18). The uniqueness theorem for equation (89) must be 
borne in mind here. 

Let the point (25, tọ) lie inside ABCD. Let us take say the first 
of the integrals appearing on the right-hand side of (90). If we replace 
To in it by x’ + 2", where g’ is sufficiently close to x, and x” is 
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sufficiently close to zero, the real part of (x’ + 27%)? will be positive, 
whence it is clear that the integral in question is uniformly con- 
vergent at the limit t = ¢ with respect to the parameter x = x’ + wt 
for all complex z sufficiently close to ,; on the other hand, the inte- 
grand is here an entire function of x for 0 < t < t. Hence it follows 
that the magnitude of the integral is a holomorphic function of x 
in the neighbourhood of every point (x, t) lying inside ABCD [III,, 70], 
and in particular, at the point M. The same can be said as regards 
the second of the integrals appearing on the right-hand side of (90). 

Therefore, the solutions of equation (89) are analytic functions of the 
variable x. 

This assertion is not valid as regards the variable t. For, if every 
solution of (89) were an analytic function of t, the values of the function 
on any straight line parallel to the ¢ axis and belonging to the half- 
strip illustrated in Fig. 19 would be fully defined, by virtue of the 
principle of analytic continuation, by the values which this function 
has on the segment of the straight line belonging to ABCD. But 
this is not the case, since the values of u obviously depend on the 
actual method by which the functions @,(t) and @,(¢) are continued, 
these being given initially only on the segments AD and BC of x = 0 
and z = 1. 

We have so far assumed that f(x) = 0 in the interval (0, Z). If this 
is not the case, we can continue this function on the wider interval 
[a, b] such that it is equal to zero at the ends of the interval, and 
then continue it as zero outside the interval. We form the difference: 


b _ (=x)* 


fee * de. 


1 


at. 
a 


uU — 


This difference has zero values on the segment AB, and the above 
arguments are applicable to it. It remains to consider the solution: 


_ (ax) 


b 
ty (2,1) = -yzy [Be a ae 
0 


On applying the theorem on an integral depending on a parameter 
MIL, 70], we see that u(x,t) is a regular function of (x,t) in the 
neighbourhood of any point lying on the t = 0 axis, ie. for t > 0. 
We remark further that it follows at once from (90) that the function 
u has derivatives of all orders with respect to ¢ for 0< s < 1l. 
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An upper bound can be found for the derivatives of the solution 
of equation (89) with respect to t. We take the solution u of (89) 
having continuous derivatives ux and wù at the origin and in its 
neighbourhood, and assume that u is an odd function of x. We have. 
the Maclaurin expansion: 


t t 
w= ulte + HO go ty pe) gm y sae. (1) 
where 
PrI y 
Ung (t) = panti (n =0,1,2,...) 


On using (89), we can write: 


Ə” (ðu a” u, (t) 
Usny (t) = aE eae = aa . (92) 


If ọ is a positive number less than the radius of convergence of series 
(91), we have the inequality [IIL, 83]: 


yeni (t) M 


karis o’ 


where M is a positive number. The following inequality for the 
derivatives of function w,(t) is a consequence of (92): 


d” u, (t) M(2n + 1)! 
o 
This inequality does not guarantee that u(t) is analytic. If we had 
the stronger inequality: 


d” u, (t) M-n 
Par 


the Maclaurin series of u(t) would be convergent, and this function 
would be regular in the neighbourhood of the origin. 


251. The generalized potentials of a simple and double layer in 
the one-dimensional case. We discussed in [243] the solution of the 
boundary value problem in the half-strip bounded from below by the 
characteristic ¢ = 0 of equation (5), and at the sides by x = 0 and 
x= 1. We now consider the domain on the (g, t) plane which is 
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bounded from below by the characteristic t = b, and at the sides by 
the two curves l; with explicit equations (Fig. 20): 


x =c (t); £= o, (t) [o, (t) < o, (t)], (93) 


where o;(¢) have continuous derivatives for £ > b. To solve the problem 
in this domain, we have to construct the generalized potentials of a 


Fia. 20 


simple and double layer, which, with o;,(¢) = const, become the 
potentials indicated in [243]. These generalized potentials have the 
form: 

[ox(t’)—x]* 


t 
1 pilt) T Tar) yy 
U; x,t = — ee dt , 94 
L ( ) 2a yx Vi _—P ( ) 
b 


t _ lat) -x 


A 1 yı (t’) 1 4a°(t—t’) , 
v (z) = 5 f ap [e—a (tle dt’, (95) 
b 


where 9;(t’) and y;(t’) are continuous functions. 

The functions u;(x, t) and v;(x, t) have continuous derivatives and 
satisfy equation (5) everywhere outside the curves l;. Both potentials 
also have a meaning when the point (x, t) lies on the curves l;. This 
is immediately obvious for the potential u,(z, t), since the integrand 
is bounded by C(t — t’)-1”, where C is a constant. If the point (x, t) 
lies on 1;, we can write for the potential v;(x, t): 


[w—ao,(t’)] _ [ox (t) — ot) _ O ot (to) 
(t — t’)*/ (t — ryh (t — tyl 


(t < to < Ë), 


whence the convergence of integral (95) follows. 
The magnitude of integral (94) over the small section: t— ô< t’ <t 
tends to zero as ô— 0 for any position of the point (x,t), and 
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hence it follows immediately that u;(x, t) is continuous as far as 
lı Integral (95) has different limits as (x,t) tends to the point 
(£o Éo) on li: 
lim v; (x,t) = + Y; (to) + Vi (Xo, to), (96) 
(x, t) > (Xo to) 
where v;(£o, to) is the value of integral (95) at (£o, to) itself; the (+) 
sign has to be taken if (x, t)—> (£o, to) from the right of l;, and the 
(—) sign if (x, t) —> (£o, to) from the left of l;. If o;(t)= const., obviously 
U;(%, to) = 0, and we get the result of [243]. We omit the suffix į 
when proving (96). 
We consider integral (95) with g(t’) = 1: 
i t l _ {o(t’)—x}* 
; 4a%t—0) gyr 
vo (0,1) = == | Tarr e ee d” (97) 
b 


and the function 
1 20’ (t’) eo 
— 20 4aXt—f) ay ; 
W (x, t) = -— e dt’. 98 
0(@, 4) vel Zr 98) 
b 


On replacing t’ by the new variable of integration 


a 2 ot’) 
~~ 2a r 
we obtain 
to 
vy (at, t) +w (at) = e-* dz, (99) 
x—a(b) 
2aVt—b 


where the (+) sign must be taken in the upper limit if x — e(t) > 0, 
and the (—) sign if x — o(t) < 0. If the point (£o, to) lies on J, i.e. 
Ly — o(to) = 0, then 
0 
2 _22 
vo (Zoto) + Wp (tot) =- | ede. (100) 

Xp— o(b) 

2aVto—6 
It follows at once from the definition of w(x, t), as above, that 
w(x, t) is continuous as far as l. It follows from (99) that 


£ w 
lim [vo (mt + nwt] =y f e*de, 
(x, t)—>(Xo, te) Vz a 
Xa—a(b 


2aVt,—b 
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and, on subtracting (100) term by term from the last formula, we get 


+ o 
lim — v(x, t) = Vo (Xp, ty) + al e~" dz, 
(e, Ge, to) Va 
i.e. 
lim Vo (x, t) = Vy (Xo, ty) +1, 
(x, t)>(Xoy to) 
and we have obtained (96) with y(t’) = 1. 


We turn to the general case. We rewrite the expression for v(x, t) as 


[o(’)—x]? 
x — o(t’) 


o(a, t) = =i Í vE ot a e D ar + 


t [o(’)—x]}* 


1 naa iG A gy 
a Sormet )ļe sart n at’. (101) 
b 


Precisely as in [193], it is sufficient to show that the first term 
retains its continuity when the point (x, t) cuts 1 at the point (£o, to). 
Let « be a given positive number. We choose a positive ô so small 
that 

lp(t’) — p(to)| < for it — | < ô, 


and divide the interval of integration b< t’ <t into parts 
b < t’ < to — ô and ta — ô < t’ < t. The function which is expressed 
by the integral over the first of these intervals is continuous at the 
point (Xo, to), and it is sufficient to show that 


[o(t’)—x]s 


f E) — vl EE e a 


AF 


is sufficiently small for all positions of the point (x, t) provided the 
latter is sufficiently close to the point (x ,¢,) or coincides with it. 
The absolute value of this last integral does not exceed 

‘|e — ot), a=) 

ct — oa Aai) ays 

ar. “Gath e di’. 


t—6 


We assume that the difference x — a(t’) changes sign not more than 
k times, where k is a definite positive integer, for tj) — ô <i’ < t 
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and an arbitrary position of (x, t) in some neighbourhood of (2p, to). 


The integral 
; | (e)| ae) 
x —o (t) 4a(t—t’) , 
trh È dt 
to—6 


is now the sum of not more than k integrals, of the form: 


tigs w) [tx] 
—o ry A 
af e WENA (ò< t <t <i), 
which differ from the integrals 
x—o(te41) 
2aVt—tiy, toy [o(t’)—x]? 


+ 4a f e- dz by the magnitude + i 7 Ee e IUTE) dt, 


x—o(ti) gz 


LaVt—t; 


the absolute value of which does not exceed some constant. The 
above-mentioned integral therefore remains bounded when (x, t) is 
situated in some neighbourhood of (£o, to). This integral is multiplied 
by £, and hence we can use the same method as in [193] to complete 
the proof that the first term on the right-hand side of (101) is con- 
tinuous when (zx, t) cuts l at the point (x9, tọ). We can make use of the 
above potentials to reduce a boundary value problem for the domain 
indicated in Fig. 20 to an integral equation, as we did in [243]. 
Suppose that the conditions are: u = 0 on the characteristic t = b and 
u = o,(t) on l;. We shall seek the solution in the form 


_ [atx 
als Yi ir zla—a(tyje “Mav. (102) 


Now, equation (5) and the boundary condition on the characteristic 
t = bare satisfied for every y;(t’), whilst we obtain from the boundary 
conditions on J; the system of Volterra integral equations for y,(¢): 


a ae pe MEEO 
Wy (t) = Yı (t) + = 2 ii 65 EA (t) 0; Eje ~4aX(t— r) dt’; 
2a Vx fii (t= tyh 


2t 0) ~ [alalt 
i a 4aXt—t’ i 
2 i Gna Loot) —atyje E ar. 
i=l, | 
(103) 


756 BOUNDARY VALUE PROBLEMS [251 


We consider the integrals appearing in the first equation: 


; _ (tee)? 
j gapga aee “RO ar, (104) 


w) — lalt) ol) 

, 4a%(t—?t’ 7 
f (i rn (lt) ate “EY ar. (105) 
6 


The polarity in integral (104) for t’ = t is lowered on account of the 
numerator of the fraction 

a (t) — 9, (t’) 

(t= tyh  ” 

in the same way as remarked above. In the second integral, the 
index of e tends to (—°°) as t’ — t, and this completely removes the 
polarity. The integrals for the second of equations (103) may be 
similarly considered. Hence system (103) has a unique solution and 
can be solved by the method of successive approximations. 


The solution of the above boundary value problem can also be sought as the 
sum of two simple layer potentials: 


t [o,(t’)—x]? 
id jv’) = 7 
> ja at=) ay, (106) 


We now arrive at a system of integral equations of the first kind: 


t [9;(t)—0,(t)}" 
TE Be aw 
$ 2a Vr fi yi-v 
(107) 
t [o4(t)—2,(t) 1 
1 2 Í gw) -aen 
w, (t) = —— ¥ e di’. 
0 Dla Ad Wa 


We multiply both sides by (y — t)~1/? and integrate with respect to t from 
t =b to t =y: 


l 
2a yr 


2 » 
> | woe ena 


j=l, 


Aw= 
(108) 


i, 
hi = se S| Kyou) a, 
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where 


fly) = f fey ds; 


(109) 
MORAG 
4aXt—t’) dt: 


y 
1 
ew) “(tS Gt). 
F 


here, we have changed the order of integration on the right-hand side and 
applied Dirichlet’s formula [II, 79]. System (108) is equivalent to (107) [ef. 
H, 79]. We obviously have: 

salt- a for 74] 


lim e we 
1 for t=], 


tot’+0 


and, on taking into account the formula [II, 79]: 


=, 


J Vw—9 =") 


we obtain 
Kuly: y) = Kzl y) =m; Kiely y) = Kn (y y) =9. 


We differentiate system (108) with respect to y, on the assumption that the 
œ;(t) have continuous derivatives, in which case the functions f;(y) also have 
continuous derivatives [IT, 85]: 


iz n OKE 
ha = ga W) +> TEP 2. a E ay, 


(110) 
a s ”) a 


fa) = n Ja P aa 


mF} 
To evaluate the derivatives, we write K yty) in the form: 


y _ lo (t}—o (OF pegs 
; 4e GL) ; a 
Ky (ty) =| ° i d [are sin (2 yr ~1)]. 
È 


On integrating by parts and differentiating with respect to y, we obtain 


, a; (t’) 0 (0)? 
0K; (t’, y) = [ ea r 


y wW) I Vy¥—d)(t—?) 


; t’) — o; (t)? 
x {ter — oeno — LUO AOT ) a, 
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When i £ j, the convergence of the integral at the limit ¢ = ¢’ is guaranteed 
by the exponential function, whilst when ¢ = j the fraction in the braces has 
no polarity, and the entire expression in the braces tends to zero with (t — t’). 
On taking all this into account and using elementary inequalities for the inte- 
grand with ¿ + j and i = j, we arrive in both cases at an integral of the form 


y di 
ofo ’ 
Vy—t 
p 
where C is a constant. It is evident from this that 


OK ty) — Ly (t's y) 
Oy ly—v ’ 


where L;,(t’, y) is a continuous function of (t’, y), and the method of successive 
approximations [43] can be applied to system (110). 


252. Sub- and superparabolic functions. When solving a boundary value problem 
for the heat conduction equation, a method can be used analogous to the method 
of upper and lower functions which we described in [217]. We take a domain 
B on the (x,t) plane, bounded from above and below by the characteristics 
t = 0 and ¢ = b, and from the left and right by curves having the equations 
(93); no assumptions will be made as yet regarding the properties of the 
functions o,(t), except that they are single-valued continuous functions and 
a(t) < a(t). In order to define sub- and superparabolic functions, we have to 
choose some basic domain, for which we are able to solve the boundary value 
problem for the equation 

Uy — Uyy = 0 (111) 


with any continuous boundary conditions. This domain was a circle for Laplace’s 
equation. In the case of equation (111) we choose say an isosceles triangle £, 
the base of which is parallel to the ¢ = 0 axis, whilst the sides are directed towards 
increasing t. The solution u(x, t) of the boundary value problem for such a tri- 
angle can be obtained by the method indicated in [251 ]and is unique. This solu- 
tion, attains its maximum and minimum value on the sides of the triangle [I], 
209]. The function y(M) = p(x, t), continuous in the closed domain B, is said 
to be subparabolic if its value y(M,) at any interior point M, of B is not greater 
than the value at this point of the solution of equation (111) in any sufficiently 
small triangle 8 containing M, as an interior point, the value of the solution 
on the sides of 8 being equal to p(M). A superparabolic function y(M) = y(x, t) 
is defined in a similar way, except that y(J/,,) must be not less than the values 
of the solutions of (111) in the triangles 8. The least value of a superparabolic 
function and the greatest value of a subparabolic function are attained on the 
boundary of B. 

It may easily be seen that, if (x,t) has continuous derivatives yy, Yy Yxx 
inside B, and y, — xx, > 0 inside B, then y(x, t) is a superparabolic function. 
For, let u be a function satisfying (111) and coinciding with » on the sides of 
8. The difference w = y — u now vanishes on the sides of 8 and w, — wy, > 0 
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inside £. But the function w must attain its least value on the boundary of $ 
[242], where it vanishes, i.e. w > 0 throughout the triangle £, i.e. y > u in 
8, which is what we wanted to prove. 

Similarly, if p, — Pxx < 0 inside B, then ¢ is a subparabolic function. Every 
solution of equation (111) is simultaneously both a sub- and superparabolic 
function. It can be shown, precisely as in [216], that, if fi(M), ...,fm(M) are 
superparabolic functions, y(M) = min[f,(M), ...,fm(M)] is also a super- 
parabolic function. Let f,(J7) denote the function which coincides with f(M) 
outside the triangle 8 and on its sides and is equal, inside £, to the solution 
of equation (111) with values on the contour of 6 equal to f(M). As in [216], 
it can be shown that, if f(M) is a superparabolic function, the same can be said 
of f,(M), where f,(M) < f(M) in B. 

The boundary values in B are specified on the lower base ¢ = 0 and on the 
sides 1,. Let 1’ denote this part of the contour of B. The definition of upper and 
lower functions is the same as for Laplace’s equation. In particular, an upper 
function is defined as any superparabolic function which has values on l’ greater 
than or equal to the specified boundary values. 

The function u(x, t) can then be defined as the strict lower bound of values 
of all the upper functions. It can be shown that this function satisfies equation 
(111) [ef. 217]. It is a generalized solution of the above-mentioned boundary 
value problem for equation (111). An investigation of the behaviour of this func- 
tion u(x,t) on approaching J’ can be found in I. G. Petrovskii’s article First bound- 
ary value problem for the heat conduction equation (O pervoi predel’noi zadache 
dlya uravneniya teplorovodnosti) (Compositio Mathematica, t. 1, fasc. 3, 1935), 


253. Fundamental inequalities for solutions of the wave equation. 
We were concerned in the previous chapter with the question of 
finding inequalities for the solutions of a linear hyperbolic equation 
in terms of the initial data and coefficients. It was assumed either 
that the process occurred in unbounded space, or else that we were 
entirely concerned with the part of space and the instants such that 
no perturbation had yet had time to arrive on the boundary. We shall 
next establish similar inequalities for a boundary value problem, our 
consideration being here confined to the wave equation. For the 
sake of clarity, we shall carry out all our arguments for the wave 
equation with two spatial coordinates. We thus have three coordinates 
(x, y,¢), and we can make use of three-dimensional spatial forms. 
The entire discussion can be extended to the case of three spatial 
coordinates. 

Let u(P; t) = u(x, y, t) be a given solution of the wave equation 


Ut = Uxx T Uyy (112) 
in the domain B with contour J, satisfying certain initial conditions: 


Ultimo = fo (2Y); Meo = fı (x,y) [(x,y) in B] (113) 
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and the homogeneous boundary condition 
ul, = 0. (114) 


Our aim is to explain the nature of the dependence of the solution 
on the initial conditions (113). Let D be the three-dimensional domain 
in space (x, y, t) bounded by the planes ¢ = 0, t=T and by the 
lateral surface S, of a cylinder with directrix l and generators parallel 
to the ¢ axis. We assume that the above-mentioned solution is itself 
continuous, has continuous first order derivatives in the closed 
domain D and has continuous second order derivatives inside D. 
We shall start out from the following elementary identity, which we 
made use of when a the uniqueness theorem: 


2U (tu — Uxx — Uyy) = = “Ot 2 (uz + uy + uz) r 2(U, U x)x ae 2(u, Uy)y. (115) 


On integrating both sides with respect to the domain D and using 
equation (112), and transforming the integral on the right-hand side 
in accordance with Ostrogradskii’s formula, we get: 


P [(u} + u} + uz) cos (n, t) — 2u, Uy cos (n, x) — 
— 2u, u, cos (n, y)] dS = 0, (116) 


where S is the total surface of D and n is the direction of the outward 
normal to S. Strictly speaking, given our assumptions regarding u, 
we should apply Ostrogradskii’s formula first to the cylinder contained 
inside D and formed by parallel surfaces, then pass to the limit and 
use the continuity of the first order derivatives right up to S. On the 
lateral surface of the body D, i.e. on S,, we have cos (n, t) = 0 and 
u, = 0. This last follows from the fact that points of S, are points 
of the contour J at different instants, whilst we have condition (114) 
on J, ie. u = 0 on S,. The lemma of [162] should also be borne in 
mind here. On the upper and lower bases of the cylinder we have 
cos (n, %) = cos (n, y) = 0. In addition, cos (n, t) = 1 on the upper, 
and cos (n, t) = —1 on the lower base. Formula (116) thus leads to 
the following fundamental equation: 


ff (tak + wy ds}_ = ff (w+ eet ws as|,_, 
B B 


or, on taking (113) into account: 


[fore stas = [ify +BY njas, amy 
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and the integral on the left-hand side can be taken with any value 
of ¢ in [0, T]. It is assumed that the solution u with the above- 
mentioned properties exists in the cylinder D defined above. It follows 
at once from (117) that the left-hand side of (117) does not depend 
on ¢. We shall now give an inequality for the square of the function u 
over the domain B. We suppose that straight lines parallel to an 
axis cut the contour / in not more than two points; also, let y = ¢,(z) 
and y = p(x) be the equations of the lower and upper parts of the 
contour, where obviously 0 < p(x) — 9,(z) << M, where M is a 
constant. We can write: 


Y 
ð 
u? (x, yY, t) = We (£, Y1» t) dy,, 


p(x) 
or 
u? (x, y, t) =f 2u(a, y t) Peni dy, 
; p(x) 
whence 
J fur (x, yY, t) dz dy = ffi j 2u(x, Yi t) Ne Me ay, Jaz dy. 
B q(x) 


On writing a and b for the abscissae of the extreme left- and right- 
hand points of the contour l, we can write: 


b gx) y 


ffe (x, y, t) dx dy = fi f [ Í 2u (£, Yı, t) nee dy, |dylaz. 
B 


a a(x) p(x) 


We change the order of the integrations with respect to y, and y by 
applying Dirichlet’s formula [II, 79]: 


ffennaay= f| T [T teyu Het ay] dy, ae 
B 


a g(x) y 


or, on recalling that the integrand does not depend on y: 


Ta z, y, t) da dy = [fa z, yy t) Gt fp, (x) — yı] dx dy,- 
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We have g(x) < Yı < p(x), so that 0 < p£) — yı < M. On putting 
y for Y, we can write: 


le (x,y, t)dady < 2m | J ful yY, t)| |e | da dy. 


We apply Buniakowski’s inequality to the last integral: 


ffe (x, y,t)dady < 
B 


< 2M [fuen naran | [f(t ae ay. 
B B 


On squaring both sides and dividing through by the integral of 
u(x, Y, t), we get: 


bie 


{fue de dy < ame | | ( 9 \ de dy, (118) 
B B 


and, on taking (117) into account, we obtain as our final inequality 
for the integral of u(x, y, t) in terms of the initial data: 


Ma æ, y, t)dxzdy < efil ey + + (= fe y + fi }dedy. (119) 


By using this formula, we can estimate the mean square error in 
the solution from the mean square error in the initial data. Suppose 
we have found a solution w(x, y,t) of equation (112), satisfying, 
instead of initial data (113), the different initial data: 


= 9; (#,Y) 


ou 
t| POWs E | 


and the homogeneous boundary condition (114). The difference 
(u — u) satisfies (112), the homogeneous boundary condition (114) 
and the initial data: 


(u — Uy) limo = fo (%, Y) — Po (£, Y); 


Ə(u — u) 


BE lao 7AE Y) P ley). 
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On applying inequality (119) to this difference, we obtain an inequality 
for the mean square maximum error in the solution in terms of the 
mean square error in the initial data: 


[fiv Yy, t) — u (x,y, t)P dz dy < 


<ar ffa de — Ee) 4 (He — R)? +. (f — gy)?] do. (120) 


It follows from this that, if the right-hand side tends to zero, the 
same can be said of the mean square error in the solution. 


254. The case of the non-homogeneous equation. Let us now take 
the non-homogeneous equation 


Un = Uyy F Uyy + a(x, y, t) (121) 


with homogeneous boundary condition (117) and initial conditions 
(113). If the boundary condition is non-homogeneous: 


ul, = œ (£, y, t), (122) 


we can replace u by a new function v = u — Up where Ug is any 
function satisfying boundary condition (122), and thus obtain homo- 
geneous boundary conditions for v. We remark that, if we had the 
homogeneous equation (112) for u, we should have a non-homogeneous 
equation for v. Thus an inequality for the solution of equation (121) 
in terms of initial data (113) and the function a(g, y, t) enables us to 
find an inequality as above for the mean square error when the initial 
and boundary conditions are modified. 

By (121), the triple integral of the left-hand side of (115) over D 
reduces to an integral of the product 2u, 2, and we obtain instead 
of (117): 


J Je + uf + uz) d8)o7 = 


= fll He (ey) ae 2 |] saan (123) 


We put: 
= f f (už + uy + ut) ds; A(t) = f [a'd8. (124) 
B B 
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The previous formula can be written as 
K(T) — K(0) =2 eas 2 f [f furas] dt. (125) 
ò `B 
We differentiate this equation with respect to T and replace T by t: 


aK afua, 
B 


whence, on using the inequality 2 | ab | < a? + b?, we obtain 


dK(t) _ 
=O < Alt) + f fagas, 
B 


or, if we take into account the fact that 


f f uzds < K(), (128) 
B 
we can write: 
—t 
O < AHK, AEO < e~ Al), 
and integration of this inequality gives us 
t 
K(t) < ef K(0)+ {ef A(t’) de’. (127) 
ò 
If we put 
L(t) = f (uds, 
B 
we have: 
dL 


AO al ds aoa na (aes < L(t) + K(t). (128) 


We can put the absolute value sign on the left-hand side of this 
inequality. It follows from (128) that 


dfe™ L(t)] 


J <e™ K(t), 


and we arrive, as above, at the inequality 
t 
L(t) < e L(0) + fe E Kt) dt’. (129) 
0 


In addition to these inequalities, we can obtain simple inequalities 
for K(t) and L(t) with homogeneous initial as well as boundary con- 
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ditions. In this case K(0) = 0, and application of Buniakowski’s 
inequality to the right-hand side of (125) yields 


T) < 2f [f fas [fat as par, 
0 B B 
or, by (126): 


) < f [Kl NÉ [44(t) } dt. (130) 


Let K = max K(t) and A = max 4A(é) in the interval 0 < t< T. 
The previous inequality gives 


K(T) < K? a T 
We put ¢ in place of T in this formula, where 0 < ¿< T: 
1 1 
Kit\)<K?At (O<t<T). (131) 
On substituting this inequality for K (t) in integral (130), we obtain 


L aa Sg 
Ki) < K AP O<t<7). 


On again substituting this inequality in integral (130), we obtain 
1 77 
igg a 
K(t) < K Att. T) . 
On proceeding in this way, we obtain after n substitutions: 


= gi-1 gn-2 i 2 RE 
t of 4 eom kia A ; (132) 


We consider the sequence of positive numbers: 


1 r= 
K <Kř”A” 


gn-1 gn-2 l 2 \s 
lear ‘Veer ca) |e me 
Each of these fractions decreases as n increases, since 


gn gn-1 gntt —2 


gt) i y] ae 


Hence each factor of product (133) decreases as n increases by unity, 
and furthermore, a fresh factor (2/3)'@"-, less than unity, is added, 
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i.e. sequence (133) is decreasing and therefore has a limit, which we 
denote by C. On passing to the limit in (132), we obtain 


Kit) < CAP (O<t<T). 
On substituting this inequality in (130), we obtain 


l YF geg 
K(t) <<=- V0 AP. 


On substituting once more, we obtain: 


K(t) < ——_—_—_——__ Ať, 


1 1 1 
yaa? + saa 


and, on passing to the limit, we get an inequality which does not 
contain C: 


Ka <4 AP (0<t<7). (134) 


We recall that the A in this inequality is max 4A(é) in the interval 
0<t< T. Having obtained inequality (134) for K(t), we can write 
for the integral of the squared function u?(z, y, t), in accordance with 
(118): 

Li) < AM?P (0<t<T). (135) 


Suppose we have homogeneous equation (112) with initial and 
boundary conditions. By using the solution of (112) for the case of an 
unbounded plane [II, 172], we can reduce the initial conditions to the 
homogeneous form. Suppose that, after this reduction, the function 
w(x, y, t) appearing in the boundary conditions is such that we can 
find an auxiliary function u, as mentioned at the beginning of the 
present section, satisfying the homogeneous initial conditions. The 
substitution v = u — u,-now makes the boundary condition homo- 
geneous and does not destroy the homogeneity of the initial con- 
ditions, but reduces the equation to the form (121). We in fact have 
inequality (135) for this case. This inequality can be used in practice 
for estimating the difference between two solutions having different 
boundary conditions. The above inequalities were obtained by Sobolev. 
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By using these inequalities, we can prove the continuity, in a 
certain sense, of the dependence of the solutions of the wave equation 
on the initial and boundary conditions, as also on the function z. 

Let us first investigate the dependence on the function 7. Let u, and 
u, be two solutions of the non-homogeneous equation with different 
functions z,(z, y, t) and m(x, y, t), where the solutions satisfy homo- 
geneous initial and boundary conditions. The difference (t, — u) 
satisfies the non-homogeneous equation with function (m, — 2,) and 
homogeneous initial and boundary conditions. If, with this, 


[f(a — meas < - (0<t<T), 
B 


we obtain on applying inequalities (134) and (135): 


S Ò (u — u)? dS < eM? (0<t<T); 
E-e E-E 
0O <t< T). (136) 


This shows that the solution is continuously dependent on the func- 
tion x, the continuity being in the sense of the mean square deviation. 
Now let v, and v be two solutions of the homogeneous wave equation 
with homogeneous initial conditions and different boundary con- 
ditions: 
vili =P (24t); V li = Va (2, Y, t), 
the functions y; being defined in the closed domain B, where they 


have continuous derivatives up to the second order for t > 0, whilst 
they satisfy 


Oy, (x, y, t) 
Ot 


a kd 
Y, (£, Y, 0) = p (x, y, 0) = = mew) | = 


t=0 t=0 


On introducing the new required functions Uy = V; — Pı; Ug = Vz — Yo 
we obtain for these the non-homogeneous equation 


Fur Oy; 
AyD = du, + (3 — Ap :) 


with homogeneous initial and boundary conditions. 
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We can now apply (134) and (135) to (u, — u,), where 


a= max |\[(aP— av) — (ar — an) Pas, 


On taking into account the obvious inequality (a4-b-+-c)?< 3(a?+b?-+-c’), 
we obtain 


Op, ey (u Pyp) (Py Py) 
< A< max 3! Es gat} Tt aye | + (Ge — ae) Jas, 


and if the integral on the right is not greater than ¢/4 for 0 < t < T, 
we can write inequality (136). 

We recall that formula (120) gave the inequality for the mean 
square deviation of the solutions of the homogeneous wave equation 
with homogeneous boundary condition as a function of the mean 
square deviation in the initial conditions. By further using (117), we 
obtain here, in addition to (120): 


[SC -S H e Sy + Se aS as = 


= Jie "j +- Spe)? + (f — g,)}?]as. (137) 


255. Fourier’s method and generalized solutions. We take the 
boundary value problem for the wave equation on a plane: 
O U = Uyy T Users — Un = 0. (138) 


Suppose that a solution of (138), satisfying the homogeneous boundary 
condition: 
uj = 0 (139) 


and the initial conditions: 
U izo = Po (Lis Ly); Ulizo = Py (Ty, Ve). (140) 


is sought inside the domain B with contour l. By applying Fourier’s 
method formally, we obtain the solution of the problem in the form 


u(P;t) = Š (4m 008 ant + bm sin Van) Um (P (141) 
m= 
where m and v,,(P) are the eigenvalues and eigenfunctions of the 


equation 
Av + dv = 0 (142) 
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9) for v, and 


9) 
È an (143) 


with boundary condition (13 


bm Van m (P) (144) 
are the Fourier series of the functions (P) and oe i.e 
am = Í f Po (P) Om (P) bm Van = § Se.(P P)dS. (145) 
B 


The justification of Fourier’s method involves considerable difficulties 
as compared with its justification for the heat conduction equation. 
In Sobolev’s Partial Differential Equations of Mathematical Physics, 
Pergamon Press, 1964, p. 311 the justification is carried out from 
the point of view of generalized solutions of the wave equation. The 
author makes use in essence of the familiar Riesz—Fischer theorem 
and the convergence in the mean. We shall justify Fourier’s method 
here from the point of view of generalized solutions with more rest- 
rictive assumptions regarding ,(P) and 9,(P), but with the aid of 
more elementary methods. 
We shall assume that the series 


Š amn Om (P); (146) 
m=i 
> bn Vanvn (P) (147) 


are regularly convergent in the closed domain B. Now, the series 


48 


Gn ®m(P); Š Bim (P 
m=1 


i] 
f 


m 


are all the more regularly convergent in B. Hence, given any real t, 
(141) defines a function u(P, t) continuous in B, whilst it follows from 
the regular convergence of series (146) and (147) that this function 
has a partial derivative with respect to t: 


= Š (— am Van sin Apt + bm) Fp 008 Vuln (P), (148) 
m=1 


continuous in B, the series written being regularly convergent in B 
for all ¢. We can conclude from (141) and (148) that the function 
u(P, t) satisfies the initial conditions (140). The boundary condition 
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(139) immediately follows from the fact that all the functions v,,(P) 
satisfy this condition. 

We now define a generalized solution of equation (138) in the 
presence of the boundary condition (139) and initial conditions (140). 
We show further on that, given our assumptions, (141) gives the 
generalized solution, which is unique. 

Let D’ be a cylindrical domain in space (x, y, t) with base B and 
generators parallel to the ¢ axis, where — œ < t < +, and let 8’ be 
the boundary of this cylindrical domain. 

Suppose the function o(P;t) is continuous in D’ as far as 8’, 
vanishes on S’ and has continuous derivatives up to the second order 
in D’. Suppose, in addition, that o(P;t) vanishes for all sufficiently 
large absolute values of t. 

Let u(P;t) be any twice continuously differentiable solution of 
equation (138) in the part of D’ where t > 0, satisfying on S’ boundary 
condition (139) and having a regular normal derivative. Furthermore, 
let u(P; t) satisfy initial conditions (140). We apply to u(P; t) and 
o(P;t) Green’s formula for the part of D’ where t> 0. On re- 
calling that [Ju = 0 and that the integral over S’ falls out, since 
u = o = 0 on S’, we obtain: 


[f fensa= fflag, =p (0),.0 | 48, (149) 
D’; t>0 B 

the integral on the left-hand side being taken in fact only over a 
bounded domain, since ø, and therefore []o, vanishes for sufficiently 
large t. 

Equation (149) leads naturally to the following definition of a 
generalized solution: the function u(P; t), defined in the part of D’ 
where ¢ > 0, continuous along with u,(P;t) up to 8S’ and t = 0 and 
satisfying boundary condition (139) is described as a generalized 
solution of the problem (138)—(140) if equation (149) holds for any 
choice of o(P; t) with the properties indicated above. It can be shown 
that conditions (139) and (140) follow from (149) and the continuity 
of u and tų. 

Formula (141) gives us the solution of the problem in the sense just 
indicated. For, on observing that the functions v,,(P) have regular 
normal derivatives on the contour / of the domain, we see that (149) 
holds if we take as u(P; t) the segment s,(P; t) of series (141), i.e. 


JJ fo Pia oe (Pity ar =f [a e (EE) Z L P) 0 jas, 
B 


D; t>0 
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where s®(P) and s(P) are segments of the Fourier series of 9(P) 
and ,(P). Since s,(P; t)—> u(P; t), s(P) > P (LP), sP + p (P) as 
n —> œ uniformly in the domain D’ as far as 8’, it can be shown by 
passing to the limit in the last equation as n — œ that u(P; t), defined 
by (141), is a generalized solution of the problem with initial conditions 
(140). 

We show that the solution of the boundary value problem in the 
new statement is uniquely defined by the initial conditions. Forthis, 
we only need to show that the generalized solution of the boundary 
value problem uP; t), satisfying the homogeneous initial conditions 

u® (P; 0) = ul (P; 0) = 0, 


is identically zero in D’ (t > 0). 
In accordance with the definition of a generalized solution, we have 
for any choice of o(P; t): 


f f {ul (P; t) Jo (P;t)dr =0. 
D’; t>0 


We put u®(P; t) =0 for t< 0. Now, uV(P;t) and u(P;t) are 
continuous throughout D’, and 


Sf fu (P;t) Oo(P;t)dr=0. (150) 
fe 


We put o(P; t) = v,,(P)f(¢ + £), where f(t) is an arbitrary twice con- 
tinuously differentiable function for all t, vanishing outside some finite 
interval of values of t, whilst € is some fixed number. 

The function o(P; t) thus chosen has the above-mentioned proper- 
ties. We have: 


[a (P; t) = f (t + Ë) Atm (P) — om (P) f (t+ £) = 
= — [/" (E+ È) + Amf (E + E] 2m (P), 


so that equation (150) becomes: 


SSS UO (Pst) (f" EHE) + Amf (t+ Etm (Pde =0 (151) 
x 


We put: 
Yn (E) = f S fw (P; t) f (t + E) vm (P) de. (152) 
5 


We have: 
vm (E) = S | § uw (P; t) f” (t + E) vm (P) dr, 
Je 
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and (151) gives: 
i.e. 


Ym (E) = O, cos)/4,,¢ + C, sin) Ang. (153) 


We show that »,,(é) = 0. Let [t t] be the interval outside which 
f(t) vanishes. Let £ > t,. We now have f(t + £) = 0 for t > 0 in the 
integrand of (152), whilst uP; t) = 0 for t < 0, whence it follows 
that pm(é) = 0 for Ẹ > t, and hence C, =C, = 0 in (153), i.e. pm(é) = 0. 
It is now quite easy to show that u(P;t) = 0. We form the func- 
tion: 

+o 


w (P;E) = f u®(P;t) f(t + £) dt. 


= 00 


It is a continuous function of P in B for any fixed &, and by (152) 
and Ym($) = 0, it is orthogonal to all the functions v,,(P). 

The functions v,,(P) form a closed system, and it follows at once 
from what has been said above that w(P; £) = 0, i.e. 


+o 


J wO(P;t) f(t + §) dt =0 


-0 


for any choice of function f(t) with the above-mentioned properties. 
On applying the fundamental lemma of the calculus of variations [62], 
we get u(P; t) = 0, which proves the uniqueness of the generalized 
solution of the boundary value problem with the given conditions. 

This proof of uniqueness is taken from Kh. L. Smolitskii’s disser- 
tation The Boundary Value Problem for the Wave Equation (Predelnaya 
zadacha dlya volnovogo uravneniya). The whole of the treatment 
of the present section is due to this author. It is easy to indicate the 
conditions to be fulfilled by p,(P) and ¢,(P) in order for series (146) 
and (147) to be regularly convergent in B. This will be the case, for 
instance, if pọ(P) has continuous derivatives up to the fourth order 
in B and satisfies the conditions: 


Po |: = Apo | =0, 


whilst 9,(P) has continuous derivatives up to the second order and 
satisfies the condition: 


pı = 9. 
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The regular convergence of series (147) here follows directly from the 
fact that this is the Fourier series of y,(P), whilst the regular con- 
vergence of series (146) follows from the formulae: 


an = | | po (P) vn (P)AS = — r f f mo (P) dom (P) aS 


= z | [em (P) Apo (P ds 
B 


256. Investigation of Fourier series. We shall be concerned next 
with the possibility of term by term differentiation of series (141) 
given certain assumptions regarding the functions 9,(P) and 9,(P) 
appearing in the initial conditions (140) [cf. 184]. Our investigation 
will be based on an inequality that will be given shortly, and which 
will be proved in later sections. Asa preliminary, we introduce the fol- 
lowing new notations: 


afu ay 
Ey (u, 0) = Te (0, 4) =] I i Š es ti an.. -Ti an, 
lysery inal 
Hk (u) = $I (u, u), I (u, v) = fsf uv d8. (154) 
j=l B 


It is assumed that u(P) and v(P) are continuous in B and have con- 
tinuous derivatives in B as far as l up to the order appearing in these 
last formulae. We now state the fundamental inequality: 

if a function u(P) is continuous in B, has continuous derivatives up 
to the fifth order as far as l and satisfies the conditions: 


u| = Au|,=0, (155) 
the inequality holds: 
H, (u) < A[I, (Au, Au) + I (Au, Au) + Io (Au, Aw) + I, (u,u)], (156) 


where A is a constant depending only on the domain B, Aw is Laplace’s 
operator and A? u = A(Au). The assumptions regarding the contour | 
will be formulated when the inequality (156) is proved. 

A remark must be made in regard to this inequality: only the 
derivatives of u up to the fourth order play a part in it, yet in order 
to deduce it we assume the existence of the fifth derivatives as far as l, 
as stated in the condition above. It is not difficult to free ourselves of 
this condition. In fact, if u(P) is four times continuously differentiable 
in B, given a sufficiently smooth contour J the function u(P) can be 
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continued throughout the plane in such a way that the continued 
function is four times continuously differentiable throughout the 
plane. The mean functions for the continued u(P) now have continuous 
derivatives of any order in B, so that inequality (156) holds for the 
mean functions. But the mean functions and their derivatives up to 
the fourth order tend uniformly in B to the functions u(P) and the 
corresponding derivatives of u(P). On passing to the limit in inequality 
(156) for the mean functions, we can conclude that (156) holds for the 
function u(P) itself. This remark could be utilized to reduce the re- 
quirements that we impose on the contour J. 

We shall assume that p (P) and 9,(P) are continuous in B, that 
p(P) has continuous derivatives up to the fourth order as far as l and 
9,(P) continuous derivatives up to the third order as far as J, and 
that the functions satisfy the conditions: 


Poli = Apo | = P1 | = åp; |) = 0. (157) 


We write down series (141): 


u (P; t) > (am COS At + bm SiN Amt) Um (P) = 


m=1 
= > cml) tm (P) (158) 
m=i 


and use (156) to write an inequality for H ,(Up,), where 


p+q 
Upg= © Cm(t)%m(P). 
m=ptl 


We have shown that the functions v,,(P) have regular normal deriva- 
tives on l. If we postulate the usual smoothness of contour l, the 
Un(P) will have derivatives up to a definite order as far as l [cf. 226]. 
We shall assume in future that the v,,(P) have derivatives up to the 
fifth order, continuous right up to l. In this case we can put u = Up gq 
in inequality (156). The derivatives of v,,(P) are continuous as far as l 
if e.g. l is a circle. In this case the v,,(P) are expressible in terms of 
Bessel functions [II, 178] and have derivatives of all orders, con- 
tinuous as far as J. We shall later mention some conditions for the 
contour J which are sufficient for the v,,(P) to have continuous deriv- 
atives up to the fifth order as far as 7. Let us pass on to the evaluation 
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of the integrals on the right-hand side of (156) with u = up, q. We have: 


p+q 
Pung = > Cm(t)Anm(P), 


m=p+l 


Ty (APU, p Aup, o= J| > 
= 5 hO as, 


m (t) AR, Um (P | as = 


moa 


m=p+l1 
and similarly: 
p+q 
Ty (Atty, gy Atty, g) = S Cin (t) An 
m=p+1 


To evaluate I,(Aup q, Aup q) and I(up, q Up,4), it may be observed 
that the application of Green’s formula [I], 193] gives us: 


ME l aw avr. 84) ag" fori #4 (159) 
Ox, Oa, UA Ox, Am for i = j, 
whence it follows immediately that 
2 w 2 p+q 
L (dupp Aup) = | f iS Cn, (t) Am 2 as= 5 awa, 
no i=1 ti m=p+1 


+ 2 2 + 
IL (tpg ll > ent) D ds = S ht) an. 


m=p+1 m=p+l 

On substituting all this in the right-hand side of (156), we obtain 
Ptg 4 3 2 
H, (Upa) <A X cin (t) (Ain + Ain + Ain + îm). 

m=p+1 
Suppose that p is so large that Am > 1 for m > p. Now, Am < dn < 
< 43 < 24. We have in addition: 

2, (t) = (am cos Vat + bm sin Pant)? < 
< (am + b2 ) (cos? YAmt + sin? Amt) = a2, + B3, 

and hence 


H; (tty) < 44 S (a2, + b2) As. (160) 


m=p+l 
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We now show that, given our assumptions regarding »,(P) and 
y,(P), the series 


S (ai, + b) Ah. (161) 


m=1 


is convergent. We have, using the equation for v,,(P): 
1 
am = ff Pm AS = xli På? m dS. 
B B 


On taking into account the conditions imposed on pọ, and applying 
Green’s formula twice, we obtain: 


am = zy | | Apo vm dS = in , where am = | [ A? 0% 48, 


B 


It follows from the closure equation for A? p, that the series 


œ œ 


244 
ain > amm. 


m=1 m=l1 
is convergent. We now prove that the series 
> linkin: (162) 
m=) 


is convergent. If we use the properties of y,(P), the equation for v,,(P) 
and Green’s formula, we get: 


bmn = righ J Per dS = ale Awn dS = 


=z 1 AE, 1 2 0AP, : vm 
= f f Ag, Ae, ds = a ff S a pen ds, 
îm B 2% B i=l 
i.e. 
bm = e, (163) 
where 
1 2 049, Wm 
ba= -=|| > Se . Baas. (164) 
y m B i=l i 


It will be seen, on making use of (163), that a proof of the convergence 
of series (162) requires a proof of the convergence of 


Sp (165) 
m=1 
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We have the obvious inequality: 
P Siem olson Siem 
-TICES + Cy 


Saler te Be Salas, 


0x, Ox 
N fa] av, 
& bal j ji , Bea) 
$ fe T Oa, 02, +4 = O24 dS > 0. 


This gives us, if we make use of (159) and (164): 


MG + (GE) }as—2 Sat Sha > 0, 


i.e. for any N: 


N 3Ap 3Ap, 2 
2 1 l 
P fn < <Jf (3 Ox, a +(e Ox, ) Jas, 
whence it follows that series (165) is convergent. We have thus proved 
that series (161) is convergent. After this, it follows from (160) that 
H,(u,,U,)>0 as p—>œ and goo, (166) 
Furthermore, the obvious inequality 
p5 
JS eka ds= > C2 (t) < S (a?, + bh) 
m= =, m=p+l 


has the immediate consequence that 


S § up dS —>0 as p—> oo, (167) 
È 


But H,(up,4) is the integral over B of the sum of the squares of all the 
derivatives of up, with respect to x, and 2, up to the fourth order, 
and by taking (166) and (167) into account, we can state the following: 
given any positive e, there exists a number M(e) such that 


ME <e for p> M(e) and q>0 (168) 


(k = 0,1, 2,3, 4). 
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This inequality will hold all the more if the integration is over a 
circular domain lying inside B, instead of over the whole of B. 

But now, by using the theorem of [156], where 1 = 4 and n = 2, 
i.e. l — [n/2] — 1 = 2 in the present case, we can say that, in a 
circular domain D,, concentric with D and of smaller radius, the in- 
equalities hold: 


k 
| © tpa | < Os (k=0,1,2), (169) 


k 
Oaks Oaks 


where the constant C depends only on the choice of D,. But we can 
cover any closed domain Æ contained in B with a finite number of 
circular domains D, lying inside B, and if we take C as the greatest 
of the constants for these domains D,, we can say that inequality (169) 
holds throughout Æ, where C depends on the choice of E. It follows 
at once from (169) that series (158) and the series obtained from it by 
term by term differentiation once or twice with respect to x, and 2, 
are uniformly convergent in Æ. 

If we differentiate series (158) term by term twice with respect to 
t, we get majorant series of the form 


Stn ltin®m (P)| and S Ap [bm %m (P) | (170) 
mæl m=l 


Let us prove that say the first of these uniform convergences in B. 
We can write the general term of this series in the form: 


Ar (am Vm (P)| = [| Hy 2L 


If we use the inequality am Bm < (am + Bh)/2, it becomes a question 
of the convergence of the series 


> aM, and 2 
m=1 


The convergence of these has already been proved; we have for the 
second series [235]: 


Š Hn s[e Qa (171) 


vm = 


But the right-hand side is easily shown to be a continuous function 
of P in B which vanishes on / [cf. 235 and 224], whence it follows, in 
view of Dini’s theorem [23] that the series on the left-hand side of (171) 
is uniformly convergent in B. We can assert all the more the uniform 
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convergence in B of series (170) and the series obtained from term by 
term differentiation once or twice with respect to t of series (158). 
This in fact shows that the function u(P; t) defined by (158) satisfies 
equation (138) and conditions (139) and (140). We now turn to the 
proof of inequality (156). This proof will be developed in several stages. 
We shall start by explaining the conditions imposed on the contour J. 


257. Assumptions regarding the contour. Let J be a simple closed rectifiable 
contour, the equation of which can be written as 


z, = T, ($); Ly = T; (8), (172) 


where s is the arc length measured on I from a definite point in a direction shortly 
to be fixed, whilst the periodic functions x,(s) and x,(s) have continuous deriv- 
atives up to the fourth order. It is assumed further that there exists in some 
domain B, containing the closed domain B in its interior, a continuous function 
(xı X) with continuous derivatives up to the fourth order, such that the 
equation of J can be written as 


D(x, £) = 0, - (178) 


where 
(grad D) = 7, + 62, >0 on L (174) 


Suppose say that ®(x,, x) > 0 inside l. Let N be a point on land (y,, Y2) Cartesian 
coordinates with origin at N; the y, axis is directed along the outward normal 
to lat N, and y, along the tangent, the orientation of the (y,, Y2) axes being the 
same as (£, x,). A direction is now defined on J, in which the arc length s is 
measured. The y, direction is opposite to that of grad B(x, x2). 

Let c}? be the cosine of the angle between the x; and æ; axes, and (2), a) 
the coordinates of the point N. We have: 


a= yy tomy, +a (= 1,2), (175) 


and the equation of J in the (y,, Y2) coordinates becomes 


p (oP Yı + oe? Yz + aM, oy Yı + oP ys T a) =6 (Ys Y2) = 9, (176) 
where 
ab aD ) 
=——] = — |grad j 40; |~—] =0. 
($2) -eaan R) 
By using the implicit function theorem [I, 159], we can write the equations of 
the part of contour / in the neighbourhood of the point N in the explicit form: 


Yz = On (Yı). (177) 
This equation holds on condition that | y, | < hy, where hy is a positive constant 
depending on N, the function w,(y,) has continuous derivatives up to the fourth 
order [ef. I, 159] and wx(0) = 0. 
Let m denote the least value of | grad @| on l (m > 0). 
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Let B, be the closed set of all points of B at which | grad ®© | > ym, and B, 
the set of points of B at which | grad Ø| < ym. We extend in a continuous 
manner throughout the plane the function that is equal to unity in B,,, and out- 
side B and to zero in Bij, then average this extended function [157]. On 
taking a sufficiently small averaging radius, we can construct a function 
n(%,, £z), defined throughout the plane, equal to unity in By, and outside 
B, to zero in BY js and having derivatives of all orders. The functions 


ð 


ua? Sa x1 ë 
a, (2, T2) = \grad P| (2, Xe); 


az (Zy, 22) = — N(x£ı £2) (178) 


x2 
|grad ®| 
are now three times continuously differentiable in B and become equal to 
cos (n, xı) and cos (n, x) on l, where n is the direction of the outward normal 
to l. If | y, | < hy, we have the identity 
® (ys, Oy (y1)) = 0- 


On differentiating it four times with respect to y,, then putting y, = 0 and 
recalling that w,,(0) = 0, we obtain the equations at the point N: 


dy, =0 

By: + By, wy (0) = 0 

By; + 3by,y, wi (0) +By, of (0) = 0 

Dy: + CHyry, wÑ (0) + 4Dy,y, oN (0) + 3Oy: [WH (0) + Dy, oN (0) = 0. 


Since | dy,| > m, we can define w(0) (k = 2, 3, 4) from these equations 
and the inequalities hold: 


log O| <C (k= 2, 3,4), (180) 


where the constant C is independent of N. 


(179) 


258. Auxiliary propositions. Let u(z,,2,) be a given function, continuous 
in B and having derivatives up to the fourth order continuous as far as l. 
If (a,, x2) is replaced by (Yı, Y2) in accordance with (175), a function is obtained 
which we write as Wy, Yz). 

If u = 0 on l, formulae (179) hold, in which @ has to be replaced by ù. 
For, uf[y,, @y(y,)] = 0, and the formulae in question are deduced exactly as 
above. It follows at once from these formulae that: 

Lemma 1. If u=0 on l, then Qu/dy,=0 and ofu/dy* (k = 2, 3,4) are 
linear combinations of the derivatives up to order (k — 1) of u, the coefficients of 
which have the form a[a((0) 7" (k = 2, 3,4; m = 1, 2), where a is a number. 

Before turning to a statement of the next lemma, we introduce some symbols 
and conditions. Let 9(2,, 7.) and y(x, x) be functions continuous in B and 
having derivatives, up to order (p + 1) for y, and up to order (q + 1) for y, 
continuous as far as l. 

We write g and » as above for the functions 9(«,, x.) and (x,, 2,), expressed 
in the coordinates (y,, Y2). We consider the expression: 


a (ante (181) 
Əy, Re | -y0 
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It has a definite value at every point N of contour / and is therefore a function 
of the arc length s. We write m(s) for this function and introduce the further 


notation: 
a p ap 
us) =|. <5 . (182 

| iat hoyi |, yao l 


Also, let K(s) denote the curvature of contour 1, equal to œwy(0). 
Lemma 2. Given these assumptions, we have the equation: 


Pe q x, 
m(s) = ate) trO fa e a” 


dys i ayt ay oy? 


Oe ay a @ ay 
= . os naii BiA ;. Ąm u 
dydy 3yh ayt! dya oy! ayh dy? 
a? p a! y 
kok oiT oT] wa 


There will be no loss of generality if we prove (183) for the point N, at which 
s = 0. We shall in future write (y,, Y2) for the local coordinates at the point N,. 
Let N, be any other point of l, for which the corresponding value of s is s, 
and let (z,,2,) be the local system of coordinates at the point N,. We shall 
write 6(s,) for the angle through which the direction y, must be rotated in order 
to obtain the direction z,, the direction of rotation being determined by the 
orientation of the axes. We have: 


: 0 (0) 

Yı = 2, COS O — 2, sin 6 + yy = Cr 2p + Cie Ze -+ YL 
z Gnt ages (0) 
Yz = 2, Sin 0 -+ Zg COS 8 ++ Y2 = Cer 2 + Coz Z2 + Y2 > 


where (y(), y()) are the coordinates of N, in the (y,, 42) coordinates, and 
6(8,) — 0 as s, + 0. If § and @ denote the functions p and y expressed in terms 
of z, and z, we can write: 


P 2 Pë 
oza ozy = dy a vay dyn x -OYn Coe . Cg 2 Cite . “Chyi 
FL Bay ee Bas May vee e a Ba “Ihi y 
arh we ary 
z = Chass Ciao S 
0zi, Ozi re Pea mg=1 Yl + -Yig Om:  -OYmg AS ea 
so that 
opz 
l (s) = E x 
1 2 Ug- -Yg IYn- -Yr 
aly 


x aed -e Cah: miee 184 
OYy,-+- Yig Ym + -OYmg a ad ht: = Chyi a ae 
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where the summation is with respect to gy, ..., Jas Ris -+03 Ryo ty, «+5 lg, Mis Ma 
from 1l to 2. We have as sı — 0: 
l for g, = 2 1 for gy = 
P 7 
en? 0 for g,=1’ pat O for g, = 2 


— 0’ (s,) cos 8 (s1) > — Ko for g,=1 
—ec = 
a 6’ (8,) sin 6 (8;) > 0 for gn = 2 
d — 6’ (s,) sin 6 (sı) +0 for g,=1 
——¢ ni = 
da 0’ (sı) cos 8 (s1) > K, for g,= 2, 
where K, = d6(s,)/ds, for s, = 0. On differentiating both sides of (184) with 


respect to s, and taking into account the continuity of di(s,)/ds,, which follows 
immediately from definition (182) and the assumptions made above, we obtain: 


dl (s,) 
ds, 


DETE oii 
Wen neg ds, \dy% dyy Byb dy? 


Pp Fp nee ap op 
Oyg-1 Oyyta ` Dyb Oyb oy? oye yy” dyb-1 ðyô+ı 


— Ka sa + 


aP _ Po ayp Pp ap 
+ Ky mang Oyat Oyy-2 1 ` dy dy? + Ky oa aa Oy yY Oyy OyBta Əy- - (185) 


Let y, = 9;(8), Yı = Y2(8) be the equations of the contour J in the (y, Y2) coordin- 


ates. We have: 


d a, 3 , 
de, T Ty OD E gy 2 


where y‘(s,) > 1 and y,(sı)— 0 as sı — 0. Hence it follows that 


: d ao ap } l ə ( P ary } 
l ——— . = = “> =m (0). 
ee [ ds, lea Oyy dyl dy? | dy, Ldysoyy Oyl dy? Jf sı=a 


On substituting this in (185), we get (183). 
COROLLARY. Integration of both sides of (183) over l gives a formula which 
will come in useful later: 


eae eee 
Oy, loysoyy OyL Oy? Jy,=n=0 


Pp aly Pp Oly 
=) Ree Syst yy" DyFoys +P Dye, Oy Oye 


Op ap ao ap 


pa z ds. 186 
eraa WT soon a T a ai 
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259. Transformation of the contour integrals. Let u(z,,2,) and v(2,,2,) be 
functions continuous in B and having in B derivatives up to the fifth order for 
u and up to the fourth order for v, continuous as far as J. In addition to the 
notation J(u, v) and H;(u), which we introduced in [256], we also put 


2 k, k—ı 
“u oT w 
D, (u, v =f Y o oz e ds, (187 

x (4, 0) 2 io amel On Oxy, -e Olipa Oj,» +. Olipa (187) 


where n is the direction of the outward normal to l. It may be remarked that 
the integrandsin (u,v) and ®,(u,v) are invariant under orthogonal transforma- 
tions of the coordinates (x, x,). This is readily proved if we use formulae (175) 
and the conditions for orthogonality of the matrices with elements of), 

If we take the obvious identity: 


x ə 2 Əfu akly 
/ 1 DEn +++ Olika Oxy Oxy, ... OLE, 


ak! Au F-to 
OTi, -e OXix, Om,» . Orig, 


2 fu atv 


7 o o. ae An PRT 
looo ipa i21 Th +e OTit Oy Oti +. Oxin_, OT; 


integrate with respect to æ and apply Ostrogradskii’s formula to the left-hand 
side, we obtain: 


Ip (u, v) + Ip (Au, v) = Dy (u, v). (188) 
Repeated application of this formula gives us: 


I, (u, u) = Y, (u) + I (Au, Au) 
I, (u, u) = P, (u) + L, (Au, Au) (189) 
I, (u, u) = Y, (u) + I, (4u, Au), 


where ¥;,(u) are the integrals over | defined by the formulae: 


P, (u) = ®, (u, u) — ®, (u, Au) 
P, (u) = D; (u, u) — D; (u, Au) (190) 
P, (u) = D, (u, u) — D, (u, Au) + D, (Au, Au) — @, (Au, Au). 


We now state a theorem which will be needed for the proof of the fundamental 
inequality (156). 

THEOREM. If u(x, x,) is continuous in B, has derivatives up to the fifth order 
continuous as far as l, and satisfies the conditions 


u |, = Aul =, (191) 


Pu), Pu), ¥4(u) can be transformed in such a way that derivatives of order not 
higher than the first, second and third respectively appear under the integral over L. 

Since the integrands in the ®,(u, v) are invariant under orthogonal trans- 
formation, we can express them in terms of the local coordinates (y, Y2) 
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at points of the contour; this gives us, on observing that the direction of n 
coincides with the y, direction: 


2 k~ k—i~ 
ou o"t 
©, (u,v) = f . ds, 
(u, v) = Oy, Yn- - Oye, Win -Yiz s (192) 


i iy...je=l 


Let @,(u, 6) denote the integrand in this integral: 


Dp (u, v) = | Dp (Č, b) ds, (193) 
t 


and let us also use the following notation for brevity: 


oun ~. où a 
ggs 7 Ës =); r 
dys dys dyk dy! 


If we collect the terms for which 7_, = 1 and the terms for which ip = 2 
in the integrand of (192), we obtain the identity: 


Dy, (i, B) = Pp- (ty, D1) + Gy, (2, O). (194) 
We have further, on observing that Au = ù, + a): 
By (i, 6) — Dy, (6, AÜ) = Dpi (i, 1) — Bg (6, e). (195) 
We obtain on making use of (194) and (195): 
W, (u) = J ®, (Č ù) ds — j D, (it, tt.) ds, (196) 
y, (u) al [D, (ip, t2) — D, (ŭa, W®)] ds + 
+5 [Ð (i, 42) — P, (ŭa, @,)] ds, (197) 
rej [Dy (üo ŭa) + Dy (UP, UP) — 2D, (Gi, WY) + 
+ @, (Aŭ, Aŭ,)] ds +$ [2D, (Ča, UY) — D, (tig, tt) — 
— ®,, (G Q) — P, A(t, At,)] de. (198) 


The first integrals on the right-hand sides are the sums of integrals of the form: 


on atta 
ay2er1 Oyk-2a-1 dyze Gyk -1-26 


ds, (199) 


where 


k =2,3, 4; o<a<[=5*]; o<e<[*5+]. 
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Here, k — 2a — 1> 1, and we have differentiation with respect to y, in the 
first factor of the integrand of (199). By integrating the obvious identity: 


ofa oa, 
Oy2at1 Oyk-2a-1 Oy28 Oyk=1-28 
ə ( aa ; ala ) 
ay, Oy24 +1 Oyk-20-2 Oy2 Oyk-1-28 


aha aü 
Gyzot1 Oyk-24-2 Oy28 Oyk-28 


and applying (186) to the first term on the right-hand side, it will be seen that 
integrals (199) differ from integrals of the form 
ake oe 
i Oy28 dyk—28 dyze+1 Oyk-2a-2 


ds (200) 


by integrals of the products of derivatives of order (k — 1) with K(s). Further- 
more, the second integrals on the right-hand sides of (196), (197) and (198) 
have the same structure as integrals (200). An important point for what follows 
is that the derivative 


ana 
(am dyz k 
is a linear combination of derivatives of order m of (2, £), with coefficients 
which are products of powers of cos (n,,2,), COS (n,, £). If these latter are 
replaced by a(z, £2), @2(x,, z2), which are defined by (178), we obtain a linear 
combination of derivatives of order m of u(x, x) with coefficients smooth 
in B, and this linear combination becomes ð w/dy’"! dy at every point N of 
the boundary l. 

It remains for us to show that integrals of form (200) are expressible in terms 
of integrals of products of (k — 1) first derivatives of u(x, x), if this function 
satisfies conditions (191). 

If 8 = 0, this follows at once from Lemma 1. Let f = 1. We have: 


Od g Pü 
yi dyi 


so that 
au -zaŭ ü 
dyz ðyk-2 ðyk-2 oy ° 
and by again applying Lemma 1, which is permissible in view of (191), we 
see that the right-hand side of the last formula is expressed in terms of the deriv- 
atives up to order (k — 3) of Ag and the derivatives up to order (k — 1) of 
a. Since 0 and 1 are naturally possible values of £, the theorem is proved. 


260. Proof of the fundamental Iemma. It follows from the last theorem 
that Y;,(u) is the sum of integrals of the form 


iü 3u 


. ds, 
OE Oyi yP 


figor 


I 
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where 1 < m < k — 1, 2 < s < k. But, as we have already indicated, the deri- 
vatives of % with respect to (y,, Y2) are expressible linearly in terms of the deri- 
vatives of u(2,,%,) with respect to (xı, £a) with bounded coefficients. On also 
taking into account the boundedness of o0), we see that Y;,(u) does not exceed 
a finite sum of terms of the form: 


gtu 
o “Oa ork- 


au "u 
2 <7 | Oa Oxk-1—- seas) eta: > J (sero =) ds, (201) 
L 


ou 


Ox? Gal-» de 


where C is constant. Let us find the bounds of the integrals on the right-hand 
side. For this, we return to the functions a,(2,, £3) and a,{x,, xa) defined by 
(178). They are equal to cos (n, xı) and cos (n, x.) at points of l, so that 


a, cos (n, %1) + a, COS (n, re) = 1 onl. 


Application of Ostrogradskii’s formula gives us 


-iu y% 
Ke Onl Oak=1-" } da 
l 2 


atl y 2 gk-lu 2 
= [ees (n, £1) ay (orar ) + cos (n, x2) az (sma) Jas = 
1 2 1 2 
l 


= [f fa eler) l lela) J} 


alu X2/ Oa, da, -ilu 
mn Gay maa | (ae + par) as +2 ff Ga Gak-1-w * 
B B 


atu Ə u 
X |a Oxy+i Oak-1-# +a: Oat Oaxk-H 


Jas. 


On introducing the notation: 


M = max fja |, |as, 
B 


and using the obvious inequality: 


2|ab]| <2 


< eVa + (y) Saat ; 
Vex 
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where & > 0, we obtain the inequalities: 
IEA + at) 9 
Oak Ogk-1-# Oa, Ox, 


aly Of un Fu 
| 2 Ji Ixy Gack-1-# Q Oxu +I Oak-1-# +a Oat Gak-# ) a 


< MI yy (u, u), 


< 


1 
< 2M [ex Letts) +Z Tyee 4) 
whence 


gk- u 2 

flar) ds < MIy.,(u, U) + 
1 2 

L 


l 
+ 2M [ex Iguru) + q elte u)| ; (202) 
If m < k — 1, we choose € = 1 and obtain the inequality: 


on™ u 2 
f (tera) ds < 2MI malu, u) + 3M I(t, u) « (203) 


As we have seen, ¥;(u) do not exceed products of the constant 0/2 appearing 
in (201) with the sum of a finite number of integrals, for which we have obtained 
inequalities (202) and (203). Therefore: 


tk) 
(P (u)| < A$P eg Ty (0, U) +È 


k-1 
Ipa (u,v) + AS? 5 I (u,u), (204) 
r=l 


where A (s = 1, 2, 3) are constants depending on k, C and the number of 
terms. On now using (189), we get 


(2) 
I, (u, u) < AP es I (u, u) + (AE + ay) 1, (u, u) + T (Au, au), 
2 
and, after choosing e, such that 1 — e, A(?) > 1/2, we find that 
AP? 
I, (u, w< (E +4P)I (u,u) + 2I, (Aw, Au) = 
Ez 


= 2I, (Au, Au) + B, I, (u, u). (205) 


Similarly, on choosing ¢, and s, such that 1 — e Aw) > 1/2, we find by 
using (189) and (204) that 


I, (u, u) < 2I, (Au, Au) + B, [Iz (u, u) + T, (u, u)] (206) 


I, (u, u) < 21, (A? u, A? u) + B, [I (u, u) + I; (u, u) +I, (u, u)], (207) 


where B, are constants. 


788 BOUNDARY VALUE PROBLEMS [261 


If we replace I,(u, u) in the right-hand side of (206) by the right-hand side of 
(205), we get: 
I, (u, u) < 2I, (Au, Au) + 2B, I, (Au, Au) + B, (Ba -+ 1), (u, u). (208) 
If we replace I,(u, u) and I,(u, u) in the right-hand side of (207) by the right- 
hand sides of (205) and (208) respectively, we obtain 
I, (u, u) < 2I, (A? u, A? u) +0, I (Aw, Au) +0, I, (Au, Au) +C, I, (u, u), (209) 
where the C, are constants. 
On adding (205), (208) and (209), we in fact obtain the fundamental inequality: 
H, (u) < A [I, (4? u, A? u) + I, (Au, Au) + I, (Au, du) + J, (u, u)], 


where A is a constant. 


The proof given above, that series (158) admits of term by term 
differentiation with respect to x,, x, and ¢t and hence gives the solution 
of problem (138), (139), (140), was essentially based on inequality 
(156). The whole of the material, starting from [256] and ending with 
the present section, represents the treatment, as applied to the wave 
equation, of Ladyzhenskaya’s studies on the convergence of the Fourier 
series for linear hyperbolic equations (see Chap. II of the monograph 
The Mixed Problem for the Hyperbolic Equation (Qmeshannaya zadacha 
dlya giperbolicheskogo uravneniya)). 


261. Derivatives of eigenfunctions. When justifying Fourier’s 
method, we made use of the fact that the derivatives of the eigen- 
functions v,,(P) of the equation 


Atm + Am Um = 0 (210) 
with boundary condition 

0, |= 0 (211) 
have derivatives up to the fifth order continuous as far as 1. We 
stated the sufficient conditions for this in [226] in the three-dimensional 
case. We shall now use a conformal mapping of the circle on to the 
singly-connected domain B to prove this property of the eigenfunc- 
tions, given certain assumptions regarding the function that performs 

the conformal mapping. Let 
z=f¢) (@=e+yt; =+ mM) (212) 


be the function accomplishing the conformal mapping of the circle 
| E| <1 on to the singly-connected domain B. We assume that f(¢) 
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is continuous together with its derivatives up to the fifth order in the 
closed circle | ¢ | < land f’(¢) 4 0. The sufficient conditions that must 
be imposed on the contour / for this to be the case may be found e.g. 
in V. I. Smirnov’s The Correspondence of Boundaries under Conformal 
Transformation (O sootvetstvii granits pri konformnom preobrazo- 
vanii) (Math. Annal., t. 107, 1932). On passing from variables (x, y) 
to variables (£, 4), we obtain for the functions 0,(&, n) = Um(2, Y), 
instead of (210), the equation 


Ao, = ear An If ($)? Üm- (213) 


Our future arguments are based on the following two lemmas, the 
proofs of which will be given in the next section. 

Lemma 1. If the function y(x, y) is continuous in the closed circle 
Bl+ y? < 1) and has continuous first order derivatives inside B, the 
solution of the equation Au = y inside p, satisfying the condition u = 0 
on the circumference A(a? + y? = 1), has continuous first order derivatives 
continuous as far as A. 

LEMMA 2. If y(x, y) has derivatives up to order p, continuous as far as 
A, u(x, y) has derivatives up to order (p + 1), continuous as far as A. 

On applying Lemmafl, then Lemma 2 to equation (213), where the 
role of y is played by —A,, | f/’(C) |? um, and observing that | f’(¢) |? 
has derivatives up to the fourth order, continuous as far as A, the 
function 0,(é, n) will be seen to have derivatives up to the fifth order, 
continuous as far as A, so that v,,(z, y) has derivatives up to the fifth 
order, continuous as far as J. 


262. Proof of the auxiliary propositions. To prove Lemma 2, we need 
to prove a theorem on the logarithmic potential of a simple layer 
with differentiable density. 

THEOREM. If, in the potential of a simple layer: 


Vu) = fats) log—ds (r= V= aF =y) (214) 
4 


the density u(s) has continuous derivatives up to some order k, the potential 
V(u) will itself have derivatives up to order k inside p, continuous as far 
as À. 

The proof given below is suitable for any curve whose equation 
E = &s); n = n(s) is such that the periodic functions &(s) and 7(s) 
have continuous derivatives up to order (k + 1). 
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Along with potential (214) we introduce the double layer potential: 


r? 


W(u) = fats) LM dy — Jute) We EOSO ae. (oi) 
a 


where ¢’ and 7’ are the derivatives of (s) and n(s) with respect to s. 
On taking into account the fact that £? + n? = 1, and differentiating 
with respect to x, we obtain: 


eV a—é 
A =— fae) = ds = 


od fate) E E (E > 2) tnn —y) ds + fuls) n KEG = x) = Ein = y) ds ; 
Aa 
On using the formula: 


EE — x) + 7'(n—y) d 1 
r2 = ds 


and integrating the first integral by parts, we obtain 


PH L VE(us'y'] + Wun’), (216) 


where the primes denote differentiation with respect to s. Similarly: 
ov ( 3 
TA = Velay] — Wwe’) (217) 


We now differentiate the double layer potential: 


aw ( — n r? — Ua — £) [n (E — 2) — E'n — 
A = fats) n r? — 2(x tat z) — ën —y)] ds =— 
a 


> fats) aa + ly — Fe — ë) +20’ — M1 ge 


rå 


d — ioe, — OV 
=| ws) 5 Yds = — J v's) 45% L ds = FW 
A 


r? æy 
a 
Therefore: 
OW (u) OV (u’) 
og. =o (218) 
and similarly: 
OW(u) AV (u'’) (219) 


ðy ox 
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If y’(s) is a continuous function, it follows from (216) and (217) that 
V() has first order derivatives continuous as far as 4, i.e. the theo- 
rem is proved for k = 1. If y’(s) and u”(s) are continuous, in view of 
what has been said V ( u’) will have first order derivatives continuous as 
far as A, and it follows from (218) and (219) that W( u) also has first 
order derivatives continuous as far as A. But now W( un’) and W(ué’), 
as also V[(é’)’] and V[( w7’)’], have continuous first order derivatives 
as far as A, and it follows from (216) and (217) that F(u) has second 
order derivatives continuous as far as A, i.e. the theorem is also proved 
for k = 2. Let us now prove the theorem for any k > 3, on the as- 
sumption that the theorem is valid for (k — 1). Let a(s) have con- 
tinuous derivatives up to order k, i.e. u’(s) has continuous derivatives 
up to order (k — 1). In view of our assumption that the theorem holds 
for (k — 1), V ( u’) will have derivatives up to order (k — 1), continuous 
as far as A. It now follows from (218) and (219) that W ( u) has deriva- 
tives up to order (k — 1), continuous as far as 2. By virtue of this, we 
can say that W(ué’) and W( un’) have derivatives up to order (k — 1), 
continuous as far as A. Further, by the assumption stated above, 
V[(wé’)’] and V[(un’)’] have derivatives up to order (k — 1), con- 
tinuous as far as A, and it follows from (216) and (217) that V(u) 
has derivatives up to the kth order continuous as far as 4. The theorem 
is therefore fully proved. 

We now turn to the proof of the lemmas stated in the previous sec- 
tion. We bring in the point (x, y,), conjugate to (x, y) with respect 
to the circumference A: 


ty = (220) 


ce, =ru 
x py’? n= FF’ 
and write: 


= fé — s) + my n= VE z) n y)? (221) 


Green’s function for the circular domain f with boundary condition 
u = 0 on A has the form [222]: 


l 


1 1 1 l l 
G (En; z, y) = zy l8 i on log 


Fi ~~ On log Va? + y? 


, (222) 


and can be written, in view of the symmetry of Green’s function, as 


w(x, y) = E a eee USN es (223) 


792 BOUNDARY VALUE PROBLEMS [262 


This formula can be rewritten as 


u(x, y) = — ff GE, n x,y) yl, n) dédy + 
S+PS 4 
+a [f vGmlog—dgdn— 5 ff wE nlg dé dy + 
EES ETN 
+alle +y) ff wE m ded. (224) 


1 
78 SH 4n'<1 


If the point (x, y) lies in some neighbourhood of the circumference å, 
say 3/4 < Va? + y? < 1, the first and last terms on the right-hand 
side have continuous derivatives of all orders. This is obvious as 
regards the last term, whilst we have to make use of (222) in regard 
to the first. Thus we only need to consider the second and third terms 
on the right-hand side in the proof of both lemmas. These terms are 
logarithmic potentials with density »(é, 4), distributed over the 
domain 1/4 < + 7? < 1, the second term being the value of this 
potential at the point (z,,y,), and the third at (x, y). It follows at 
once from (220) that (2,, y,) have derivatives of all orders with respect 
to (x, y) in the neighbourhood of å, where the points (x, y) and (2,, Y4) 
approach A simultaneously. It is therefore sufficient to show that the 
second term has corresponding derivatives with respect to (2,, Y1) 
continuous as far as 2, when (x,,y,) tends to 4, and the same for the 
derivatives of the third term with respect to (x, y) when (x, y) tends to A. 
We turn tothe proof of Lemma 1. We know that u(x, y) has continuous 
derivatives up to the second order inside £ and is continuous as far as 2. 
We have to show that its first derivatives are also continuous as far as 
A. But this follows immediately from the fact that the logarithmic 
potential with continuous density has continuous first order deriva- 
tives throughout the plane [IJ, 200, 201]. We turn to the proof of 
Lemma 2, where we shall investigate only the third term on the right- 
hand side of (224). The investigation of the second term is exactly 
similar. We have, on using Green’s formula ne 69]: 


a If yë, n ) log — dë dy = {f 3 Flog “dé dy }- 


1 
> ETN = <ettnt<1 


Ep n, €) log —ds — i y cos (n, €) log -+ ds. (225) 


3 D e 
Etn = 4 


pa 
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The last integral has continuous derivatives of all orders everywhere 
except on the circumference ¢ + 7? = 1/4, and it is sufficient to 
investigate the first and second terms on the right-hand side. If y 
has first order derivatives, continuous as far as å, the second term has 
the same property by virtue of the theorem proved above, whilst the 
first term has first order derivatives, continuous throughout the 
plane, inasmuch as it is the logarithmic potential over the ring 
1/4 < + n? <1 with continuous density dy/d& Hence the left- 
hand side of (225) has first order derivatives, continuous as far as åA, 
and Lemma 2 is proved for k = 1. 

We turn to the case k = 2. Let y have derivatives up to the second 
order, continuous as far as 4. We differentiate both sides of (225) say 
with respect to y and again use Green’s formula: 


war, f| vem logs-dsdn= ff gph; los Fae dn + 


= és 3 EN 3: 
g StS g SEH nS! 


m 


+f- cos (n, n) log — ds + wl cos (n, £) log ds + +++, (226) 
f i 


where the terms written contain integrals over the circumference 
& + 7? = 1/4 and have continuous derivatives of all orders every- 
where except on this circumference. It may be seen by using the 
theorem proved above that the terms containing an integral over the 
circumference À have first order derivatives, continuous as far as this 
circumference, and the double integral has first order derivatives, con- 
tinuous throughout the plane. Hence the left-hand side of (226) has 
first order derivatives, continuous as far as J, and Lemma 2 is proved 
for k = 2. The lemma is proved in precisely the same way for further 
values of k. 
The proofs of the last two sections are due to Smolitskii. 


263. The boundary value problem for a sphere. We shall now con- 
sider the boundary value problem for the wave equation: 


eu eu 
atz oe oy? +a = (227) 


in the case of a sphere. We must prove the preliminary lemma: if 
u = p(x, Y, 2, t) = p(M, t) is the solution of equation (227) which is 
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homogeneous and of zero degree in the variables (x, y, z, t), and if it 
vanishes on the sphere r = t, where r = Vx? + y? + 2%, the expression 
t-r 
u = f w(t) p(M,t— Tt) dr, (228) 
0 
where w(t) ts any continuous function and the lower limit can be any 
given number, is also a solution of (227). 
Differentiation of solution (228) gives us: 


t-r 
ð 0y(M, t — 
Be foe) BERD arot gata 


But ọ( M, r) = 0 by hypothesis, so that 
— T olr) Mt = a t—t) 


We differentiate again: 


i= 


E 
SH f ofr) RM? ar — ot r [E] y. 
0 


Oa ox r 


Analogous expressions may be obtained in the same way for the 
second derivatives with respect to y and z. We have for the second 
derivative with respect to t: 


t-r 
02 @ o(M,t — ðp(M, t — 
Si = f w(t) ZPOB? dr + w(t — r) PR , 

0 


On substituting in equation (227) and recalling that, by hypothesis, 
y(M, t — t) satisfies (227), we obtain as a result of the substitution: 


w(t — r) [ op (M, t— rt) dp(M, t — t) 3p(M, t — t) 
A E eee 
Oy (M, t — 
+ iin) Pas =O. (229) 


But, by Euler’s theorem on homogeneous functions, we have [I, 149]: 


0¢(M, t — T) Op (M,t—7) y 3p(M, t — T) 


a = 
a (t — T) + o apre y p MID, 


=0. 


On substituting t = ¢ — r here, we see that equation (229) is satisfied, 
so that (228) in fact yields a solution of (227). 
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We shall now seek a special form of the solution of (227), namely 


u= y (+) Ya (0, p), (230) 


where Y,,(0, p) is a spherical function of order n and y(z) is the required 
function. 

On transforming equation (227) to spherical coordinates, we obtain 
[II, 119]: 


u si ð (9 Ou 1 ə l Cu 
w oo l= (r er ) Tana. sind 00 (sin 0 06 a ay sin? 0 dg? | 
(231) 


On substituting expression (230) and taking into account the fact 
that Y(0, p) satisfies the equation 

l ð 

sine 00 


IYn 1 


sin? 0 


(sino £ a.) + a +n(n+1)Y,=9, 


we arrive at the following equation for (t/r): 


or 
(1 — x?) y” (x) + n(n + 1) y(x) = 0. (232) 


In order to find y(x), we recall the equation that is satisfied by the 
Legendre polynomials [III, 172]: 


[(1 — æ?) P4 (2)Y + na(n + 1) P, (2) = 
We bring in the polynomial of degree (n + 1): 


Quii (2) = f Pn (x) de. (233) 
1 


Integration of both sides of the previous equation over the interval 
(1, x) gives 
(1 — x°) Pa (w) + n(n + 1) Qut (£) = 0, 


or, by (233): 
(1 — 2?) Qna (2) + n(n + 1) Qn (%) = 0, 


and a comparison with (232) shows that the function 


u= Qu (>) Fn (99) (234) 
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is a solution of equation (227). By (233), Qn+,(1) = 0, i.e. solution (234) 
vanishes for r = t. Moreover solution (234) is clearly a homogeneous 
function of zero degree in the variables (x, y,z,¢). On using the lemma, 
we can say that the function 


t-r 
uM, t) = Yn (0,9) | ol) Qai (+75) de (235) 
6 
is also a solution of equation (227) with any choice of continuous 
function (rt). 

After these preliminary remarks, we turn to the solution of the 
boundary value problem for a special form of boundary condition. 
Let the solution of equation (227) be required outside the sphere 
r = 1, satisfying the homogeneous initial conditions: 


ou 
Ulu 0; Ge] = 0 (236) 


and a boundary condition of the form: 
ul,- = ft) Y „ (9,9), (237) 


where f(t) is a given function. We assume that this function has con- 
tinuous derivatives up to the second order and that 


f0) = F (0) = 0. (238) 


We return to (235). If we replace t by (t + 1) on the right-hand side, 
we again obtain a solution of (227), since the coefficients of this equa- 
tion do not contain ¢. We shall seek the solution of our present boundary 
value problem in the form: 


t+1—r 
t+1— 
Foa (0, p) f w(T) Oni (= Jae t > r= 1 (239) 
0 
0 t<r—l, 


u= 


where w(t) is a required function of t for t > 0. The first of conditions 
(236) follows at once from (239). On differentiating (239) with respect 
to t with r = 1 and then putting ¢ = 0, we obtain the second of con- 
ditions (236), in view of the fact that Q,4,(1) = 0. Boundary condition 
(237) gives us the integral equation for w(t): 


t 


f olt) Quai (E+ 1 — 7) de = f(t). 
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The equation written above is a Volterra equation of the first kind. 


Differentiation of it term by term gives the equation 
t 


f olt) Pa (t+ 1—t)dt = f' (t), 


0 
this equation being equivalent to the previous one by virtue of (238). 
On differentiating once more, we obtain, by (238), an equivalent 
equation of the second kind: 


(0 + fol t) Pi (¢+1—1t)dt= f (t). 


The kernels of these equations depend only on the difference (t — 1), 
and use of the method of [46] gives us a solution of the form 


w(t) =f" (t) — f Hit— 2) f" (w) de, 


where H(z) is the sum of residues of the function 


n 
= sz 


ngi) fo PR) H... PPA 


with respect to the zeros of its denominator. 

Boundary condition (237) starts to operate at the instant t = 0. 
We have rest prior to this instant. The front of the disturbance 
moves with unit velocity. Outside the sphere with centre at the origin 
and radius (¢ + 1) we have rest from the instant t, by (239). The second 
order derivatives can have discontinuities on the wave-front itself. 
It may be remarked that we can approximate in mean on the sphere 
to any continuous boundary condition with the aid of boundary con- 
ditions of the form (237). This follows from the closure of the spherical 
functions. The above method can also be used on a plane for the ex- 
terior of a circular domain (V. I. Smirnov, Dokl. Akad. Nauk SSSR, 
t. XIV, no. 1, 1937). 


264. Vibrations of the interior part of a sphere. We shall now form 
a solution of equation (227) in the presence of conditions (236) and: 
(237) for the interior of a sphere. If n > 1, Qn4,(z) may easily be 
shown to be an even function for even (n + 1) and an odd function 
for odd (n + 1), and solution (235) can be written in the form . 


t=r 


u,(M,t)= Yp (0,9) | (2) Qari (= ar. (240) 
0 
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On replacing ¢ by t — 1 on the right-hand side, we obtain a solution 


of the form 
t+r—1 


wM, t) = ¥n (8,9) | @2(t)Qn4i(2+2—)de, (an) 
0 


where @,(t) = 0 for t < 0. This solution corresponds to a wave moving 
inwards from the surface of the sphere. It ceases to be finite for t > 1 
at the centre of the sphere, i.e. with r = 0. When t = 1 the wave 
reaches the centre of the sphere, and it is natural to add solution (240) 
to this solution, with ¢ replaced in it by t= 1 and a specially chosen 
w(t). This leads us to a solution of the form 


t-—l+r 


wM, t) = Yq (8,9) | @5(t)Qngi(“tI—*)de, (242) 


m 
t—1~r 


where w(t) = 0 for t < 0. We have in the limits of the integration: 
—r < T + 1 — Ł < r, and solution (242) remains finite even for r = 0. 
It vanishes here. In order to make fewer assumptions regarding the 
derivatives of f(t), appearing in boundary condition (237), we take 
as fundamental the solution which is obtained from (242) by dif- 
ferentiation with respect to t. On using the fact that Q,4,(+1) = 0 
for n > 1, we obtain the solution: 


u(M, t) = Y, (8,9) pn (r,t), (243) 
where 
l r t+t1l—t 
ee ee ze ag eae t>1l—r (244) 
0 t<l-—r 


and w(t) = 0 for z < 0. It follows from this expression, as in [263], 
that conditions (236) are observed for any (1). It is easy to verify 
directly that formulae (243) and (244) yield a solution of equation 
(227) even with n = 0, if w(x) has a continuous derivative. It may be 
remarked that (242) does not give solutions of (227) with n = 0. 
Boundary condition (237) leads to the following equation: 


f w(t) P, (t + 1 — t) dr = f(t). (245) 


t-2 
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Suppose that f(t) has a continuous derivative and f(0) = f’(0) = 0. 
Differentiation of equation (245) with respect to t gives 


ol!) +(— Dat —2) — f of) Pile +1—Hdr=/') (a> 1) 
t—2 


(246,) 
and with n = 0: 
w(t) — wlt — 2) = f (2). (246,) 


Equation (246,) gives us the possibility of constructing w(t) by succes- 
sive stages. We first determine w(t) in the interval 0 < ¢ < 2 from 
the Volterra equation: 


colt) — f olr) Ph (e+ 1 — tdr = f (t). 


0 


We then determine (zt) in the interval 2 < t < 4 from the equation 


olt) — f olt) Pie + 1— t) dr = 
2 


2 
= f (t) + (— 1)" olt — 2) + f olt) Pa(t + 1— t)dr, 
0 


the right-hand side of which is known, and so on. The function w(t) 
obtained is substituted in the right-hand side of (244). 

A one-sided Laplace transformation can be used for the solution of 
equation (246,). The broad outlines of this method will be mentioned. 
The final formula will be obtained below by a different method. 

We write the integral in equation (246,) as the sum of two integrals 
with lower limits zero, multiply both sides by e~”, where s = 0, + ozi, 
and a, is a sufficiently large positive number, and integrate with 
respect to ¢ over the interval 0 < t < œ. We introduce the notation: 


Qs) = f elt) dt, F(s) = f e= f(t) dt; (247) 


ò 


then we make use of the convolution theorem [45] and the formulae: 


f -st _ a tz erty sp) O; 
eeN ed get ot HI) 1 (— 48), 


(248) 
—st a. ee ae a a i= (n-1) (2) _; 
J P,(—1—t)dt=( i" | Ze 4 e HO. a (— is). 
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These formulae are readily obtained by direct integration of the left- 
hand sides. This method leads to the following equation for Q(s): 


|e gr) ety 43 (— is) Q (s) = F (8). 
After making use of the inversion formula for the Laplace trans- 
formation, we obtain: 


3) ds. (249) 


o= 148) 
2 


e- iZ @a+1) oti- z ot tas 7 ( 


270 2n J 
n 


+ 


o—i% 


The real number çg, is chosen big enough for all the singularities of the 
function F(s) to lie to the left of the line of integration. 

The possibility of applying the Laplace transformation and the 
inverse transformation is more readily justified in the present case 
due to the fact that the existence of w(t) has already been established 
by the step by step method, and an upper bound can be fixed for this 
function for large t, provided certain conditions are imposed on /’(t) 
for large ¢. On substituting expression (249) in formula (244), changing 
the order of integration and using the fairly obvious equation 


; iF engi) oath IP) 
fem P(x) da = ane art) "Ta (250) 
E Vp 
we obtain 
S+ic Japi irs) 
galr, t) = 2 F (s)e%ds (n=0,1,2...). (251) 


Vrni J a (— 48) 
o-oo 2 


A shorter way of obtaining this last formula may be mentioned. On 
substituting expression (243) in equation (227) and using the equation 
for Y,(6, p), we get the following equation for ¢,(7, t): 


Pn — PPn 2 Oy n(n + 1) 
Oe? Or? A r or r? Pn: (252) 


We must add to this equation the conditions: 


Palmo = 2| =0; (253) pal = S(t). (254) 


t |t=0 


st 


On multiplying both sides of equation (252) by e”, integrating 
with respect to ¢ over the interval 0 < t < œ and taking (253) into 
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account, we obtain for the function 


X, (r, 8) = f e*t p, (r,t) dt (255) 
0 
the equation 
dx 2 dX n(n+1) -a 
ot Set (8 A )x,=0. (256) 


Application of the Laplace transformation to (254) gives 
Xa l= = F (s) = (257) 


Furthermore, the function X,,(7, s) must be finite for r = 0. Equation 
(256) reduces to Bessel’s equation, and we obtain on taking into 
account (257) and the fact that X, is finite at r = 0: 


l Jap 2 (7 178) 
ae, 2 
X, (r, 8) = 77 RE F (s). 
2 


After this, inversion of transformation (255) leads us to (251). 

A discussion of the conditions which must be imposed on f(t) for 
the employment of the Laplace transformation and (251) to be justified 
may be found in Petrashen’s article Dynamic problems of the theory of 
elasticity in the case of an isotropic sphere (Dinamicheskie zadachi teorii 
uprugosti v sluchae izotropnoi sferi) (Uchenye zapiski LGU, seriya 
matematicheskikh nauk, vyp. 21, 1950). The material of the present 
section and the next has been taken from this work. 


265. Investigation of the solution. Let us investigate the solution that we 
have obtained: 
i o+ i oo TE (— rs) 


Vr 2mi olia Ja +3 (— is) 


Pn (7, t) = F (s) e* ds. (258) 


We shall assume for definiteness that the function f(t) differs from zero only in 
some finite interval [0, T], has continuous first and second derivatives and 


satisfies 
10) =/0)=/T) =f (T) =0. 


In this case, integration twice by parts gives us 


T T 
F(s) = f eo f(t) dt = gfe f(t) dt. (259) 
0 0 


We shall assume that function F(s) has the form 


F(s) = F,(s) + Fe(s) , (260) 
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where F(s) and F,,(s) are rational fractions, in which the degree of the denomina- 
tor is at least two more than the degree of the numerator. It is easily seen that 
F(s) will have this property in the two cases: 


f(t) =T — t); f(t) = sin? T O<t<T). 


As is clear from (259), F(s) is an entire function. 

The function Int1p2(— is) has pure imaginary zeros, which we write as 
+k,t (s = l, 2, 3, ...), where k, are the roots of the equation Jntijlk) = 0 
{TIT,, 145]. 

We use the formula: 


l 
J AO=5 [a (z) HHG, 1 (2) j 


nt 


and the following expressions for the Hankel functions: 


yo Dp] 
1 


ayo ZPD anf] 


where 9,(1/z) and ¢,(1/z) are polynomials in 1/z with no constant term [III,, 
148]. On substituting z = —is, it may easily be seen that, for sufficiently 
large g, the modulus of the ratio 
H® (-i 
> as 


H” (3 
nti *) 


does not exceed some number less than unity at all points of the contour of inte- 
gration. In view of this, we can write: 


J „1 rs) T (— irs) Jae ira) JP 
BI it tee eee, 2 és meni Eire 
J 109) roe is) pao HO ı (— ia) 
2 +3 2 
HO 1(— irs) H® | (— irs) FP 
a 2 (=) n 
HO (—is) pa H® | (—i 
m m oT 


F(s)e" ds. 
n+3 (262) 
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Let us show that the right-hand side in fact contains only a finite number of 
terms, and that this number increases with increasing t. We take as an example 
the terms of the first sum. By making use of (261), we can write the integrals 
appearing in this sum in the form 


o+iæ 
f Fis) (1 + ole] ot CPt) +1 de. (263) 


G—[oo 
Suppose that the number p is so large that 
t—(2p+1)+r<0. (264) 


We draw to the right of the contour of integration a semi-circle with centre o 
and sufficiently large radius R. On taking into account formula (260) for F(s) 
and the above-mentioned properties of F,(s) and F,(s), we can say that, given 
condition (264), the integral over this semi-circle of the integrand of (263) 
tends to zero on indefinite increase of R. 

On the other hand, the integral over the closed contour formed by this semi- 
circle and the segment —R < g, < R of the contour of integration of integral 
(263) is equal to zero, since there are no singular points of the integrand inside 
this contour. Hence it follows, that, given condition (264), integral (263) vanishes. 
Similarly, the terms of the second sum of the right-hand side of (262) vanish if 
the condition is fulfilled: 


t—(2p+1)—r<0. (265) 


The remaining terms describe the spherical waves which have been reflected 
a given number of times from the sphere r = 1. By using the first of formulae 
(248), it is readily shown that the integrand of the integrals on the right-hand 
side of (262) has a finite number of singular points at a finite distance, which 
are given by the roots of the equation: 


2" — PhO 4... +(—1)" PP (1) =0, 


and that the value of the integral is the sum of the residues at these poles, i.e. 
the integrals in question are expressible in terms of elementary functions. 

The use of (258) as above described thus leads to a ‘‘d’Alembert method” 
for the solution of the problem of the vibrations of a sphere given boundary 
condition (237). 

We shall now mention another transformation of (258), which leads to a 
“Fourier method” or, to be more precise, to an expansion of the solution of 
the problem in a series in eigenvibrations of the sphere. We substitute expres- 
sion (260) for F(s) in formula (258). 

On substituting the term F,e7'?, the integrand will contain the factor 
e'-T), and it can be shown in precisely the same way as above that the cor- 
responding integral vanishes for t < T, i.e. we have 


atin J, 1 (— irs) 

r,t) = ——— —_—_*2_____ F, (s) e* ds. 266 

Pn (r,t) iz oni J Ty 43 (= #8) 1 (8) (266) 
ie = 
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It can be shown that the value of this integral is equal to the sum of the residues 
of its integrand, and we obtain, on the assumption that the poles of F',(s) do 
not coincide with the zeros of Jn4ıp(—ts) (absence of resonance): 


œ R J 1 (kyr) 
Ap Sin (kpt + wp) ate P 
: = ,t)—2 Pp P P. ” 2. i 
Pn (r, t) = Yn (r, t) = cae) 7 
2 


(267) 


where y,,(r, t) corresponds to the sum of the residues at the poles of F,(s), and 
the notation has been used: 


F, (kpi) = Apel p. 


It can be shown that, given our assumptions regarding F(s), the series written 
is uniformly convergent with respect to ¢ and r. It represents the superposition 
of the eigenvibrations of the system. It follows from this that the term y,(r, t), 
which can be written in the closed form, satisfies equation (227) and the boundary 
condition (237). If a pole of F,(s) coincides with a zero of Jn4ı p(— is), a resonance 
term, containing ¢ outside the sign of the trigonometric functions, appears in 
the right-hand side of (267). 

Ift > T, we merely get a series in the eigenvibrations, since F(s) is an entire 
function, and we can apply Jordan’s lemma [IT], 60] witht > T for some system 
of semi-circles with centre o, for the integrand, in which all the function F(s) 
appears. With t < T, we do not have suitable inequalities for the integrand 
on the above-mentioned semi-circles. The absence of a supplementary term in 
addition to the series in eigenvibrations is bound up with the exclusion of 
an external force from the boundary condition. 


266. The boundary value problem for the telegraphist’s equation. We have solved 
the boundary value problems for equations of the elliptic and parabolic types 
by making use of potential theory, the whole of the working being based on a 
singular solution of the corresponding differential equation. This method of 
potential theory cannot be used for equations of the hyperbolic type. It is only 
in the one-dimensional case for the telegraphist’s equation that the fundamental 
idea of this method can be used to reduce a boundary value problem to a 
Volterra integral equation. 

We take the equation [II, 185]: 


Ou Ou 
Oe Ox? + u (268) 


in the interval 0 < x < l with the homogeneous initial conditions: 
U Jiao = Ut tao = 0 (269) 
and the boundary conditions: 
U |x= =O (t); U lyar = Oe (t). (270) 


It may be remarked that the initial conditions can always be made homogeneous 
if use is made of the solution for an unbounded interval [I, 185], as has already 
been done in [243] for the heat conduction equation. On introducing the func- 
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tion I(z) = J (iz) as in [II, 185], it is readily seen that the function I(cV¥z? — x?) 
is a solution of equation (268). It will serve as our basic solution. 

On locating the continuously operative sources corresponding to this solu- 
tion at the ends of the interval [0, 1], we obtain, as may easily be verified 
directly, the solutions of equation (268): 


x 


t- 
foi) I (c V(t — 1)? — z?) dr 
0 


and 
t—(/—x) 


§ p(x) I(cV@— 2)? — a2) dc, 
0 


where the functions g(t) and y(t) are assumed differentiable. On differentiating 
these solutions with respect to x, we obtain further solutions, and we seek the 
solution of problem (268), (269), (270) in the form of the sum: 


t~x 
ə a 
u= 5 | POINTA) ae + 
0 
3 t —(l—x) 
+3, | POLCESTE aa, m) 
0 


on the assumption that p(T) = y(t) = 0 for t < 0. 
Formula (271) can be written as 


cw I’ (e V(t — t)? — r?) 


t-x 
i J aT (coer a 
ed —a) I (Va ia 
L c(l — x) (eY (t— tt — (l — r dr. (272 
+(e tat J 0) r. (272) 


We recall the expansion: 
— 1 ¢z\*® 
I (2) = ms) ; 
(2) PA 2 


Equation (268) and initial conditions (269) are satisfied for any choice of g(t) 
and y(t). Boundary conditions (270) reduce to the following system of equations 
for g(t) and y(7): 
(cY t— tt)? —L) 
el I’ (cV(t — 7) i?) dr = o, (t), 
Ye- 


t—i 
—e@tve—o+ | væ 
0 


(273) 


dl’ (cV(iti—tP?—BP een 
Ve a FE T = w; (t). 


t—l 
—pt—l) +y) — J y(t) 
0 
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We assume that w,(7t) and w(t) are continuously differentiable. We put 
y (t) — p (t) = p; (t); 
y (t) + ọ (t) = yı (t). 


On adding and subtracting equations (273) term by term, we obtain separate 
equations for p,(t) and y»,(t): 


I (c¥(t—1)? —P) 


Vt—t)?—B dt = 0 (t) + We (t), 


i—i 

MOESA DET f pı (t) 
0 

(274) 


I’ (cyt =} —P) 


jer E EAN, 


t—l 
=p (t) +n) +e { y, (1) 
0 


where 9,(t) = y,(t) = 0 for t < 0. 
We can find 9,(¢) and y,(¢) from these equations by means of successive steps 
over the intervals [0, /], [l, 2/], ete. We have: 
Pr (t) = w, (t) + wz (t); Yr (t) = 2 (t) — œ (t) for O<t <I; 
t-l 


Pr (t) =  (t) + 2 (t) — p (6-1) —el J pı (7) Z ae ) dr, 
t-l (275) 
, a 2__ 
forl <t < 21 


and so on. 

A Laplace transformation can be used instead of the step by step method 
for the solution of the integral equations. 

The material for the present section has been taken from an unpublished work 
of D. A. Dobrotin. 
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